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EDITORIAL  PREFACE 

THE  theory  of  approximation  of  functions  of  a  real  variable  had  its  origin 
in  the  work  of  Chebyshev  (TchebychefT)  and  the  well-known  theorem  of 
Weierstrass  on  the  approximations  of  continuous  functions  by  polyno- 
mials. In  the  earlier  part  of  this  century  the  theory  was  developed  by, 
among  others,  De  la  Vallee  Poussin,  Dunham  Jackson  and  S.  Bernstein, 
the  last  of  whom  contributed  to  the  subject  over  a  period  of  more  that 
forty  years.  Many  Russian  mathematicians  have  worked  in  this  field 
in  the  last  twenty  years,  and  the  books  of  Achiezer  (Theory  of  Approxi- 
mation 1947)  and  Natanson  (The  Constructive  Theory  of  Functions 
1949)  are  well  known  in  translation.**  The  present  book,  as  well  as  dealing 
with  the  classical  theory,  gives  an  account  mainly  of  recent  Russian  work. 
About  half  the  papers  cited  in  the  bibliography  (to  which  reference  is 
made  throughout  the  book)  were  published  between  1950  and  1959. 


PREFATORY  NOTE 

THIS  monograph  discusses  a  number  of  fundamental  parts  of  the  modern 
theory  of  approximation  of  functions  of  a  real  variable.  The  material 
is  grouped  round  the  problem  of  the  connection  between  the  best  approx- 
imation of  functions  to  their  structural  properties. 

The  book  is  intended  for  post-graduate  students  and  for  mathematical 
students  taking  advanced  courses;  it  will  also  be  of  interest  to  workers 
in  the  field  of  the  theory  of  functions. 


**  See  the  bibliography. 

[ix] 


FOREWORD 

THE  theory  of  approximation  of  functions  is  now  an  extremely  exten- 
sive branch  of  mathematical  analysis. 

The  present  monograph  is  devoted  to  a  systematic  exposition  of  those 
sections  in  which  the  relationship  between  the  various  structural  prop- 
erties of  real  functions  and  the  character  of  possible  approximations 
to  them  by  polynomials  and  other  functions  of  simple  construction  is 
investigated. 

The  basis  of  this  investigation  is  the  classical  approximation  theorem 
of  Weierstrass,  P.  L.  Chebyshev's  concept  of  the  best  approximation 
and  the  converse  theorem  of  S.  N.  Bernstein  on  the  existence  of  a  function 
with  a  given  sequence  of  best  approximations. 

The  extension  and  refinement  of  these  two  fundamental  theorems, 
and  the  study  of  other  related  questions  connected  with  the  concept  of 
best  approximation,  and  related  with  properties  of  the  classes  of  functions 
studied  and  of  the  apparatus  of  approximation,  constitute  the  main  con- 
tent of  the  book. 

Because  of  this  no  space  has  been  found  for  such  parts  of  the  con- 
structive theory  of  functions  as  the  general  theory  of  orthogonal  poly- 
nomials, the  problem  of  moments  and  the  theory  of  quadratures,  each 
of  which  lias  its  special  features,  or  for  the  theory  of  trigonometric  series 
which  requires  a  separate  treatment. 

This  book  originated  from  lectures  which  the  author  lias  been  giving 
to  senior  mathematical  students  and  to  post-graduate  students  of  the 
faculty  of  mathematics  and  physics  of  the  Dnepropetrovsk! i  University 
for  a  number  of  years.  It  consists  of  eight  chapters  closely  connected  with 
one  another.  Each  chapter  concludes  with  a  section  containing  various 
problems  and  theorems  which  supplement  the  main  text. 

In  addition  to  the  usual  course  of  analysis,  the  reader  will  require  to 
have  a  knowledge  of  the  fundamentals  of  the  theory  of  functions  of  a  real 
variable  with  elementary  functional  analysis  and  of  the  theory  of  functions 
of  a  complex  variable  as  contained  in  the  usual  syllabuses.  At  the  end 
of  the  book  there  is  a  brief  summary  of  the  type  of  knowledge  required. 

The  sections  are  designated  by  two  numbers,  the  first  of  which  indi- 
cates the  chapter  and  the  second  the  number  of  the  section  within  the 
chapter. 

[xij 


xii  FOREWORD 

Within  each  section  its  individual  parts  have  been  numbered  on  the 
same  principle,  theorems,  lemmas,  corollaries  and  remarks  being  distin- 
guished. 

The  numbers  in  square  brackets  are  references  to  the  bibliography. 

I  am  grateful  to  the  editor  of  the  book,  V.  S.  Videnskii,  who  carefully 
read  the  manuscript  and  made  a  number  of  suggestions  which  greatly 
improve  the  book,  and  also  to  I.  M.  Ganzburg  for  his  help  in  reading 
the  proofs. 

A.  TIMAN 


CHAPTER    I 

WEIERSTRASS'S  THEOREM 

1.1.  Approximation   of  continuous   functions   by   polynomials   on  a  finite 
segment.  The  fundamental  theorem 

The  simplest  real  functions  of  the  variable  x  are  functions  of  the  form 

PnW  =  C*  +  CiX+    ...+CnXn  (1) 

(c0,  CL,  ... ,  cn  being  constants),  known  as  algebraic  (ordinary)  polynomials 
which  are  the  result  of  applying  to  x  a  finite  number  of  times  the  funda- 
mental arithmetical  operations  of  multiplication  and  addition  in  the  field 
of  real  numbers.  By  the  degree  (order)  of  a  polynomial  is  meant  the  index 
of  the  highest  power  of  x  which  occurs  in  it. 

The  basis  of  the  theory  of  approximation  of  functions  of  a  real  variable 
is  a  theorem  discovered  by  Weierstrass  which  is  of  great  importance  in 
the  development  of  the  whole  of  mathematical  analysis.  For  continuous 
functions  of  a  single  real  variable  defined  on  the  finite  segment  [a,  b]  it 
asserts :  for  any  function  f(x)  continuous  on  [a,  b]9  there  exists  a  sequence 
of  ordinary  polynomials  which  converges  uniformly  to  f(x)  on  [a,  b]. 

This  remarkable  constructive  and  characteristic  property  of  contin- 
uous functions  applies  also  to  all  functions  of  many  variables  which  are 
continuous  in  the  closed  bounded  region  G  of  a  given  multi-dimensional 
space.  If  /(jq,  jc2,  ...,  ,vm)  is  such  a  function,  there  exists  a  sequence  of 
ordinary  polynomials 

p"^ „„,(*„  *„  - ,  *J 

which  converges  uniformly**  to  it  in  G. 

**  Such  a  statement  would  not  be  true  for  arbitrary  functions  of  a  complex  variable 
continuous  in  a  bounded  closed  region.  This  follows  from  well-known  properties  of 
uniformly  convergent  series  of  analytic  functions.  It  is  also  appropriate  to  mention 
here  that  the  stated  property  of  continuous  functions  of  a  real  variable  defined  on  a 
finite  segment  is  possessed  by  all  functions  of  a  complex  variable  continuous  on  a  bounded 
closed  connected  set  not  possessing  interior  points  and  not  dividing  the  plane.  The  fol- 
lowing remarkable  theorem  of  M.  A.  Lavrent'ev  [I]  is  true.  If  a  bounded  closed  con- 
nected set  Q  in  the  plane  does  not  possess  interior  points  and  the  set  complementary 
to  it  is  connected,  then  for  any  function  f(z)  continuous  on  Q  there  exists  a  sequence 
of  polynomials  Pn  (z)  of  the  form  1.1(1)  which  converges  uniformly  to/(z).  A  new  in- 
teresting proof  of  this,  theorem  has  been  given  by  S.  N.  Mergelyan  [lj. 

1  Theory  of  Approximation  [1] 


2  APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

There  exist  a  number  of  proofs  of  this  fundamental  theorem**. 

Many  of  them,  including  the  proof  of  Weierstrass  himself***,  reduce 
to  the  direct  construction  for  each  function  f(x)  of  the  corresponding 
sequence  of  polynomials  1.1(1).  For  a  =  0,  b  =  1  the  sequence  of  poly- 
nomials 

*r*,  (3) 

indicated  by  S.  N.  Bernstein  [2]  is  very  simple  and  elegant  in  its  con- 
struction. 

Theorem  1.1  occupies  a  central  position  in  the  present  chapter.  All 
the  other  propositions  depend  on  it  as  they  are  extensions,  generalisations 
or  developments  in  various  directions.  It  was  the  initial  step  which  gave 
rise  to  the  formulation  of  problems  connected  with  the  concepts  of 
closedness  and  completeness. 

1.2.  Proof  of  Weierstrass's  theorem 

We  will  give  here  a  proof  close  in  idea  to  that  of  Lebesgue****  and 
applicable  to  a  more  general  case"*". 

1.2.1.  Making  use  of  the  uniform  convergence  of  the  binomial  series 
on  the  closed  segment  [0,1],  we  note  that  if  the  assertion  of  the  theorem 
is  true  for  the  function  f(x),  it  is  true  also  for  the  function  \f(x)\.  In  fact, 
if  !/(*)!  <  K,  then 


i 


24    2n 


and  for  any  e  >  0  we  have,  for  all  sufficiently  great  values  of  m, 
max  \\f(x)\-Sm(x)\<e, 

a^x*^  b 

where  Sm(x)  is  the  partial  sum  of  order  m  of  the  series  1.2(1).  Since  we 


**  Some  of  them  can  be  found  in  the  monograph  of  V.  L.  Goncharov  [1]  (see 
also  I.  P.  Natanson  [2]).  For  functions  of  many  variables  see  C.  J.  de  la  Vallee  Poussin  [4]. 

***  See  Weierstrass  [1].  This  proof  was  based  on  the  consideration  of  an  integral 
in  the  theory  of  heat. 

****  Lebesgue  [2].  See,  for  example  V.  L.  Goncharov  [1]. 

t  Stone  [1].  See  I.  M.  Gel'fand,  D.  A.  Raikov,  G.  E.  Shilov  [11. 
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are  assuming  that  the  theorem  holds  for  f(x),  there  is  an  algebraic  poly- 
nomial Pn(x)  of  sufficiently  high  degree  n  for  which 

max  \Sm(x)~PH(x)\<B. 

a  ^  x  <  b 

Consequently,    \f(x)  \    is  the  limit  of  a  uniformly  convergent  sequence  of 
polynomials. 

1.2.2.  If  the  assertion  of  the  theorem  is  true  for  the  functions  f(x)  and 
g(x)>    it    is    true   also  for    the  functions    4>(x)  =  max  {/(*),  g(x)},    and 
=  min  {/(X),  g(x)}.  This  follows  by  representing  them  as 


1.2.3.  For  any  two  points  xl9x2£[a,b]  we  can  find  a  non-negative 
continuous  function  f*(x),  not  exceeding  unity,  with  the  properties: 
(1)  f*(Xi)  —  1  ;  (2)  f*(x)  =  0  everywhere  in  a  certain  neighbourhood  of 
the  point  x2\  (3)  the  assertion  of  theorem  1.1  holds  for  f*(x).  Let  us  take 
an  arbitrary  polynomial  P(x)  for  which  P(xl)  ^  P(x2)  .  The  function 


. 

P(xl)-P(x2) 

possesses  the  properties  0(x^)  =  1,  (P(jc2)  =  0.  In  virtue  of  continuity, 
for  any  positive  e  <  1  a  neighbourhood  of  the  point  x2  can  be  found  such 
that  everywhere  within  it  <&(x)  <  e.  If  we  also  consider  the  function 

max  [</>(*)-  £,0] 


, 

it  follows  from  1.2.1  and  1.2.2.  that  the  function  f*(x)  —  min  [^F(x),  1] 
is  the  one  required. 

1.2.4.  IfM  is  an  arbitrary  closed  set  of  the  segment  [a,  b]  and  x^  is  a  point 
of  this  segment  which  does  not  belong  to  M9  there  exists  a  non-negative 
function  f(x)  continuous  on  [a,  b]  and  not  exceeding  unity,  with  the  properties: 
(1)  f(Xl)  =  1  ;  (2)  /Or)  —  0  on  M;  (3)  the  assertion  of  theorem  1.1  holds 
for  f(x). 

For  xx  and  each  point  x2eM  it  is  possible  to  find  a  neighbourhood 
of  x2  and  a  function  which  satisfies  the  requirements  of  section  1.2.3. 
By  the  Borel-Lebesgue  lemma  it  is  possible  to  select  from  all  such 
neighbourhoods  a  finite  number  which  cover  M.  The  system  of  functions 
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fi(x),  •••>/m(X)  corresponding  to  these  neighbourhoods  leads  to  the  function 

/(*)  =  min  [/i(x)  ,...,/„(*)], 
which  is  the  one  required. 

1.2.5.  If  M  and  Q  are  two  non-intersecting  closed  sets  of  the  segment 
[a,b],  there  exists  a  non-negative  function  f(x),  not  exceeding  unity  and 
continuous  on  [a,  b],  with  the  properties:  (1)  f(x)  =  1  everywhere  on  Q\ 
(2)  f(x)  =  0  everywhere  on  M\  (3)  the  assertion  of  theorem  1.1  holds  for 
the  function  f(x).  For  every  point  x1eQ  and  for  the  set  M  it  is  possible  to 
find  a  function  F(x)  which  satisfies  the  requirements  of  section  1.2.4. 
In  virtue  of  its  continuity,  for  any  positive  e  <  1  a  neighbourhood  of  the 
point  #!  can  be  found  such  that  everywhere  in  it  F(x)  >  1  —  &  >  0.  The 
function 


does  not  exceed  unity  anywhere  in  [a,  b],  is  equal  to  zero  on  the  set  M  and 
equal  to  unity  in  this  neighbourhood  of  xx.  It  is  possible  by  the  Borel- 
Lebesgue  lemma  to  select  from  all  such  neighbourhoods  a  finite  system 
which  covers  Q.  The  system  of  functions  fL(x),  ...9fm(x)  which  corres- 
ponds to  these  neighbourhoods  leads  to  the  function 
/(*)  =  max 


which  is  the  one  sought. 

1.2.6.  The  theorem  holds  for  every  function  f(x)  continuous  on  [a,  b]. 
Without    loss    of    generality,    we    may    assume    that      min  f(x)  =  0, 

xela,b] 

max  f(x)  —  1.   For  any  fixed  n  let  us  denote  by  Mk  the  set  of  those 

xe[a,  b] 

values  of  x  at  which  f(x)  ^  k/n,  and  by  Qk  the  set  of  those  values  of  x  at 
which  /(*)  ^  (k+l)jn  (k  =  0,  1,  2,  3,  ...  ,  n—  1).  By  the  continuity  of  f(x\ 
all  these  sets  are  closed  and  Mk<=Mk+l9  Qk+i^Qk-  As  Mk  and  Qk  do 
not  intersect,  there  exists  a  function  fk(x)  which  satisfies  the  requirements 
of  section  1.2.5:  fk(x)  —  0  on  Mk  and  fk(x)  =  1  on  Qk.  Hence  for  the 
function 


x)  (2) 

fc=0 

the  theorem  holds,  and  as 

|/(x)-Fn(x)|<~ 
n 

it  follows  from  the  arbitrariness  of  n  that  the  theorem  is  true  also  for 
A*)- 
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1.3.  Generalisation  and  some  particular  cases.  Periodic  functions.  Func- 
tions of  many  variables 

From  the  above  proof  it  is  seen  that,  apart  from  the  reality  and  conti- 
nuity of  the  function /(#),  use  is  made  only  of  the  following  facts:  (1) 
the  set  of  all  the  polynomials  1.1(1)  forms  an  algebraic  ring**,  which  in- 
cludes all  constants  (sections  1.2.1;  1.2.3;  1.2.5);  (2)  for  any  two  distinct 
points  xl  and  x2  of  the  segment  [a,  b]  there  exists  in  the  set  of  all  poly- 
nomials 1.1(1)  a  polynomial  which  assumes  distinct  values  at  these  points 
(section  1.2.3);  (3)  for  any  closed  set  of  the  segment  [a,  b]  the  Borel- 
Lebesgue  covering  lemma  holds  (sections  1.2.4;  1.2.5).  Hence  if  in  place 
of  the  segment  [a,  b]  there  is  considered  an  arbitrary  bicompact  topological 
space  G  of  points  x,  in  place  of  the  set  of  all  polynomials  1.1(1)  an  arbitrary 
family  U  of  real  continuous  functions  specified  on  it  which  contains  all  con- 
stants and  is  an  algebraic  ring,  in  which  for  any  two  points  xl  ^x2ofG  there 
exists  a  function  which  assumes  distinct  values  at  these  points,  it  can  be 
asserted  that  every  function  f(x)  continuous  on  G  is  the  limit  of  a  sequence 
of  functions  of IJ  which  converges  uniformly  to  it.  In  other  words,  in  the 
sense  of  uniform  convergence  the  family  77  is  everywhere  dense  in  the 
class  of  all  functions  continuous  on  G.  The  generalisation  of  theorem 
1.1  was  obtained  in  this  form  by  Stone***. 

1.3.1.  In  particular,  if  II  is  the  set  of  all  trigonometric  polynomials 

n 

Tn(x)  =  X  (flk  cos  kx+bk  sin  kx)  (1) 

*=o 

(ak,  bk  being  real  numbers),  and  the  length  of  the  segment  [a,  b]  does 
not  exceed  2?c****,  all  the  conditions  of  theorem  1.3  are  satisfied,  and 
we  obtain  Weierstrass's  theorem  that  every  continuous  periodic  function 
of  period  2n  is  the  limit  of  some  sequence  of  polynomials  1.3(1)  which  con- 
verges uniformly  to  it. 

1.3.2.  If  II  is  taken  as  the  set  of  all  the  polynomials  1.1(2),  and  G  as 
any  closed  bounded  region  of  an  m-dimensional  space  with  variables  xl9 
x2,  x3, ... ,  xm9  we  obtain  Weierstrass's  theorem  for  continuous  functions 
of  many  variables  mentioned  in  section  1.1. 


**  The  family  IJ  of  functions  P(x)  is  said  to  be  an  algebraic  ring  if  for  any  two 
functions  of  it  their  sum  and  product  also  belongs  to  it. 

***  Stone  [1]. 

#**#  A  segment  [a,  b]  of  length  2rc  is  identified  with  the  circumference  of  a  circle 
of  unit  radius. 


6          APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

1.3.3.  Considering  the  set  of  all  proper  rational  functions  continuous 
on  [a,  b]  (see  1.6(1)),  we  conclude  that  any  function  continuous  on  [a,  b] 
is  the  limit  of  a  uniformly  convergent  sequence  of  such  rational  functions. 

1.4.  Mean  approximation  of  integrable  functions  by  polynomials 

Theorem  1.1  permits  the  constructive  definition  of  the  class  C  of  all 
functions  continuous  on  the  finite  segment  [a,  b]  as  the  class  of  those 
functions  and  only  those  which  are  the  limits  of  uniformly  convergent 
sequences  of  polynomials  1.1. (1)  i.e.  sequences  of  polynomials  Pn(x) 
for  which 

\\Pnto-Pm(x)\\c  -  max  \PH(x)-Pm(x)\-*  0       (/*,«->  oo).         (1) 

x,  [a,  6] 

Certain  other  classes  of  real  functions  defined  on  the  finite  segment 
[a,  b]  also  admit  of  a  similar  constructive  definition.  Thus,  for  example, 
the  class  Lq  (q  >  0)  of  all  real  functions  f(x)  measurable  on  [a,  b],  the  q-ih 
power  of  the  modulus  of  which  is  Lebesgue-integrable  on  this  segment,  can 
be  defined  as  the  class  of  those  functions  and  only  those  which  are  the  limits 
of  sequences  of  algebraic  polynomials  1.1(1)  which  converge  in  mean,  i.e 
sequences  of  polynomials  Pn(x)  for  which 

b 

\\Pm(x)-Pm(x)\*6x  ->  0      (m,  «  -»  oo).  (2) 

a 

On  the  one  hand,  every  sequence  of  polynomials  Pn(x)  which  satisfies 
the  condition  1.4(2)  corresponds,  apart  possibly  from  a  set  of  measure 
zero,  to  one  and  only  one  function  f(x)  e  Lq  such  that 

O      (n-»oo).  (3) 

This  follows  from  the  well-known  property  of  the  completeness  of  the 
space  Lq.  On  the  other  hand,  if  f(x)  eLq,  then  for  any  £  >  0  it  is  possible 
to  find  a  number  d  >  0,  such  that  whatever  may  be  the  measurable  set 
Me  [a,  b]  with  measure  less  than  d, 

5  |/(*)|« d*<e. 

M 

By  the  C-property  of  measurable  functions  (N.  N.  Luzin's  theorem)  there 
exists  a  closed  set  Q<=^[a,b],  with  measure  ju,Q>b—a—d,  on  which 
f(x)  is  continuous.  Then  if 

(/(*),      xeQ9 
MX^\    0,         *se, 
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we  have 

b 

$  I /(*)-/,(*) |«d.v<«. 

a 

The  function /^(x),  generally  speaking,  may  turn  out  to  be  discontinuous 
on  [a,  b],  but,  considering  the  intervals  adjacent  to  the  set  Q9  a  function 
<l>d(x)  can  be  found  which  is  continuous  everywhere  on  this  segment  and 
for  which 


By  theorem  1.1,  for  this  function  a  polynomial  P*(x)  can  be  found  such 
that 


x  [a,b] 

and  then  a  fortiori 


]\Vt(x)-P*(x)\*dx<i*(b-a). 


Applying  Minkowski's  inequality  when  #>1,  or  the  inequality 
|  a+jSI*  <  |a|*+|/?|*  when  0  <  q  <  1,  we  see  that  for  any  e  >  0  there 
exists  a  polynomial  Pn(x)  possessing  the  property 


]\f(x)-PH(x)\*dx<e. 


Consequently,  to  every  function  f(x)  e  Lq  there  corresponds  some  sequence 
of  polynomials  Pn(x)  which  satisfies  the  relation  1.4(3). 

1.4.1.  From  theorem  1.3.1  it  follows  that,  in  the  case  where  the  length 
of  the  segment  [a,  b]  does  not  exceed  2-K,  the  assertion  and  all  the  reasoning 
of  section  1.4  remains  valid  if  instead  of  a  sequence  of  ordinary  polyno- 
mials 1.1(1)  a  sequence  of  trigonometric  polynomials  1.3(1)  is  considered. 

1.4.2.  The  proof  of  theorem  1.4  is  based  on  the  completeness  of  the 
space  Lq ,  the  absolute  continuity  of  the  Lebesgue  integral,  the  C-property 
of  measurable  functions  and  on  theorem  1.1.  These  properties  persist 
for  measurable  functions  of  several  variables  defined  in  a  closed  bounded 
region  G  of  the  multi-dimensional  space  considered.  Hence  theorem  1.4 
will  hold  for  classes  Lq(q  >  0)  of  functions,  the  q-th  power  of  the  modulus 
of  which  is  integrable  on  G,  if  in  place  of  the  polynomials  1.1(1)  we  con- 
sider in  them  the  corresponding  polynomials  1.1(2)**. 

**  In  the  construction  of  a  function  similar  to  4d(x)  in  1.4,  use  can  be  made  of  the 
theorem  on  the  continuation  of  a  continuous  function. 
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1.4.3.  It  is  obvious  that  in  virtue  of  1.3.3  it  would  be  possible  in  the- 
orem 1.4  to  replace  the  polynomials  1.1(1)  by  proper*5*  rational  functions 
continuous  on  [a,  b]. 


1.5.  Some  stronger  forms  of  Weierstrass's  theorem 

Theorem  1.1  and  hence  also  1.4  remains  valid  if  instead  of  the  whole 
set  of  polynomials  1.1(1)  there  is  considered  any  part  of  this  set  which 
forms  a  ring  containing  all  constants  and  at  least  one  polynomial  which 
varies  monotonically  on  [a,  b]. 

Thus  not  only  is  the  set  of  all  the  polynomials  1.1(1)  everywhere  dense 
in  the  space  C  of  all  functions  continuous  on  a  finite  segment  (and  also 
in  the  space  Lq),  but  also  certain  parts  of  it.  This  remark  applied  to  the 
segment  [a,  b]  (a  >  0,  b  >  0)  is  made  more  precise  by  the  following  more 
general  assertion. 

1.5.1.  If  the  infinite  sequence  of  non-negative  numbers 

HO  =  0  <!  H!  <  n2  <C  /z3  <C  •  •  •  <  nk  <  •  •  • 
is  such  that  the  series 

00  ., 

*r— »        \ 

7  (0 

k 

diverges,  then  the  set  of  all  polynomials  of  the  form 

k 
k  v=0 

(where  the  cv  are  numerical  constants)  is  everywhere  dense  in  the  space  C  of 
all  functions***  continuous  on  [a,  b].  The  convergence  of  the  series  1.5(2) 
is  not  only  sufficient  but  also  necessary  for  the  validity  of  the  conclusion 
of  this  theorem. 

We  omit  the  proof  of  this  interesting  stronger  form  of  theorem  1.1, 
which  is  given  in  monographs  on  the  theory  of  approximation.  The  reader 
who  wishes  to  become  acquainted  with  it  is  referred  to  these  works****. 

1.5.2.  Among  the  polynomials  1.1(1)  those  with  integral  coefficients 
may  be  considered  as  constructively  the  simplest.  The  set  of  all  such  poly- 


**  See  p.  11   (Translation  editor) 

***  The  indices  n^  may  also  be  nonintegral  numbers,  and  may  also  form  a  bounded 
sequence.  This  proposition,  which  shows  that  for  theorem  1.1  it  is  not  the  arithmetical 
nature  of  the  indices  which  is  important  but  only  the  character  of  their  increase  was 
first  advanced  in  the  form  of  a  hypothesis  by  S.  N.  Bernstein  at  an  international  congress 
of  mathematicians  in  1912  (Collected  works,  Vol.1,  page  122)  and  was  proved  by 
Miintz  [1]  two  years  later. 

****  See  N.  I.  Akhiezer  [3],  I.  P.  Natanson  [2]. 
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nomials  is  an  algebraic  ring.  However,  since  it  does  not  include  all  con- 
stants the^remark  1.5  does  not  apply  to  it.  Nevertheless  it  is  not  difficult 
to  see  that  when  there  are  no  integers  on  the  segment  [a,  b]  theorem  1.1 
(and  1.4)  remains  valid  in  this  case  if  only  the  polynomials  1.1(1)  with  in- 
tegral coefficients  are  considered**.  In  fact,  to  become  convinced  of  the 
possibility  of  this  it  is  sufficient,  for  any  constant  C,  merely  to  find  a  se- 
quence of  polynomials  1.1(1)  with  integral  coefficients  which  converges 
uniformly  to  it.  For  this  purpose  let  us  consider  the  identity*** 


If  A£°=  [c(k)\  and  a  =  max  {*-[«],  l  +  [a]-a}9  then 

C=  J  Ain\x-[a]k(l+[a]-x)n-*+0{(n+l)an} 
*=-o 

uniformly  for  all  xe[a,b].  Consequently,  when  n  -»  oo  the  relation 
C  = 


is  satisfied  uniformly  on  [a,  b]9  from  which  it  also  follows  that  in  the  case 
considered  every  function  continuous  on  [a,  b]  is  the  limit  of  a  sequence 
of  ordinary  polynomials  with  integral  coefficients  which  converges  to  it 
uniformly.  It  is  obvious  that  the  condition  imposed  here  on  the  segment 
[a,  b]  is  necessary  for  the  validity  of  the  given  theorem.  If  the  segment 

**  The  corresponding  result  for  functions  of  many  variables  was  obtained  in  a 
paper  by  G.A.  Zhirnova  [1]. 

It  can  be  shown  (S.  N.  Bernstein  [9]),  that  for  functions  f(x)  for  which  f(a)  and 
f(b)  are  integers,  the  given  assertion  is  also  valid  in  the  case  where  the  segment  [a,  b] 
is  replaced  by  the  interval  (a,  b),  i.e.  it  remains  valid  if  we  consider  a  to  be  integral,  and 
b  =  a+\.  Without  loss  of  generality  we  can  put  a  =  0,  /(O)  =/(!)  =  0  and  assume 
that  the  sequence  of  polynomials 


which  by  theorem  1.1  converges  uniformly  to  /(*)  on  [0,  1],  also  satisfies  the  condition 
P»(0)  -  P,,(l)  =  0.  Then  if 

" 


it  follows  that 

I  f\     /-A         p     /-A  I   <r-'  X"1     fn> 

\Qn  (X)—  rn  (X)\  ^    ^    2^    Vy> 
v=l 

so  that    max  I    /(jc)— Qn(x)\-*Q  when  «->oo. 


***  As  usual,  [x]  denotes  the  integral  part  of  the  number  x\    0(1),  and  0(1) 
denote  bounded  and  infinitesimal  quantities  respectively. 
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[a,  b]  contained  the  integer  w,  then  for  any  function  f(x)  for  which  f(m) 
is  not  an  integer  we  should  have,  for  some  Q  >  0, 

max  \f(x)-Pn(x)\^e>0, 

XL[fl,J>] 

whatever  the  algebraic  polynomial  Pn(x)  with  integral  coefficients  might 
be.  In  addition,  in  the  case  where  b  —  a  ^  4,  no  continuous  function  other 
than  a  polynomial  1.1(1)  with  integral  coefficients  could  be  the  limit  of  a  se- 
quence of  such  polynomials  which  converges  to  it  uniformly.  This  follows 
from  the  inequality 


max 


- 

\xn+  X  ckx*|  ^  2(l(b~d)\n, 


which  will  be  proved  in  2.9.1.  The  last  statement  remains  true  also  in  the 
case  where  approximation  in  the  mean  is  considered  (see  1.4,  q^  1). 
By  Holder's  inequality  this  follows  from  the  relation 


fc  —  0 

which  will  be  proved  in  section  2.9.31. 

Moreover,  on  segments  of  length  less  than  four,  any  continuous  func- 
tion can  be  uniformly  approximated  by  a  sequence  of  the  polynomials 
1.1(1),  which  have  only  a  finite  number  (depending  on  the  length  of  the 
segment)  of  non-integral  coefficients**.  It  can  be  shown***  that  for  the 
integral  approximations  considered  in  1  .4  it  would  be  sufficient  to  restrict 
ourselves  in  this  case  to  a  set  of  ordinary  polynomials  having  only  integral 
coefficients. 

Thus  the  possibility  of  approximating  uniformly  with  any  degree  of 
precision  to  a  function  /(x)  continuous  on  [a,  b]  by  polynomials  1.1(1) 
with  integral  coefficients  depends  on  the  arithmetical  nature  of  this  segment, 
and  also  on  certain  arithmetical  properties  of  the  function  itself. 

1.6.  Approximation  of  continuous  functions  on  an  infinite  interval.  Uniform 
approximation  by  rational  functions 

In  the  proof  of  theorem  1.1  an  essential  part  is  played  by  the  condition 
that  the  segment  [a,  b]  is  finite  (see  1.3),  as  a  result  of  which  the  continu- 
ous function  considered  on  it  is  always  bounded  and  uniformly  contin- 

**  This  can  be  proved  by  using  a  theorem  of  Fekete  [1],  by  which  there  exists 
a  non-trivial  polynomial  1.1(1)  with  integral  coefficients  satisfying  the  inequality 

max    |  Pn(jc)  | 

a<x<b 

***  See  Aparisio  [1],  A.  O.  Gel'fond  [3]. 
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uous.  This  cannot  be  said  of  continuous  functions  defined  on  an  infinite 
Interval.  In  this  case  such  functions  are  frequently  unbounded,  or  if  bounded 
may  not  be  uniformly  continuous.  Apart  from  this,  since  no  sequence  of 
the  polynomials  1.1(1)  (with  the  exception  of  a  stationary  sequence)  can 
be  uniformly  convergent  in  an  infinite  interval,  not  a  single  function  other 
than  a  polynomial  1.1(1)  can  be  the  limit  in  an  infinite  interval  of  a  uni- 
formly convergent  sequence  of  such  polynomials. 

1.6.1.  The  position  is  quite  different  if,  instead  of  the  polynomials 
1.1(1)  as  approximation  functions  continuous  on  the  infinite  interval,  use 
is  made  of  the  rational  functions 


(a0,  al9  ...,  an;  &0>  &i>  •••>  bn  being  numerical  constants),  which  are  the 
result  of  applying  to  the  argument  x,  besides  the  operations  of  multipli- 
cation and  addition  in  the  field  of  real  numbers,  an  additional  operation- 
division. 

It  may  be  supposed  that  the  infinite  interval  is  the  whole  real  axis 
—  oo  <  x  <  oo,  and  it  is  also  possible  to  consider  only  the  set  of  those 
rational  functions  1.6(1)  which  are  continuous  everywhere  on  it  and  are 
proper  (Qn(x)  has  no  real  roots  and  bn  ^  0).  If  a  certain  sequence  of  such 
rational  functions  Rn(x)  converges  uniformly  on  the  whole  real  axis,  the 
limit  function  /(x)  is  continuous  and  bounded  there,  and  has  unique  limits 
as  jc->  ±00.  The  converse  proposition  is  also  valid  and  has  for  sets  of 
these  functions  the  same  significance  as  theorem  1.1.  For  any  function  f(x) 
continuous  on  the  whole  real  axis  and  having  the  finite  limit  lim  f(x)  =  c, 

x-»±°o 

there  exists  a  sequence  of  the  continuous  rational  functions  1.6(1)  such  that 
sup     !/(*)-  /?„(*)!  ->0      (TI-*  oo).  (2) 

—  00<  JC<00 

This  assertion  can  be  obtained  as  a  consequence  of  theorem  1.3. 
If  we  put 

/(oo)=   lim  /(x), 

x-»±oo 

the  function  f(x)  will  be  continuous  on  the  whole  real  axis  including  also 
the  point  at  infinity.  In  this  case  by  a  neighbourhood  of  the  point  at 
infinity  we  understand  that  part  of  the  x-axis  which  is  situated  outside 
some  finite  segment. 

The  real  axis  generalised  in  this  way  is  a  bicompact  space  on  which 
all  the  functions  considered  here  are  continuous,  and  the  family  of  proper 
rational  functions  1.6(1)  continuous  on  (—00,  oo)  forms  an  algebraic 
ring  which  satisfies  the  conditions  of  1.3. 
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1.6.11.  Theorem  1.6.1  remains  valid  if  instead  of  the  set  of  all  proper 
rational  functions  1.6(1)  continuous  on  (—  oo,  oo),  we  consider  on  it 
any  part  of  this  set  which  forms  a  ring  containing  all  constants  and  for 
any  two  points  xl  ^  x2  a  rational  function  R(x)9  which  assumes  unequal 
values  at  them,  is  different  from  jR(oo)**. 

1.6.12.  Remark  1.6.11  shows  that  in  the  class  of  functions  considered 
in  theorem  1.6.1  not  only  is  the  whole  set  of  rational  functions  1.6(1) 
everywhere  dense  in  the  sense  of  uniform  convergence,  but  so  also  are 
certain  parts  of  it.  Among  them  we  note  one  important  class  of  such  ra- 
tional functions  indicated  by  S.  N.  Bernstein  [15]  and  characterised  by 
a  given  sequence  of  denominators  Qn(x).  If  zk  =  ak+ibk  (k  =  1,  2, 3,  ... ,  ri) 
are  the  n  complex  zeros  of  the  polynomial  Qn(x)  and  rk  =  |zfc| ,  Ok  =  argzfc, 
then  in  the  case  when  the  sequence  of  sums 

^        /  1       \ 

an  =  >   min  — ,  rJ  |  sin  0J  (3) 

tt        Vk      I 

is  not  bounded  for  every  function  f(x)  of  theorem  1.6.1  there  exists  a  sequence 
of  ordinary  polynomials  Pn(x)  such  that  the  corresponding  rational  functions 
1.6(1)  satisfy  the  relation  1.6(2)  of  this  theorem**. 

In  particular  the  denominators  of  such  rational  functions  may  consist 
of  the  sequence  of  polynomials  Q2rn(x)  =  0  +*2lT  (r  >  0  integral),  which 
has  unbounded  sums  an. 

We  will  not  give  the  proof  of  this  proposition,  as  it  requires  special 
considerations  beyond  the  scope  of  this  chapter.  We  only  mention,  as 
proved  by  S.  N.  Bernstein***,  that  for  the  validity  of  the  conclusion  of 
the  given  theorem  the  condition  of  the  unboundedness  of  the  sequence  an 
is  not  only  sufficient,  but  also  necessary. 

1.7.  Uniform  approximation  on  the  whole  real  axis  by  integral  functions 
of  finite  degree 

We  see  that  the  class  of  functions  continuous  on  the  whole  real  axis, 
being  the  limits  of  uniformly  convergent  sequences  of  the  rational  functions 
1.6(1),  contains  only  functions  the  graphs  of  which  have  asymptotes  parallel 
to  the  x-axis.  If,  however,  a  function  f(x)  bounded  and  continuous  on 
(—  oo ,  oo)  does  not  possess  this  property,  then  the  rational  functions 
1.6(1),  as  also  the  polynomials  1.1(1),  become  unsuitable  as  apparatus  of 
approximation  and  the  question  of  the  choice  of  a  new  constructive  element 


**  For  the  generalisation  of  theorems  of  the  type  1.3  see  A.  F.  Timan  [14]. 
***  See  S.N.  Bernstein  [15],  Chap.  Ill,  §4,  theorem  1. 
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arises.  At  first  glance  this  question  is  of  interest  for  classes  of  those  functions 
continuous  on  the  whole  real  axis  which,  as  in  the  case  of  a  finite  segment, 
are  bounded  and  uniformly  continuous  there.  Here  belong  all  periodic 
continuous  functions,  all  the  functions  considered  in  section  1.6.1,  all 
functions  almost  periodic  in  Bohr's  sense**,  and  many  others.  In  those 
cases  where  f(x)  is  a  periodic  function,  the  question  is  solved  by  theorem 
1.3.1.  It  appears  that  if  in  place  of  the  set  1.3(1)  of  trigonometric  polyno- 
mials considered  there,  which  represent  the  values  on  the  real  axis  of  integral 
functions  of  exponential  type  bounded  on  it,  there  are  used  as  constructive 
elements  all  such  functions,  i.e.  all  possible  integral  functions 

<?(*)  =  ffc*** 
*=o. 

which  like  the  polynomials  1.3(1)  satisfy  the  inequality 

\G(x+iy)\  ^  Ae*M  (1) 

for  some  A  >  0  and  0*  >  0,  then  it  is  possible,  just  as  in  theorem  1.1,  to 
determine  the  class  of  all  functions  bounded  and  uniformly  continuous  on 
the  interval  (—00,00). 

The  bounded  functions  G(x)  considered  are  frequently  called  integral 
functions  of  finite  degree***  and  the  lower  bound  of  all  the  a  in  the 
inequality  1.7(1)  the  degree  of  G(x)****.  One  of  the  most  important 
properties  of  these  functions  is  their  uniform  continuity  on  the  whole  real 
axis  (see  4.8.2).  In  virtue  of  this,  if  a  certain  sequence  Gn(x)  of  such 
functions  is  uniformly  bounded  on  the  whole  infinite  interval  (—00,00), 
the  limit  function  f(x)  is  bounded  and  uniformly  continuous  there.  Also 
valid  is  the  converse  statement*,  according  to  which  the  class  of  functions 
which  are  bounded  and  uniformly  continuous  on  the  whole  real  axis  consists 
only  of  those  functions  which  are  the  limits  of  sequences  of  bounded  integral 
functions  of  finite  degree  which  converge  uniformly  there,  i.e.  sequences  gn(x) 
for  which 

sup      | gn(x)-gm(x)\  ->  0      (m ,  n  -»  oo) . 

—  00<X<00 


**  See  B.  M.  Levitan  [2]. 

***  See  sections  4.3  and  9.38  for  an  explanation  of  the  term  "degree"  as  used 
by  Russian  writers  Cf.  Boas  [3]. 

##**  The  application  of  the  theorem  of  Phragme'n  and  Lindelof  to  the  functions 
G(z)eiaz  and  G(z)e~laz9  considered  in  the  upper  and  lower  half  planes  respectively, 
shows  that  in  the  inequality  1.7(1)  we  can  put  A  =  sup  \G(x)\.  We  shall 

— oo<;e  <oo 

frequently  make  use  of  this  property, 
t  S.  N.  Bernstein  [23]. 
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1.7.1.  We  have  to  prove  that  for  any  function  f(x)  bounded  and  uniformly 
continuous  on  the  whole  real  axis  there  exists  a  sequence  of  integral  functions 
gn(x)  of  degrees  an  such  that 

sup      \f(x)-gn(x)\  -»  0      as      an  -»  oo .  (2) 

—  oo<  x  <oo 

Let  us  note  that  for  the  functions  considered  here  the  assertions  1.2.1, 
1.2.2  are  valid,  and  let  us  prove  that  if  M  and  Q  are  two  non-intersecting 
closed  sets  of  the  real  axis,  the  distance  between  which  is  positive 
((>(M9Q)  =Q>  0),  then  there  exists  a  non-negative  function  $>*(x)9  not 
exceeding  unity,  with  the  properties:  (l)&*(x)  =  0  everywhere  on  M; 
(2)  0*(x)  =  1  everywhere  on  Q;  (3)  the  assertion  1.7.1  holds  for  &*(x). 

For  this  purpose  let  us  consider  the  function 


sm; 


t 
-At.  (3) 

It  is  an  integral  function  of  the  first  degree,    bounded  on  the  real  axis 
<  l),  odd  and  monotonically  increasing.  Hence 


so  that  the  sequence  of  integral  functions  h2n(x)9  of  degree  <  2«,  consisting 
of  the  partial  sums  of  the  corresponding  binomial  series  1.2(1),  satisfies  the 
relation 

/      o       \ 

(sn  -»  0;  n  ->  oo) 


uniformly  with  respect  to  x  and  n.  Let  (av,  bv)  (v  =  0,  ±  1 ,  ±  2, ...)  be 
a  sequence  of  non-intersecting  intervals  adjacent  to  M,  having  a  length 
2$v  ^  2Q  >  0  and  let  xv  =  K^v+*v)-  The  functions 

<l>v(x)  =  max  (g(x—av),  0}, 
yv(x)  =  max  {g(bv~ x) ,  0} , 

are  equal  to  zero  for  x  <  av  and  x  ^  6V  respectively,  and  as  n  ->  cx>  they 
satisfy  the  relations 


r 

r  v  V-^/ 


0;  «->  oo), 
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uniformly  with  respect  to  all  x  and  v.  Consequently,  for  the  product  <f>v(x) 
=  (t>v(x)yv(x)  there  exists  a  sequence  of  integral  functions  Gv(x)  of  degree 
<  4n  such  that,  as  n  -»  oo  , 


Thus  for  all  x  the  series 

CO 

£     [*,(*)-<7v(x)]  =  o(l)       (»-»oo)  (4) 

v  =  —  oo 

converges,  the  relation  1.7(4)  being  satisfied  uniformly  in  x.  But  as  <&v(x)  =  0 
for  all  xe(av,bv)9  the  series 

#(*)=    S    #*(*),  (5) 

v=  —  oo 

converges  and  consequently  so  also  does  the  series 

G(x)  =    2    Gv(x).  (6) 

v  =  —  oo 

It  is  obvious  that  the  partial  sums  of  the  series  1.7(5),  and  hence  also  the 
partial  sums  of  the  series  1.7(6),  are  uniformly  bounded  on  the  whole  real 
axis.  Hence  by  the  inequality  1.7(1)**  the  series 

S    Gv(x+iy) 

v  =  —  oo 

has  uniformly  bounded  partial  sums  in  any  finite  part  of  the  complex 
plane.  Hence  by  the  well-known  theorem  of  Vitali  it  follows  that  G(x) 
is  an  integral  function  of  degree  not  greater  than  4n. 

As  the  set  M  does  not  contain  points  of  any  of  the  intervals  (av,  &v), 
the  function  0(x)  is  zero  everywhere  on  M  and  is  the  limit  of  a  sequence 
of  integral  functions  of  finite  degree  which  converges  to  it  uniformly. 
Considering  the  sequence  of  segments  [cv9dv],  which  contain  the  set  Q 
and  are  such  that  xv  =-  \(cv+dv\  dv—cv  =  bv—av—2Q,  it  is  easy  to  find 
a  non-negative  continuous  function  0*(x),  not  exceeding  unity,  with  the 
properties:  (1)  @*(x)  =  1  on  all  these  segments;  (2)  &*(x)  —  0  on  M; 
(3)  the  assertion  of  1.7.1  is  true  for  &*(x).  For  this  it  is  sufficient  to  choose 
ee(0,  1)  such  that  the  function  &(x)  satisfies  the  inequality  0(x)  >  e  for 
all  x  e  (cv  ,  dv)  .  Then  the  function 


will  be  the  one  required. 

**  See  the  footnote****  on  page  13. 
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It  is  now  not  difficult  to  prove  1.7.1.  Exactly  as  in  1.2.6  we  may  suppose 
without  loss  of  generality  that  inf  f(x)  =  0,  sup  f(x)  —  1  .  Let 

—  oo<x<oo  —  CQ<JC<OO 

us  consider  the  sets  Mk  and  Qk  defined  there  for  some  fixed  n.  By  the  uniform 
continuity  of  the  functions  f(x)  considered,  the  quantity 

sup     !/(*')-/(*")!  -  (0(6) 

\x'-x"\<d 

is  finite  and  decreases  to  zero  monotonically  with  d.  If  dn  is  such  that 
co((5n)  =  i/n,  then  for  any  k  —  0,  1,  2,  ...,  n  the  distance  between  the  sets 
Mk  and  Qk  is  not  less  than  dn,  and  consequently  the  adjacent  intervals  of 
the  set  Mk  containing  points  of  the  set  Qk  have  length  not  less  than  2dn  . 

Hence  the  assertion  .proved  in  the  given  section  may  be  applied  to  the 
sets  Mk  and  Qk,  in  virtue  of  which  there  exists  a  non-negative  continuous 
function  fk(x)>  not  exceeding  unity,  with  the  properties:  (1)  fk(x)  =  0  on 
Mk\  (2)fk(x)  =  1  on  Qk;  (3)  the  assertion  of  1.7.1  is  valid  for  fk(x). 

The  remainder  of  the  proof  is  completed  exactly  as  in  section  1.2.6. 

1.8.  On  weighted  uniform  approximation  of  continuous  functions  on  the 
whole  real  axis 

Wishing  to  preserve  as  constructive  element  the  polynomials  1.1(1) 
also  in  the  case  where  the  continuous  functions  considered  are  defined  on 
the  whole  real  axis,  we  arrive  at  the  necessity  of  introducing  what  is  known 
as  a  weighted  approximation.  This  means  that  we  consider  some  function 
<l>(x)  ^  a  >  0  (—  oo  <  x  <  oo)  possessing  the  property 

lim   -^V-0 

,-,±00  </>(*) 

for  any  n  =  0,  1,  2,  ...,  and  investigate  the  question  of  the  existence,  for 
every  function  /(x)  continuous  on  the  interval  (—00,  oo)  and  satisfying 
the  condition 


lim  =  0,  (1) 

,-,±00  </>(*) 


of  a  sequence  of  polynomials  1.1(1)  such  that 


-oo<*<oo 

The  functions  <£(*)  for  which  the  answer  to  this  question  is  in  the 
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affirmative  are  termed  weight  functions.  It  can  be  shown**  that  for  any 
weight  function  <p(x\ 

— 

1.8.1.  In  certain  cases  the  condition  1.8(2)  is  not  only  necessary  but 
also  sufficient  for  0(x)  to  be  a  weight  function.  The  transcendental  integral 
function 


with  coefficients  ck  >  0  fa  a  weight  function  if  and  only  if  1.8(2)  holds.  The 

DO 

condition  1.8(2)  fa  satisfied  in  all  those  cases  where  the  series    ^  \/  ck 
diverges.  Hence  it  follows  that  any  continuous  function  <&(x)  ^  1  for  which 

co  k . 

V         •        K  *(*) 

2_,      mm      — •.— r~  =  oo  (4) 

fc=l    —  00<  jc<<X>  I  X\ 

will  be  a  weight  function,  as  for 

1 


mm      - 

—  CO<JC«X)  1^1 

the  inequality  $(x)  <2#(jc)***  holds  between  the  functions  1.8(3)  and  0(x). 

1.8.2.  In  the  case  where  &(x)  =  ep(x)>  1  fa  an  even  function  and  xp'(x) 
increases  to  infinity  with  \x\  in  the  strict  sense,  condition  1.8(4)  fa  equivalent 
to  the  condition  1.8(2),  where  <t>(x)  —  $(.v). 

Since  when  1.8(4)  is  satisfied  the  function  &(x)  is  a  weight  function 
it  follows  that  1.8(2)  holds  for  it.  Considering  the  function  n(x)  =  xp'(x) 

=  x~^f~Y9  w^ich  by  supposition  increases  monotonically  to  infinity  with 
\x\,  we  note  that  for  all  sufficiently  great  values  of  n(n  >  N)  the  equa- 

**  N.  I.  Akhiezer  and  K.  I.  Babenko  [1]. 

***  If  lim  f(x)/0(x)  =  0,  then  for  any  e>  0  there  can  be  found  an  *0  so  great 

JC— >±00 

that  for  \x\>  x0  the  inequality  \f(x)\  <  %e0(x)  is  satisfied.  In  addition,  for  a  certain 
<5>  0  the  inequalities  |/(— #0)|  <  £e<I>(x)  and  |/(*0)l  <  %e0(x)  will  hold  for  values 
of  x  on  the  segments  [— XQ—  d,  —x0]  and  [xQ>x0-\-d]  respectively.  Hence  the  function 
F(x)  which  is  identical  with  f(x)  on  [— x0,  XQ],  is  equal  to  zero  for  \x\  >  x0+d 
and  is  linear  on  the  segments  [— XQ— d,  —x0],  [xQ,x0+d],  satisfies  the  condition 
!/(*)— F(x)\  <%e&(x)  for  all  values  of  x.  If  0(x)  >  £<H*),  and  the  function  <l>(x) 
is  a  weight  function,  there  exists  an  algebraic  polynomial  Pn(x)  such  that 
\f(x)—Pn(x)\  <  J £</>(*)< %e<&(x)  for  all  values  of  x.  Thus  for  all  x  the  inequality 
!/(*)—  Pn(x)\  <  e0(x)  holds,  i.e.  in  the  given  case  0(x)  is  a  weight  function. 

a  Theory  of  Approximation 
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tion  n(x)  =  n  has  one  and  only  one  solution  x  =  x(ri),  at  which  the 

1  i, , 

function  — j/  <Z>(t)  attains  a  minimum  in  the  interval  (0,  oo),  and  con- 
versely to  every  x  >  0  there  corresponds  a  certain  n  =  n(x)  such  that  at 
the  point  x  this  function  attains  a  minimum.  Since  for  n  ^  N  we 

have  —  }/0(t)  ^—7-^.y  it  follows  that  the  convergence  of  the  series  1.8(4) 
t  x(n) 

00  .. 

implies  the  convergence  of  the  series  V  _J__ ,  and  consequently  also  the 

n=N  x(n) 
boundedness  of  the  integral 

X       (i) 


Hence  if  the  series  1.8(4)  converges  it  follows  that  \ 


X 
1 


in  the  given  case  1.8(4)  follows  from  1.8(2)  for  y(x)  =  &(x). 
The  last  remark  shows  that  such  functions  as 

1*1  _  l*i  _ 

efl|jc|  (a  >  0)  ,      e  ln('*|+1>  ,      cin[m(i*j~+i)+i] 

are  weight  functions. 

1.8.3.  The  integral  functions   1.8(3)  satisfy   the  condition  of  theorem 
1.8.2.  Hence  the  equivalence  1.8(2)  and  1.8(4)  where  &(x)  =  ^(*),  holds 

for  all  the  integral  functions  1.8(3)  (ck  ^  0),  i.e.  in  the  class  of  such 
functions  the  condition  1.8(4)  is  not  only  sufficient  but  also  necessary 
for  0(x)  to  be  a  weight  function. 

1.8.4.  Theorems  1.8.1-1.8.3  were  established  by  S.  N.  Bernstein**.  To 
him  is  due  a  series  of  other  criteria  for  weight  functions.  Thus,  for  example, 
every  even  function  (j)(x)  which  is  a  non-decreasing  function  \x\  and  which 
satisfies  the  inequalities  <K|x|)  >  C^/tC*),  where  Q2n(x)   is  a  sequence  of 
even  non-negative  polynomials  of  degree  2n  with  unbounded  sums  1.6(3), 
is  a  weight  function. 

1.8.5.  In  what  follows,  the  results  obtained  above  provide  a  basis 
for  the  clarification  of  necessary  and  sufficient  conditions  which  must 
be  satisfied  by  weight  functions  in  the  general  case.  The  function 

is  a  weight  function  if  and  only  if 


,          -  f,. 

sup       \   _Ljdx-oo.  (5) 

- 


**  S.  N.  Bernstein  [5,  6,  41]. 
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where  9)i0  is  the  set  of  all  algebraic  polynomials  Pn(x)  which  satisfy  the 
inequality  \Pm(x)\  <  (l  +  \x\)4>(x). 

Unfortunately,  the  limits  of  the  present  chapter  do  not  permit  us  to 
describe  these  important  investigations**. 

1.8.6.  In  conclusion  let  us  note  that  in  the  case  where  the  weight  function 
<t>(x)  ^  a  >  0  assumes  a  finite  value  for  some  real  value  c,  the  function 

—^-  —  r  is  also  a  weight  function.  In  order  to  verify  this,  let  us  consider 

\x  —  c\ 

an  arbitrary  continuous  function  f(x)  for  which 

lim    - 

^±00 

Since  (j>(x)  is  a  weight  function,  for  any  e  >  0  a  polynomial  P(x)  can  be 
found  which  satisfies  the  inequality 

\(x-c)f(x)-P(x)\<e<!>(x) 
on  the  whole  axis  —  oo  <  x  <  oo 
Let 


The  polynomial  R(x)  possesses  the  property  that  R(c)  =  0  and  on  the 
whole  real  axis 


|  (x-c\f(x)-R(x)\  <  c0(jc)+|  P(c)\ 


Since       inf       4>(x)>  0  and  <j)(c)  <  oo,  it  follows  that  for  all  values  of 

—  00  <  x  <  00 

.x  we  have  <Kc)/$(.v)  <  M,  where  A/  is  sonic  constant.  Hence  for  any  .v 

I  i  f  \ 


I 


— c 


x—c 


and  consequently  the  quotient  <fr(x)/(x — -c)  is  a  weight  function. 

1.9.  On  mean  approximation  of  integrablc  functions  on  an  infinite  interval 

In  section  1.4  there  was  given  a  constructive  definition  using  the  poly- 
nomials 1.1(1)  of  the  class  of  functions  integrable  on  a  finite  segment. 
In  this  case  the  condition  of  the  finiteness  of  the  interval  (a,  b)  played 
an  important  part.  Here  we  will  make  a  few  remarks  about  the  case  where 
the  interval  considered  is  unbounded. 


**  For  further  information  the  review  papers  of  N.  I.  Akhiezer  [6]  and  S.  N.  Mer- 
ge! yan  [2],  which  contain  proofs  of  the  propositions  indicated,  can  be  recommended. 
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1.9.1.  As  in  section  1.6.1,  we  choose  as  constructive  elements  in  this 
case  also  the  continuous  rational  functions  1.6(1).  We  shall  take  the  in- 
finite interval  as  the  whole  real  axis  (  —  oo  ,  oo)  and  consider  the  class 
Lq(q  >  0)  of  all  measurable  functions  f(x)  the  q-th  power  of  the  modulus 
of  which  is  Lebesgue-integrable  over  any  finite  segment  and 


The  class  Lq  consists  of  those  functions  and  only  those  which  are  the 
limits  of  sequences,  convergent  in  mean,  of  the  rational  functions  1.6(1), 
i.e.  sequences  of  rational  functions  such  that 

oo 

J  |  /?„(*)-*„(*)  |«dx-»0      (»».«-*  oo), 

oo 

oo 

J   I  /?,(*)  I'  d*<  oo. 

—  oo 

On  the  one  hand  this  assertion  is  a  consequence  of  the  property  of 
the  completeness  of  the  class  Lq  mentioned  already  in  section  1.4.  In 
order  to  prove  the  second  part,  it  is  obviously  sufficient  to  suppose  that 
f(x)  is  continuous  and  that  for  some  x0  >  0  we  have/Ox*)  =  0  for  all  values 
of  x  for  which  \x\  >  *o-  It  is  necessary  to  prove  that  there  exists  a  se- 
quence of  rational  fractions  Rn(x)  which  has  the  property 


\f(x)-S.(x)\*  dx  ->  0      (n  ->  oo).  (1) 

Let  us  consider  the  function 


(2) 
(2  >  a  >  J  ,  ft  >  0,  in  >  0  an  integer). 

This  function  is  positive  in  a  neighbourhood  of  the  point  x  =  0  and  nega- 
tive everywhere  outside  this  neighbourhood,  which  by  the  choice  of  the 
coefficient  /?  >  0  can  be  made  as  small  as  desired.  We  see  that  the  se- 
quence of  rational  functions  S4mn(x)9  as  they  are  the  partial  sums  of  the 
binomial  series  1.2(1)  for  \R^m(x)\9  satisfies  the  relation 

(£»-»0;    *->   00) 


uniformly  with  respect  to  all  x  and  n. 
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Now  let  M  and  Q  be  two  closed  non-intersecting  sets,  one  of  which 
(say  0  is  bounded.  Obviously  there  exists  a  finite  system  of  intervals 
(av>  bv)  (v  =  1,  2,  3,  ...  ,  r)  not  containing  points  of  Af,  and  a  system  of 
segments  [cv,  dv]  c:  (#„,  &„)  concentric  with  them  which  contains  the  whole 
of  the  set  Q.  The  rational  functions  R2m(x—  xv)  =  R2m(x—  xv;  «,,|8,)> 
where  x,,  =  %(av+fiv),  and  m,  av  and  /?„  are  chosen  in  such  a  way  that 
the  neighbourhood  of  xv  in  which  R^x—x^  >  0  (R2m(x—  xv)  >  i) 
coincides  with  the  interval  (av,  bv)  (with  the  segment  [cV9dv])**9  satisfy 
the  relation 


uniformly  with  respect  to  all  x  and  n.  Hence  for  the  functions 

4v(x)  =-  max  {/J2m(x—  *,)>  0}, 

which  are  equal  to  zero  everywhere  outside  the  interval  (av,  bv\  we  have 
4>>to--l[R2m(x--x,)+S4mn(x—x9)] 


Consequently,  since  |$VC*)— il  ^  \  on  the  whole  axis  and  |  </>„(*) —  J|  =  £ 
outside  the  interval  (#„,  bv)9  it  follows  that  for  the  function 
yv(x)  =  2min{0v(jc),£}   there    exists  a  sequence  of  rational  functions 
ak  (x)  for  which 

^/  _^  

The  function 

r 

y(x)  =  2]  V^vW'  (3) 

which  is  non-negative  and  does  not  exceed  unity,  possesses  the  properties : 
(1)  y>(x)  =  0  everywhere  on  M;  (2)  y>[x)  =  1  everywhere  on  Q;  (3)  for 


**  For  what  follows  it  is  sufficient  for  m  to  be  chosen  in  such  a  way  that 
I    max 
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some  XQ  >  0,  y(x)  =  0  wherever  \  x\^  x0.  Also  a  sequence  of  rational 
functions  St  (x)  can  be  found  such  that 

V(x)-Sin(x)  =  o  I -j— I— )       (n  ->  oo), 

\    A  "T  !•*  |         / 

uniformly  for  all  x  and  w. 

Since  f(x)  is  continuous  and  equal  to  zero  for  values  of  x  sufficiently 
great  in  absolute  magnitude,  we  may  suppose  without  loss  of  generality, 
exactly  as  in  section  1.2.6,  that  f(x)  >  0  and  max  f(x)  =  1. 


Let  us  consider  the  sets  Mk  and  Qk  defined  for  some  fixed  n.  Let  fk(x) 
be  the  corresponding  function  1.9(3).  Then  for  the  function  1.2(2),  which 
in  our  case  possesses  for  some  x0  >  0  the  property  Fn(x)  =  0  wherever 
1*1  ^  *o>  we  can  find  a  sequence  of  rational  functions  Dm  (x)  eLq  such 
that 

Fn(x)~Dmy(x)  =  o 
and  hence 


I  F.(x)-Dmv(x)  |«  dx  =  o  (1)       (v  -+00)  . 

—  OO 

But  for  sufficiently  great  ;v0  >  0 


Hence  the  correctness  of  the  assertion  of  1.9.1  follows. 

1.9.2.  In  addition  to  the  ring  of  all  proper  rational  functions,  some 
other  important  classes  of  functions  which  are  everywhere  dense  in  the 
sense  of  integral  convergence  on  the  space  Lq  can  be  considered.  In  this 
connection  let  us  cite  the  following  theorem  of  N.  Wiener  [1]  which  applies 
to  the  given  problem  in  the  case  where  q  =  1.  Let  E  be  some  set  of  func- 
tions f(x)  of  the  space  L  which  are  integrable  on  the  whole  real  axis.  The  set 
of  all  possible  finite  linear  combinations 


where  fk(x)  eE,  will  be  everywhere  dense  in  the  sense  of  integral  convergence 
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in  the  space  L  if  and  only  if  there  does  not  exist  a  single  value  of  XQ  for 
which 


simultaneously  for  all  the  f(x)  of  E. 

The  reader  can  find  the  details  of  the  proof  in  the  monograph  by  N.  I. 
Akhiezer  [3]. 

1.9.3.  In  the  study  of  functions  integrable  over  the  whole  real  axis 
it  is  possible  just  as  in  section  1.7  to  make  use  of  integral  functions  of 
exponential  type  in  place  of  the  rational  functions  1.6(1).  The  class  Lq  de- 
fined in  1.9.1  consist  only  of  those  functions  which  are  the  limits  of  con- 
vergent-in-mean   sequences   of  integral  functions  satisfying   the   condition 
1.7(1). 

1.9.4.  Tf  for  the  characterisation  of  functions  integrable  over  the  infi- 
nite interval  (a,  b)  we  wish  to  retain  as  constructive  element  the  ordinary 
polynomials  1.1(1),  we  arrive  at  the  necessity  of  introducing  weight  func- 
tions just  as  in  the  case  of  uniform  approximation  (section  1.8).  In  the 
given  case  the  non-negative  function  <jHX),  for  which  all  the  integrals 


o 
f        X"       A 

m)-d; 


dJC 


are  finite  for  any  natural  number  n,  is  said  to  be  a  weight  function  if  to 
every  measurable  function  f(x)  for  which 


-dx<oo  (4) 


there  corresponds  a  sequence  of  ordinary  polynomials   Pn(x)  satisfying 
the  relation 


t> 

C  I  f(x\ P 


Without  considering  in  the  general  case  the  question  of  conditions 
subject  to  which  the  function  0(x)  is  a  weight  function**,  we  mention  only 
two  particular  results  which  correspond  to  the  case  q  —  2,  i.e.  to  mean 


**  See  the  paper  by  M.  M.  Dzhrbashyan  [1],  which  contains  the  corresponding 
results  for  the  case  q  =  2. 
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square  approximation**.  The  first  is  that  for  any  a  ^  0  the  function 
(f)(x)  =  \x\  ~ae~xt  is  a  weight  function  for  mean  square  approximation 
over  the  whole  real  axis  (see  2.2).  The  second,  which  follows  immediately 
from  this  on  making  the  substitution  x2  =  t,  is  that  the  function  ;r~ae*  is 
a  weight  function  for  mean  square  approximation  over  the  range  [0,  oo]. 

1.10.  Various  problems  and  theorems 

00 

1.  There  exists  a  series  of  algebraic  polynomials  ^  Pn(x)  which  possesses  the  pro- 

n=*l 

perty  that  for  any  finite  segment  [a,  b]  and  every  function  f(x)  continuous  on  it,  it  is 
possible  without  changing  the  order  to  group  its  terms  in  such  a  way  that  the  new  series 


converges  uniformly  to  f(x)  on  [a,  b]. 

Consider  the  set  of  all  polynomials  with  rational  coefficients. 

2.  For  any  finite  segment  [a,  b]  there  exists  a  sequence  of  functions  4>n(x)  (n  =  0, 
1,  2,  3,  ...)  continuous  on  it  which  are  basic,  i.e.  are  such  that  any  function  f(x)  contin- 
uous on  [a,  b]  is  uniquely  representable  as  the  sum  of  a  uniformly  convergent  series 


J.  Schauder.  See  L.  A.  Lyusternik  and  V.  I.  Sobolev  [1]. 

3.  For  any  finite  segment  [a,  b]  there  exists  a  sequence  of  algebraic  polynomials 
pn(x)  (/j=0,  1,  2,  3,...)  which  is  basic. 

(This  stronger  form  of  the  theorem  of  Weierstrass  follows  from  1.1,  1.10.2  and 
a  general  theorem  of  functional  analysis.  See  M.  G.  Krein,  D.  P.  Mil'man  arid  M.  A.  Rut- 
man  [1]). 

4.  Let  the  sequence  of  distinct  numbers  a^  ,  az,  a3,...  be  such  that  |  a*  —  }'  a\  —  1 
and  the  series 


-i  a) 

fc~i 

diverges.  Then  for  any  function  f(x)  continuous  on  [—1,  1]  there  can  be  found  a  se- 
quence of  rational  functions 


possessing  the  property 

max 


Divergence  of  the  series  1.10(1)  is  also  a  necessary  condition. 
See  N.  I.  Akhiezer  [3]. 


**  V.A.  Steklov  [1,  2]. 
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5.  A  theorem  similar  to  1.6.1  holds  also  for  functions  of  many  variables.  For  any 
bounded  continuous  function  f(xl9...,xm)  defined  throughout  the  whole  w-dimensional 
space  with  variables  Xij...,xm,  subject  to  the  condition  that  f(xl9 ..., xm)->  c  as 
x\-\-  ...  +Xm~+  °°,  there  exists  a  sequence  of  continuous  rational  functions 


t     —0 

*•»»        w 


1  m  "i  "m  .  . 

y     y  bk,...9k  **i...**« 

Z_i    •••    Z-j         i  ml  m 

which  possess  the  property  that 

when  /?!,  ...,/iw  increase  without  limit. 

6.  If  1  <  «  <  }/2,  then  for  any  function /(jc)  continuous  on  [— a,  a]  for  which /(—I), 
/(O)  and  £[/(— !)-£/(!)]  are  integers  there  exists  a  sequence  .PnU)  of  the  polynomials 
1.1(1)  with  integral  coefficients  such  that  max  \f(x)—Pn(x)\-*Q  as  «->oo. 

(Consider  separately  the  cases  when  f(x)=f(—x)  and  /(*)  =—/(—*)  an^  make 
use  of  the  footnote*  on  page  9). 


CHAPTER   II 

THE  BEST  APPROXIMATION 

6 

2.1.  The  best  approximation  by  polynomials  on  a  finite  segment 

The  value  of  theorem  1.1  and  of  the  other  propositions  of  the  preceding 
chapter  consists  first  and  foremost  in  the  fact  that  they  involve  a  constructive 
approach  based  on  properties  of  the  simplest  functions  (the  polynomials 
1.1(1),  the  polynomials  1.3(1),  the  rational  functions  1.6(1),  the  integral 
functions  of  finite  degree)  to  the  fundamental  concepts  of  analysis  (conti- 
nuity, integrability).  However,  for  a  deeper  study  of  the  most  important 
structural  characteristics  of  functions  these  general  theorems  will  have  to 
be  generalised  and  made  more  precise  in  what  follows.  This  extension  and 
refinement  is  possible  as  a  result  of  the  concept  of  the  best  approximation 
introduced  by  P.  L.  Chebyshev,  which  chronologically  preceded  the  discov- 
ery of  theorem  1.1  and  forms  the  basis  of  the  modem  constructive  theory 
of  functions.  It  is  associated  with  the  following  theorem.  For  every  bounded 
measurable  function  f(t),  defined  on  the  finite  segment  [a,  b] ,  and  for  any 
natural  number  n  there  exists  an  ordinary  polynomial 

Pn(f\  0  -  C™+C[»t+  •  •  -  +  C<0)*»  (1) 

of  degree  not  greater  than  n  which  deviates  least  from  it  on  this  segment, 
i.e.  among  all  the  polynomials  1.1(1),  which  are  of  degree  not  greater  than 
n,  it  gives  the  least  value  of  the  deviation** 

vraisup|/(0-Pn(0|.  (2) 

o<«6 

The  quantity 

£„(/)  =  En(f;  a,  b)  =  vrai  sup|/(r)-P.(/;  01 

=  inf  vrai  sup  |/0) -Pn(01,       (3) 


which  gives  a  measure  of  the  deviation  of/(/)  from  the  polynomial  2.1(1) 
corresponding  to  it,  has  been  given  the  title  of  the  best  approximation  of 

**  The  essential  upper  bound  vrai  sup  f(t)  is  the  lower  bound  of  all  the  numbers 

t 
M,  for  which  /(0>  M  on  a  set  of  measure  zero. 


[26] 
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order  ft  of  this  function**.  Thus  theorem  1.1  amounts  to  the  fact  that  from 
the  continuity  of the  function  f(f)  on  [a,  b]  there  follows  the  relation  En(f)  -»  0 
as  n  ->  oo . 

2.1.1.  For  a  proof  of  theorem  2.1  we  observe  first  that  for  any  fixed  m 
the  limit  of  a  sequence  of  polynomials  uniformly  convergent  on  [a,  b]  of  the 
form 

£c?Y»        (fc=l,2,3,...),  (4) 

v  =  0 

where  rv  (v  —  0 , 1 ,  2 ,  3 , . . . ,  m)  are  m+l  given  non-negative  numbers  no  two 
of  which  are  equal,  is  itself  a  polynomial  of  the  same  type.  This  is  obvious 
when  m  =  0.  Moreover  if  the  given  assertion  is  true  for  m  =  n—  1,  it  is 
true  also  for  m  =  n.  In  fact,  given  that  the  sequence  2.1(4)  converges  uni- 
formly, it  follows  that  it  is  uniformly  bounded,  and  hence  in  turn  there 
follows  the  boundedness  of  the  system  of  coefficients  c[k\v  =  0 ,  1 , ... ,  m). 
If  the  sequence  c$fc)  were  unbounded  for  some  value  v  and  if  as  /  ->  oo  we 
had  c^-*  oo,  then  the  sequence 


„<**> 


would  converge  uniformly  to  the  function  fv,  which  is  not  a  linear  combin- 
ation of  the  form 


This  is  impossible  by  supposition. 

By  the  Bolzano-  Weierstrass  principle,  for  bounded  sequences  c$*} 
(v  =  0,  1  ,  ...  ,  m)  it  is  possible  to  find  a  subsequence  of  the  natural  numbers 
{£,}  (/  =  0,1,2,...)  such  that  c^  ->  c<0)  (v  =  0,  1,2,  ...,/w),  as  /->  oo. 
Hence  the  uniformly  convergent  sequence  2.1(4)  converges  to  the  poly- 
nomial 

m 

y  C(°YV 

Al    CV      *        > 

v==0 

as  it  contains  a  sequence  possessing  this  property. 
2.1.2.  Now  let 


v-O 


**  Similarly  it  would  be  possible  to  define  the  best  approximation  of  given  order 
of  the  function /(O  considered  in  1.5.2  by  algebraic  polynomials  with  integral  coeffi- 
cients. 
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be  a  certain  sequence  of  polynomials  for  which 

lim  vrai  sup  \f(t)~Pn,k(t)  I  =  inf  vrai  sup  \f(t)-~Pn(t)  \  .  (5) 


Tliis  sequence  is  bounded,  that  is  there  exists  a  constant  M  >  0  such 
that 

max  \Pn,k(t)\^:M      (fc=l,2,...).  (6) 


Hence  as  already  noted  in  2.1.1  there  follows  the  boundcdness  of  the 
system  of  coefficients  c^  (v  —  0,  1  ,  2,  3,  ...,«)  and  the  existence  of  the 
subsequence  of  natural  numbers  {fcj  (/  =  1,  2,  3,  ...)  for  which  cv(kl>  -» 
c(v°\v  =  0,  1,  2,  3,  ...,  n).  The  subsequence  Pn,fc/(/)  converges  uniformly 
to  the  polynomial  Pn,0(t)  —  Pn(fi  /),  which  in  virtue  of  2.1(5)  satisfies  the 
inequality  2.  1  (3)  and  is  hence  the  polynomial  which  deviates  least  from  the 
function  /(O  on  [a,  b].  It  is  easy  to  see  that  if  a-~b  =  0  and/(0  is  an  even 
(odd)  function,  the  polynomial  Pn(f\  t)  can  be  taken  to  be  even  (odd). 

2.2.  Generalisation  to  a  linear  normed  space  and  some  particular  cases 

From  the  above  proof  of  theorem  2.1  it  is  obvious  that  it  is  possible  to 
replace  in  it  the  space  of  all  the  functions  f(f)  measurable  on  [a,  b]  ,  for 
which 

||/||=  vrai  sup  |/(0|<  oo, 


by  any  linear  normed  space  F,  where  the  distance  of  the  element  x  from  the 
element  y  is  measured  by  the  quantity  \\x—  y\\,  and  the  system  of  functions 
1,  t,  ...,  tn  by  an  arbitrary  linearly  independent  system  of  elements  XQ, 
xi9  . . . ,  xn  of  jp,  and  the  uniform  convergence  of  the  sequence  of  polyno- 
mials 2.1(4)  by  the  convergence  with  respect  to  the  norm  of  the  sequence 

n 

of  sums  ]>]  c(^xv(k  =  1,  2,...).  Hence  whatever  the  linear  normed  space 
F  may  be,  for  every  xeF  there  exists  a  polynomial 

n 

Z^(0)V  (\\ 

cv    xv  \i) 

which  deviates  least  from  x  in  norm,  i.e.  it  is  such  that  among  all  polynomials 
of  the  form 


(2) 
it  provides  the  least  value  for  the  deviation 

n 

(3) 


t-o 
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We  thus  arrive  at  a  generalisation  of  the  concept  of  the  best  approximation, 
defining  as  the  best  approximation  of  an  element  xeF  by  the  polynomials 
2.2  (2)  the  quantity 

En(x)  =  ||*-  £  cpxk\\  =  inf  ||  *-  £  c,xfc!||.  (4) 


The  sequence  of  linearly  independent  elements**  XQ,  xl9  ...,  xn,  ... 
is  by  definition  closed  in  the  space  F  if  for  any  xeF  En(x)  ->  0  as  n  ->  oo  . 

Using  the  concept  of  a  linear  functional  it  is  possible  to  indicate  general 
criteria  for  a  system  of  elements  in  an  arbitrary  linear  normed  space  F 
to  be  closed.  A  sequence  xQ9  xl9  ...,  xn,  ...  eF  is  closed  in  F  If  and  only  if 
there  do  not  exist  linear  functional  0(x)  ^  0  which  satisfy  the  condition 
0(xk)  =  0  (k  =  0,  1,  2,  ...)***•  If  the  system  {xk}  is  closed  and  &(xk)  =  0 
(k  —  0,  1,  2,  ...),  then  whatever  w  >  0  may  be,  for  any  xeF 


i.e.  0(^)  —  0.  On  the  other  hand  if  the  sequence  {xk}  is  not  closed  then,  for 
a  certain  xeF,  we  have  lim  En(x)  =  d>  0.  In  the  linear  space  ,F0  which 

n-»oo 

n 

consists  of  all  possible  elements  y  of  the  form  y  —  cx+  ^  ckxk  we  can 

k-_=0 

consider  the  linear  functional  0Q(y),  putting  <PQ(y)  «=  c.  It  is  obvious  that 
since  for  all 


00(y)\d=  | 

*=0 

we  liave  ||^PO||F.  ^  1/rf,  and  as  for  any  n  ^  0 


fc-O 

it  follows  that  \\00\\Fo^  l/d  and  consequently  ||#0||Fi  =  1/rf.  If  now, 
using  the  well  known  Hahn-Banach  theorem,  the  functional  <&0  is  extended 
to  the  whole  space  F  with  preservation  of  its  norm,  we  obtain  a  non-trivial 
linear  functional  which  vanishes  for  all  the  elements  xk  of  the  given  system. 
We  illustrate  the  application  of  this  criterion  to  the  following  example. 
Let  F  be  the  Hilbert  space  of  all  real  measurable  functions  /(/)  defined 

CO 

on  (-00,  oo)  and  such  that  ||/||  -  {  J   |/W|aUI"e-<idf}1'a  <  oo.    The 


**  That  is,  a  sequence  for  which  for  any  natural  number  n  the  system  *0> 
is  linearly  independent. 
***  S.  Banach  [1]. 
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system  of  functions  1,  £,...,  tn ...,  which  belong  to  the  given  space,  is  closed 
in  it.  In  this  space  every  linear  functional  0  is  expressed  in  the  form  of 
a  scalar  product 


*(/)=   }  <K')/(OM'e-"df, 

—  00 

where  $(/)  eF.  Let  us  consider  a  certain  functional  possessing  the  property 
that 


*(/*)=       0(/)/*|f|'e-|td/  =  0      (A:  =  0,1,2,...), 

—  OO 

and  a  function 


where  z  is  an  arbitrary  complex  number.  As  g(z)  is  analytic  for  any  r  and 
g<*>(0)  =  0  (A;  =  0,  1,  2,  3,  ...)  it  follows  that  #(z)  ^  0.  In  Chapter  III  it 
will  be  proved  (sec  3.11.21),  that  this  is  possible  if  and  only  if  0(0  is  zero 
almost  everywhere.  Thus  every  linear  functional  0  which  vanishes  for 
the  functions  {tk}  (k  =  0,  1  ,  2,  ...)  is  identically  zero  throughout  the  whole 
space  F. 

2.2.1.  Let  F  be  the  space  of  measurable  functions  f(t)  of  period  2n 
for  which  ||/||  =  vrai  sup|/(f)|  <  °o,  and  as  the  linearly  independent 

r 

system  of  functions  to  be  considered  let  us  take  the  trigonometric  sequence 
1,  sin/,  cost,  sin2t,  cos2/,  sin3f,  cos3f,  .... 

In  virtue  of  theorem  2.2,  for  every  such  function  /(/)  and  any  integer 
n  ^  0  there  exists  a  polynomial  1.3(1),  which  deviates  less  from  it  than  all 
the  other  trigonometric  polynomials  of  order  not  higher  than  n. 

In  the  given  case  the  best  approximation  of  order  n  to  the  function 
/(/)  is  the  quantity 

n 

E*(f)  =  inf  vrai  sup  \f(f)  —  X  (ak  c°s  kt+bk  sin  kt)  \  .  (5) 

ak,bk  t  fc-=0 

Theorem  1.3.1  amounts  to  the  fact  that  the  continuity  of  the  periodic 
function  f(f)  with  period  2n  implies  that  E*(f)-+  0  as  n  ->  oo  .  Let  us  note 
that,  as  in  the  case  of  a  finite  segment  (see  2.1.2),  in  the  periodic  case  con- 
sidered here  evenness  of  the  trigonometric  polynomial  1.3(1)  which  de- 
viates least  from  f(t)  may  always  accompany  evenness  of  this  function. 
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2.2.2.  If  F  is  the  space  Lq  of  all  the  functions  measurable  on  [a,  b] 
(measurable  of  period  2rc),  the  #-th  power  (q  ^  1)  of  the  modulus  of  which 
is  integrable  on  this  segment  (on  [0,27r]),  where 

b  \. 

a 

2n  1  \ 

or    ll/ll  =  I  \  l/(0  \q  d/l  q    respectively  I , 

o  7  / 

and  if  as  the  linearly  independent  system  of  functions  we  have  the  sequence 
1,  t,  t2, ...,  tn,  ...  (the  sequence  1,  sin/,  cos/,  sin2f,  cos2f,  ...),  then,  in 
virtue  of  theorem  2.2,  for  every  function  /(/)  e  Lq  and  any  integer  n  >  0 
there  exists  an  ordinary  polynomial  1.1(1)  (a  trigonometric  polynomial 
1.3(1)),  which  deviates  from  it  by  less  than  all  other  such  polynomials  on 
[a,  b]  (trigonometric  polynomials  on  [0,  2^]) .  The  best  integral  approxi- 
mation of  order  n  to  the  function  /(/)  by  the  polynomials  1.1(1)  on  [a,  b] 
(by  the  polynomials  1.3(1)  on  [0,  2?u])  is  then  the  quantity 


En(f      =  W;  a,  b)L  =  inf      /W-  YcktkqAt  (6) 


q 


or 
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The  last  remark  in  sections  2.1.2  and  2.2.1  applies  in  this  case  also. 

Theorem  1.4  (or  1.4.1)  expresses  the  fact  that  if  the  function  f(f)  belongs 

to  the  space  Lq,  q  <  oo  ,  then  En(f)L  -+  0  as  n  ->  oo  (or  in  the  periodic  case 


2.2.3.  Let  us  consider  for  a  given  non-decreasing  bounded  function 
the  space  Lq(o)  of  all  the  functions  f(f)  ^-measurable**  on  [a,  b}  for 
which  there  exists  the  finite  integral 


which  here  expresses  ||/(OII-  For  every  function  f(f)eLq(q)  and  any  integral 
w^O  there  exists  an  ordinary  polynomial  1.1(1),  which  deviates  from  it 


**  For  functions  measurable  in  the  Lebesgue-Stieltjes  sense,  see  V.  I.  Smirnov  [1], 
vol.  V. 


32        APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

by  less  than  all  other  such  polynomials  on  [a,  b}.  The  best  approximation 
of  order  n  of  the  function  /(/)  is  now  the  quantity 


W)L>)  -  inf 

ck      a  ^ 

2.2.4.  Let  F  be  the  space  Lq(\  <  q  <  oo)  of  all  measurable  functions 
/(*!>  •  ••»  *m)  defined  on  the  closed  bounded  region  G  of  the  w-dimensional 
space  of  the  variables  tk(l  <&<w),  the  q-th  power  of  the  modulus  of 
which  is  integrable  on  G,  where 


G 

The  case  q  —  oo  corresponds  to  the  space  of  all  functions  measurable  on 
G  which  have  there  a  finite  essential  upper  bound,  and  in  this  case  we  take 
(see  2.13.2) 


The  system  of  functions  fafyfa  ...  tkj?  where  (kl9  k2>  fc3,  ...,  km)  are  any 
non-negative  integers)  is  linearly  independent.  Thus,  applying  theorem  2.2, 
we  find  that  for  any  function  f(tl9  ...  ,  tm)  considered  there  exists  a  polynomial 
1.1(2)  which  for  fixed  values  nl9  ...,  nn  deviates  less  from  it  than  all  other 
polynomials  of  the  same  type. 

The  best  approximation  in  the  given  case  is  the  quantity 

*    .=  inf 


-Z  -  S  ^....iJk|iii{..../* 

fer°  fcm^° 

Considering  the  space  .F  of  all  measurable  functions/^,  ...,  tm)  of  period 
2rc  in  each  of  the  variables,  which  belong  to  a  space  Lq  on  a  multi-dimensional 
cube,  G,  0  <  *!,  ...  ,  tm  <i  2n,  and  also  the  corresponding  linearly  independent 
system  of  trigonometric  functions,  we  find  that  there  exists  an  m-dimensional 
trigonometric  polynomial  Tntttttn  (tl9...,tm)  of  least  deviation  and 
arrive  at  the  similarly  defined  best  approximation  £*,...,  «W(/)L  of  given 
orders  nl9  ...,  nm. 

In  virtue  of  1.4.2  and  1.3.2  it  follows  from  the  fact  that  the  func- 
tion f(tl9  ...,  tm)  belongs  to  the  space  Lq  (for  q  =  oo  the  space  C)  that 
En^  .....  ,nm(f)Lg  ~+  0  when  nl9  ...,nm  simultaneously  tend  to  oo. 

2.2.5.  Iff(tl9  ...,  fm)  belongs  to  Lq  on  G,  and  r<m,  then  as  a  function 
of  fi,...,/f,  for  all  ^i,  ...,  fm,  with  the  exception  possibly  of  a  set  of 
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measure  zero  in  the  (m— r)-dimensional  subspace  of  these  variables,  / 

also  belongs  to  Lq  on  a  set  G>r+1 tfn  of  points  of  G  which  have  the 

fixed  coordinates  /r+1,  ...,  tm\  this  is  a  consequence  of  Fubini's  theorem. 
For  all  those  values  of  /r+1, ...,  tm  for  which 


it  is  possible  to  consider  the  best  approximation 


i 


1/0 


by  the  polynomials  1.1(2)  with  respect  to  the  variables  tl9  ...  ,  tr,  which  for 
r  =  m  is  identical  with  2.2(7).  If  Gm_r  is  the  projection  of  G  on  the 
subspace  of  the  variables  tr+l,  ...,  tm,  then  it  is  natural  to  consider  the 
quantity 

Enr...tnrM\  =  [S  -  S^......r[/;(Wu  —  OlL,}9dfr+1  ...  dfj1'*          (8) 

Gm-r 

as  characterising  the  best  approximation  to  the  function  f(tl9...9  tm)  as 
a  function  of  the  r  variables  just  chosen.  Let  us  note  that  the  quantity  2.2(8), 
which  we  term  the  partial  best  approximation,  is  identical  with  the  best 
approximation  of  the  function  f(t±  ,  .  .  .  ,  tm)  in  the  metric  Lq  by  sums  of  the 


form 


i.e.  with  the  lower  bound 

inf     [J  "-SlM,  ...,». 


Z 


(9) 


with  respect  to  all  possible  functions  $*  .^(fr+i,  •-.,  O  which  belong 
to  the  space  Lq  on  C7m_r.  This  follows  on  the  one  hand  from  the  obvious 
inequality 


,  ..... 
fct      0  fcr  —  0 

3  Theory  of  Approximation 
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and  on  the  other  hand  from  the  fact  that  there  exists  a  system  of  functions 
4>ki  .....  *r(fr+i>  ..-,  O  eLq  on  Gm.r  such  that  (see  2.13.1) 


Z 


I 


From  the  identity  of  2.2(8)  with  the  lower  bound  2.2(9)  there  follows  directly 
the  inequality 

Eni m(/)t,  >^  Emi nr,M)Lq        (r  =  1,  2,  ...,«).  (10 

2.2.6.  If  we  consider  functions  /(/x,  ...,  /m),  which  are  of  period  2?r 
in  each  of  the  variables,  it  is  possible  as  in  2.2.5  to  speak  of  their  best 
approximation  E*^ ..,„  (/)L  by  trigonometric  polynomials  of  orders 
«15  ...,/?„,  in  the  corresponding  variables  tl9  ...,tm: 

2n        2rt 


(11) 

and  also  of  the  partial  best  approximations  £„*,  ...,  „  ,  ^  (/)/,  defined  as 
in  2.2(8),  with  only  this  difference,  that  instead  of  algebraic  polynomials 
in  ti9...,tr  we  now  consider  multiple  trigonometric  polynomials  with 
respect  to  these  variables  and  as  the  domain  G  we  have  an  w-dimensional 
cube  of  periods.  Here,  as  in  2.2.5,  we  have  the  inequality 


Let  us  note  that  in  some  cases  it  is  possible  to  obtain  estimates  which  in 
a  certain  sense  satisfy  2.2(12)  and  indicate  a  closer  connection  between 
the  corresponding  partial  best  approximations  and  the  complete  best 
approximation  2.2(11).  Using  the  properties  of  the  partial  sums  of  a  Fourier 
series  (see  3.12.22),  it  can  be  shown  that  for  every  finite  q  >  1 


where  Cqttn  is  a  constant  depending  only  on  m  and  q. 

For  q  =  1  and  q  =  oo  we  can  obtain  by  the  same  method  similar 
inequalities**,  the  right-hand  sides  of  which  contain  unbounded  factors 
of  the  type  In  nk  . 


**  For  the  case  #  =  oo,  w^2see  S.N.  Bernstein  [42].  For  the  general  case  q 
see  M.  F.  Timan  [1];  see  also  8.7.21. 
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2.2.7.  In  the  determination  of  the  best  approximation  of  functions  it 
would  be  possible  in  place  of  the  segments  considered  (closed  bounded 
regions)  to  speak  of  arbitrary  measurable  sets  contained  in  them. 

2.2.8.  The  polynomial  2.2(1)  which  deviates  least  from  an  element 
x  e  F  is  not  always  unique.  Thus,  for  example,  let  F  be  the  space  M  of  all 
functions  f(f)  bounded  and  measurable  on  [a,  b]  ,  considered  in  2.1.  If  the 
function  f(f)  ^  1  is  taken,  then  for  n  =  0  its  best  approximation  £<>(/) 
by  the  polynomials  2.2(2),  where  x0  =  xQ(t)  =  t—a,  is  obviously  equal 
to  unity,  and  functions  of  the  form  c0*oW  =  c^t—d)  f°r  which 

max 


are  infinite  in  number. 

For  every  element  x  e  F  the  set  of  all  polynomials  2.2(1)  of  given  order 
n  which  deviate  from  it  least  is  some  convex**,  closed  and  bounded  set  of 
the  space  considered.  In  the  study  of  problems  of  the  theory  of  the  best 
approximations  in  a  given  space  F,  those  linearly  independent  systems  of 
elements  {xk}  are  first  selected  for  which  for  any  x  e  F  the  polynomial 
of  least  deviation  from  it  is  unique.  Such  linearly  independent  systems  are 
called  Chebyshev  systems. 

There  are  spaces  in  which  any  linearly  independent  system  of  elements 
is  a  Chebyshev  system.  It  is  easy  to  show  that  every  strictly  normed  space 
is  such  a  space;  a  strictly  normed  space  is  a  linear  normed  space  Fin  which 
the  norm,  in  addition  to  the  usual  three  properties  (\\x\\  =  0  if  and  only 
if  x  is  the  null  element  of  /%||Ax||  =  |A|  ||jt||,  ||x+.y||<  ||x||+  ||jM|), 
also  possesses  the  property  that  ||  x+y  \\  —  \\x  \\  +  \\y\\  only  in  the  case 
where  y  —  lx  (A  >  0).  Thus,  for  example,  from  the  corresponding  property 
of  Minkowski's  inequality  for  integrals  it  follows  that  for  any  q  >  1  the 
space  Lq  considered  in  2.2.2,  and  also  Lq(@)  (see  2.2.3)  are  strictly  normed, 
and  hence  in  these  cases  every  linearly  independent  system  is  a  Chebyshev 
system.  As  the  example  given  above  shows,  this  assertion  would  no  longer 
be  true  for  the  space  M  (the  case  q  =  oo).  It  would  be  false  also  in  the 
case  q  =  1,  as  is  easily  seen  by  considering  a  similar  example  (see  2.1.34). 
Therefore  in  these  two  cases  there  arises  the  question  of  criteria  for  Che- 
byshev systems  of  functions. 

2.3.  On  the  uniqueness  of  the  polynomial  giving  the  best  uniform  approxi- 
mation. Haar's  theorem** 

In  considering  the  first  of  the  two  cases  indicated  in  section  2.2.8 
(approximation  in  L^)  we  shall  in  what  follows  restrict  ourselves  to  approx- 


**  The  set  Q  is  convex  if  from  x,  yeQ  it  follows  that  ax+(i  —  a)yeQ  for  0  <a  <  1. 
***  Haar  [2].  The  proof  given  was  proposed  by  N.  I.  Akhiezer  [3]. 
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imation  in  the  space   C  of  functions  continuous  on  [a,  b]9  where  ||/|| 
=  max  [  f(t)  |  .  The  exhaustive  criterion  for  Chebyshev  systems  of  such 


functions  is  due  to  Haar:  a  system  of  linearly  independent  functions  [<t>k(f)} 
(0  <  k  <  n)  continuous  on  [a,  b]  is  a  Chebyshev  system  in  the  space  C  if 
and  only  if  every  nontrivial  polynomial 

PM  =  gcM)  (1) 

has  not  more  than  n  distinct  zeros  on  this  segment. 

2.3.1.  This  condition  of  Haar  for  the  system  of  functions  {$fc(0} 
(0  <  k  <  n)  is  obviously  equivalent  to  the  condition  that  for  any  n+l  dis- 
tinct points  tQ9  ti , ...  ,tn  of  the  segment  [a,  b]  the  determinant  D 

of  the  matrix  {$*(/;)}  is  different  from  zero.  Let  a  linearly  independent 
system  of  continuous  functions  (<l>k(t)}  satisfy  this  condition.  We  show 
that  //  the  polynomial 


among  all  the  polynomials  2.3(1)  deviates  least  on  [a,  b]from  the  continuous 
function  f(f)  ,  then  there  exist  at  least  n+2  distinct  points  /0,  tl9  ...,  /n+1 
of  the  given  segment  at  which 

!/('*)-  W;  '*)!  =  max  |/(0-W;  01  =  En(f). 


Assuming  the  contrary,  i.e.  that  there  are  altogether  only  m+1  ^w+1 
points  tQytly...,tm  at  which  the  maximum  deviation  \f(t)—Pn(fl  t)\  is 
attained,  we  can  determine  from  the  system  of  equations 

I  Ck  4>k(^  =  f(td-Pn(f\  /|)          (I  =  0,  1  ,  2,    .  .  .  ,    HI) 

fc  =  0 

the  polynomial  2.3(1)  which  assumes  at  these  points  the  same  value  as 
the  difference  f(t)—Pn(f\  t).  As  there  are  no  other  points  of  maximum 
deviation  in  modulus  of  this  difference  on  [a,  b],  and  the  polynomial  con- 
structed by  us  is  continuous  and  bounded  there,  it  follows  that  for  sufficiently 
small  B  >  0  the  deviation  of  the  polynomial  Pn(f;  t)+ePn(t)  from  /(/) 
will  be  less  than  En(f)  on  this  segment,  which  is  impossible. 

If  the  function  f(t)  had  two  different  polynomials  of  least  deviation, 
Pn(fl  0  ajid  Qn(fl  0  9  the  same  property  would  be  possessed  also  by  the  poly- 
nomial \[Pn(f\  t)+Qn(f\  t)],  and  on  [a,  b]  there  would  exist  n+2  distinct 
points  t09  tlt  ...  tn+i  where 

/;  tk)]\  =  En(f). 
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But  as  Pn(f'9 1)  and  Qn(f\  f)  are  polynomials  of  least  deviation,  all  these 
points  must  be  zeros  of  the  difference  Pn(f;  i)—Qn(f;  t)9  which  by  supposi- 
tion is  possible  only  when  it  is  identically  equal  to  zero.  If  the  system 
{<WO}  (0  ^  fc  <  n)  does  not  satisfy  Haar's  condition,  n+l  points  can  be 
found  in  [a,  b]  for  which  the  determinant 

D 

of  the  matrix  {^fc(^)}  vanishes.  Hence  there  exists  a  system  of  numbers 
{^v}  (v  =  o,  1, ...,  /i)  among  which  at  least  one  is  different  from  zero  and 
such  that 


whatever  the  polynomial  2.3(1)  may  be.  Now  let  P*(0  be  a  nontrivial 
polynomial  2.3(1)  with  zeros  at  all  the  points  indicated,  and/(f)  an  arbitrary 
continuous  function  with  modulus  not  exceeding  unity  and  such  that 
f(tk)  =  sign  Xk  (0  <  fc  <  n).  If  e  >  0  is  taken  sufficiently  small,  the  best 
approximation  of  the  function  F(i)  =f(t)[l—e\P*(t)\]  by  the  polynomials 
2.3(1)  will  be  equal  to  unity**.  On  the  other  hand,  as  is  easily  seen,  for  any 
d  less  than  unity  in  absolute  magnitude 

max 


and  hence  the  system  of  functions  considered  is  not  a  Chebyshev  system. 
2.3.2.  It  follows  from  theorem  2.3  that: 

(1)  The  system  </>k(t)  —  tk  (k  =  0,  1,  ...,  ri)  is  a  Chebyshev  system  in 
the  space  C  of  functions  continuous  on  the  segment  [a,  b]  . 

(2)  The  system  of  functions  (j>k(t)  =  coskt  (fc  =  0,  1,  ...,  H)  is  a  Che- 
byshev system  in  the  space  of  functions  continuous  on  [0,  2n]  . 

(3)  The  set  of  functions   <f>k(t)  =  cos  kt  (k  =  0,  1,  ...,«),  y>*(0  =  sin 
kt  (k  =  1,  2,  ...,  ri)  is  a  Chebyshev  system  in  the  space  C*  of  functions 
which  are  continuous  and  periodic  with  period  2ir. 

(4)  For  any  continuous  function  Q(t)  without  zeros  on   [a,  b],  the 
system  of  functions  <j)k(i)  =  Q(t)tk(k  =  0,  1,  ...,  ri)  is  a  Chebyshev  system 
in  the  space  of  functions  continuous  on  this  segment. 

(5)  For  any  function  f(t)  with  a  continuous  derivative  of  the  «-th 
order,    which  has  no  zeros  in  (a,  6),  the  set   of  functions   $k(t)  =  tk 
(fc  =  0,  l,...,7i—l)  together  with  the  function  f(t)  forms  a  Chebyshev 
system  in  the  space  of  functions  continuous  on  this  segment. 


**  Consider  the  difference  F(t)-Pn  (F\  t)  at  the  points  tv  (v==0, 1, ...,  ri). 
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2.3.3.  In  the  proof  of  theorem  2.3  use  was  made  only  of  the  general 
properties  of  functions  continuous  on  a  closed  bounded  set.  Hence  theorems 
2.3  and  2.3.1  remain  valid  if  in  place  of  the  class  of  functions  continuous 
on  a  finite  segment  we  consider  the  class  of  real  functions  continuous  on  some 
compact  metric  space  (which  contains  at  least  n+1  points**),  and  in  par- 
ticular the  class  of  real  continuous  functions  of  points  of  a  bounded  closed 
region  G  of  a  given  multidimensional  space. 

2.4.  On  the  uniqueness  of  the  polynomial  giving  the  best  integral  approxi- 
mation 

Let  us  pause  now  on  the  second  of  the  cases  (approximation  in  the  metric 
L)  indicated  at  the  end  of  section  2.2.8,  and  mention  a  theorem  of  Jackson 
[2]  which  deals  with  an  interesting  question***.  If  f(t)  is  continuous  on 
[a,b]  and  the  linearly  independent  system  of  functions  {(/>k(t)}  (k  =  0, 
l,2,...,w)  satisfies  Haar's  condition  (see  2.3)  on  this  segment,  then  there 
exists  only  one  polynomial  2.3(1)  which  deviates  least  in  the  mean  from 
/(/)  on  this  segment,  i.e.  only  one  polynomial 

W)=  X>10)  </>*(')  to 

fc  =  0 

for  which 

h 

\\f(t)~  Pn(f;t)\tt  =  En(f)L.  (2) 

a 

First  of  all  we  notice  that  as  on  two  distinct  polynomials  2.3(1)  can 
assume  identical  values  on  a  set  consisting  of  more  than  n  points  of  the 
segment  [a,  b],  it  follows  that  the  set  of  polynomials  2.4(1),  which  satisfy 
the  condition  2.4(2)  and  coincide  with  f(t)  on  a  set  of  positive  measure 
cannot  be  more  than  countable****.  Moreover,  in  view  of  the  fact  that 
for  given  n  the  set  of  polynomials  of  least  deviation  is  convex,  it  follows 
that  of  it  contains  more  than  one  polynomial  it  has  the  power  of  the 
continuum.  Hence  if  theorem  2.4  were  untrue  there  could  be  found  at 
least  two  different  polynomials  /*„(/;  t)  and  (?„(/;  /),  which  satisfy  con- 


**  For  the  extension  to  the  case  of  complex  functions  see  A.  N.  Kolmogorow  [5]. 

***  The  proof  derived  below  is  due  to  M.  G.  Krein  [1].  Another  proof  of  this  theorem 
was  given  in  the  monograph  of  N.  I.  Akhiezer  [3].  A  further  extension  of  this  theorem 
has  been  obtained  in  the  works  of  S.  Ya.  Khavinson  [1,2]. 

****  por  any  e  >  o  there  can  exist  only  a  finite  number  of  polynomials  2.3(1)  which 
coincide  with  the  function  f(t)  on  a  set  of  measure  >  e. 
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dition  2.4(2)  and  are  such  that  the  differences  a(t)  =f(t)—Pn(f;  t)  and 
Qn(f;  f)  are  almost  everywhere  different   from   zero.    Since 


we  should  then  have  sign  a(f)  =  sign  f$(i) .  Let  us  also  verify  the  validity 
of  the  system  of  equations 

b 

h(0signa(0df  -=  0      (/ =  0,  1,2,...,  «).  (3) 

In  fact,  if  for  some  k  (0  <  k  <  ri) 

b 


it  would  be  possible  to  find  a  number  e  so  small  in  absolute  value  that 
k(i)  sign[a(0-£  W)]d'  >  0. 


But  then 

b 


l/(0-  W;  Old*  =  J  |a(/)|df  =  J  «(0  signa(r)d/ 

a  a 

a(r)  sign  [a(0  ~-£(t>k(t)]dt 

0  sign  KO- 


i.e. 


J  \f(f)~Pn(f\  Old/  >  J  \f(t)-Pn(f;  0-fi0*(0|d/, 

a 

and  /*„(/;  0  would  not  be  the  polynomial  of  least  deviation. 

We  see  that  the  points  of  the  interval  (a,  b)  at  which  the  differences 
a(t)  and  /?(0  change  sign  coincide.  As  at  these  points  Pn(/;  0  =  Qn(fl  0 
there  are  not  more  than  «  of  them.  Let  them  be  the  points  a  <  t0  <  t,  < 
'-  <  tm<  b  (m  <  ri).  Let  us  consider  an  arbitrary  null  sequence  {ek} 
of  positive  numbers  ek  and  for  sufficiently  great  values  of  fc  let  us  choose 
points  tm+l  <  tm+2  <  •  •  •  <  *„_!  such  that  tm  <  tm+l  tm^r  =  tm^r^+ek 


40        APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

(l  <  r  <  [%(n—m)])9  and  when  %(n— m)  is  an  integer  let  us  put  tn^  =  b. 
If  the  numbers  Ak^Q  are  chosen  so  that 


V  r(k 

/-I     LV 

v-0 


then  just  as  in  sections  2.1.1,  2.1.2,  we  see  that  it  is  possible  to  find  a  se- 
quence of  natural  numbers  {/:,}  (/  =  1,  2,  ...)  for  which  the  correspond- 

n 

ing  sequence  of  polynomials  ]>]  cvkl  (j)v(t)  converges  uniformly  to  some 


polynomial  XI  cv  0V(0 .  But  considering  the  determinant  D I 

v=0  \ 

n 

it  is  easy  to  see  that  the  polynomials  ]T  ^<j)v(t)  change  sign  at  the  points 

v=0 

J0,  tl9 ...,  tn^  and  only  at  these  points.  Consequently,  the  limit  polynomial 

n 

2  ^v^vCO  W]M  change  sign  within  (a,  b)  only  at  the  points  /0,  tl9 ...,  tn^. 
Hence  it  follows  that 

f.v-  i 

}  {  Z-j  £v<Pv(Oj  sign  J(f)df  5^  0, 

and  this  contradicts  the  system  of  equations  2.4(3).  This  contradiction 
assures  us  of  the  uniqueness  of  the  polynomial  of  least  deviation  in  the 
case  considered. 

2.5.  A  sequence  of  best   approximations.   The   fundamental  characteristic 
property 

As  has  already  been  mentioned  in  section  2.2,  we  arrive  at  the  concept 
of  the  best  approximation  in  all  those  cases  where  we  consider  an  arbitrary 
linear  normed  space  F  and  a  certain  linearly  independent  set  of  elements 
in  it.  It  is  obvious  that  every  sequence  of  linearly  independent  elements 
x0,  xl9  x2, ...,  xn, ...  closed  in  F  gives  rise  for  any  xeF  to  a  non-increasing 
null  sequence  of  numbers  (see  2.2(4)). 

which  are  the  corresponding  best  approximations  of  the  element  x.  It 
turns  out  that  this  property  of  the  sequence  of  best  approximations  charac- 
terises it  completely**.  If  an  infinite  sequence  of  linearly  independent  elements 

**  The  theorem  is  due  to  S.N.Bernstein;  see  [17],  where  the  space  C  of  functions 
continuous  on  [a,  b]  (the  case  of  uniform  approximation)  is  considered. 
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xQ9  xl9  ...,  xn9  ...  is  closed  in  F,  and  the  space  F  is  complete**,  then  for 
every  sequence  of  numbers 

£0  >£!>£*  >...>£„>...  (1) 

monotonically  decreasing  to  zero,  an  element  xeF  can  be  found  such  that 
for  any  n  =  0,  1  ,  2,  ... 


In  the  proof  we  use  the  following  obvious  properties  of  the  best  approxi- 
mation : 
(1) 

(2)  E.( 

(3)  The  quantity  Ea(x+A.y)  varies  continuously  with  A  and  as  a  function 
of  A  is  convex. 

(4)  If  En(y)  >  0,  then  Ea(x+Ay)  -»  oo  as  A  ->  ±  oo. 

(5)  £n(x+  i>fcx,)  =  £„(*). 

fc=0 

From  these  properties  it  follows  that  for  any  x  and  for  any  A  >  En+l(x) 
there  exists  a  number  c  for  which 


n  +  l 

In  fact,  if  A  =  £"n+1(x)  and  ^(x)  =  l|x-  XI  40)^||»  then 

k=0 


If,  however,  >4  >  En+l(x),  then  from  the  inequality 


in  which  A0  is  a  sufficiently  great  number,  it  follows  in  virtue  of  the  con- 
tinuous variation  of  En(x  +  Axn+l)  with  A  that  there  exists  a  constant 
c  satisfying  2.5(2)***.  Using  this  remark,  we  see  that  for  any  n  there  exist 

n+l 

polynomials  X  c[n)x9  satisfying  the  set  of  equations 

v  =  0 
wfl  n+l 

v=0  v=0 


**  That  is,  every  sequence  ;e(n)eF  which  possesses  the  property  \\x(n)  —  *(m)||->  0 
(mt  w->  oo),  converges  in  norm  to  some  element  x  of  F(||;c— x(ll)||->  0,  /i->  oo). 
***  In  this  case  there  are  two  such  value  of  c. 
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In  fact,  since  £n+l(d)  =  0  for  the  null  element  6  of  the  space  jF,  it  fol- 
lows as  has  just  been  mentioned,  that  for  some  value  cn+^ 

En(cn+^xn+l)  =  En. 

On  the  same  grounds,  in  virtue  of  the  inequalities  2.5(1),  for  some  value 
cn  we  have 


Then 


Furthermore  let  us  choose  the  constant  cn^l  so  that 

Then 

E  ( '  c      x       I  s*  v    I  c      x      i  — •  p 

n\   n — 1     fi— 1    I      n     n   '      /i-4-l     /H-l'  n* 

n-f  1 

Continuing  this  process,  we  obtain  a  polynomial  ]T  cv.vv  which  satisfies 
the  system  of  equations 

n+l 
J7    /  \^    *    v    \  J7  /7^          H1O  *«\ 

£/k\  2-i  cv^v/  "  ^*      (/c  =  u,  i,  z, ..., /i;. 

v=l 

If  c0  is  chosen  so  that 

n-f  1 
||    2-j    CvXv  II          ^0> 

we  obtain  the  polynomial  required. 

Let   X!  <*vn?kxv(k  =  0,  1, ...)  be  the  polynomial  of  order  k  which  de- 

n+l 

viates  least  from  our  polynomial  ^  c[n)xv.  It  is  obvious  that 


For  every  fixed  value  of  k,  applying  the  Bolzano- Weierstrass  principle 
and  then  the  well-known  diagonal  process  of  Cantor,  we  find  for  all 
k  a  single  sequence  of  natural  numbers  nt  which  possess  the  property 
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k 

that  for  any  k  the  sequence  J]  ^y"*  *v  converSes  (with  respect  to  the  norm 

v  =  0     V> 
k 

in  F)  to  a  certain  polynomial  Xl^v,**^  i-e- 


v  =  0 


«(;(>v-  s  «v.* 

'  '  — 


Consequently,  for  sufficiently  great  nt  the  inequality 


holds  and  hence 

ii  £«..,*.-  iiV 

v=o  v=0 

Therefore  for  sufficiently  great  p  and  q 


Hence  in  virtue  of  the  completeness  of  the  space  F  and  the  condition  that 

Ek  ->  0  as  k  ->  oo  it  follows  that  the  sequence  of  polynomials  ]>]  c  "l^xv 
converges  to  some  element  x  of  F.  But  as 

v=0  v«=0        ' 

it  follows  from  2.5(4)  that 


k 

and  hence  £"*(#)  ^^.  If  a  polynomial   $]  bvxv  were  found  for  which 


v=0 


II*""  X  *v*vl|  <  E*>  then  for  a  sufficiently  great  value  of  nt  we  should 

v=0 

have 


which  for  nt  >  k  would   contradict   the   equality  Ek  (  ^  Cv"/>;Cv) 

v  =  0 

This  means  that  Ek(x)  =  Ek  for  any  value  k  —  0,  1,  2, ... . 
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2.5.1.  Theorem  2.5  shows  that  for  any  closed  linearly  independent 
sequence  of  elements  of  F,  an  element  x  can  always  be  found  of  which 
the  best  approximation  with  respect  to  the  given  system  tends  to  zero  as 
slowly  as  desired  as  n  ->  oo .  Hence  if  W  is  some  bounded  set  in  F,  the 
upper  bound  supEn(x)  as  n  increases  without  limit  may  not  tend  to  zero. 

xtW 

In  the  case  when  supEn(x)  ->  0  (n  -»  oo),  the  set  W  consists  of  elements 

xeW 

for  which  the  rapidity  of  decrease  to  zero  of  the  best  approximations 
has  a  certain  single  characteristic  common  to  all  of  them.  Such  sets  W  are 
of  particular  interest.  This  is  reflected  in  the  further  development  and 
refinement  of  the  results  of  the  preceding  chapter  in  our  investigations. 
We  shall  not  go  into  these  investigations  here  as  Chapters  V  and  VI  are 
specially  devoted  to  them. 

The  following  theorem  will  give  an  idea  of  the  structure  of  sets  of 
this  type.  A  bounded  set  W  of  the  complete  space  F  possesses  the  property 
supEn(x)  ->  0  (n  ->  oo)  //  and  only  if  it  is  compact**. 

xeW 

This  assertion  is  a  consequence  of  the  well-known  theorem  of  Haus- 
dorff  by  which  for  compactness  of  the  set  W  of  the  complete  space  F  the 
existence  of  a  finite  £-net***  is  necessary  and  sufficient,  whatevei  s  >  0 
may  be.  If  W  is  compact  and,  for  a  given  s  >  0,  zl9  z2,...,  zm  is  a  finite 
£-net  corresponding  to  it,  then  since  En(zk)  ->  0  as  n->oo(l</:<m), 
we  have  for  all  xeW,  beginning  with  a  certain  value  n, 

En(x)  <  En(zk}+En(x-zk}  <  2s, 
and  consequently  supJ^Cx;)  ^  2s.  Conversely,  if  supEn(x)  ->  0  as  n  -+  oo, 

.xeW  xcw 

it  follows  that  for  any  s  >  0  we  have  for  sufficiently  great  n  and  for  ail 
xe  W 

En(x)<\s. 

n 

This  means  that  the  set  of  polynomials  J]  cvxv  forms  an  i  e-net  for  W. 

v^O 

The  set  of  these  polynomials  is  bounded  together  with  the  set  W.  As 
n  is  fixed,  the  given  set  of  polynomials  is  compact  in  virtue  of  the  Bol- 
zano-Weierstrass  principle  and  hence  in  F  there  exists  for  it  a  finite 
-ie-net  g8/2.  It  is  obvious  that  <2«/2  can  be  used  as  a  finite  e-net  for  W. 
Since  the  space  F  is  complete,  the  set  W  is  compact. 


**  That  is,  any  sequence  of  elements  of  W  contains  a  convergent  subsequence. 

***  That  is,  a  finite  sst  Qt  c:  F,  the  distance  of  which  from  any  point  xe  W  does 
not  exceed  e. 
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In  chapter  III  we  shall  consider  some  structural  characteristics  of  the 
most  frequently  encountered  compact  classes  of  functions  for  the  spaces 
indicated  in  sections  2.2.1-2.2.4. 


2.6.  The  best  approximation  on  an  infinite  interval 

In  the  case  where  the  function  f(t)  is  defined  on  the  whole  real  axis, 
it  is  possible,  just  as  in  sections  2.1  and  2.2.2,  to  consider  its  best  approx- 
imation by  the  continuous  rational  functions  1.6(1),  by  integral  functions 
of  exponential  type  or  the  weighted  best  approximation  by  the  polyno- 
mials 1.1(1). 

2.6.1.  If  /(/)  is  a  function  which  is  measurable  and  bounded  on 
(—00,  oo),  then,  for  any  even  non-negative  number  «,  among  the  rational 
functions  1.6(1)  there  is  a  continuous  rational  function 


which  deviates  least  from  /(*),  i.e. 

vraisup|/(0--Rn(/;  01  =  inf  vraisup  \f(t)-Rn(t)\.  (1) 

-00f<00  /Jn(f)      —  00f>00 

It  is  obvious  that  the  sequence 


for  which 

inf  vraisup|/(/)-/UOI-  lim  vraisup  |  f(t)-Rn>k  (01  (2) 

Kn(r)  —  oo<f<oo  Jt-*oo  —  oo<r<oo 

in  uniformly  bounded  on  (  —  00,00).  Hence  we  may  suppose  that 
\b™\  <  1  (0  <  v  <  «,  k  =  1,2,...).  Just  as  in  section  2.1.1  we  verify 
that  the  sequences  of  coefficients  {a[k^}  are  bounded,  and  choose  a  sequence 
of  the  natural  numbers  (/  =  1,2,...),  for  which 


as  /->  oo.  The  sequence  Rttikl(t)  converges  to  a  certain  rational  function 
Rn>Q(t)  =  Rn(f;  t)9  which  in  virtue  of  2.6(2)  satisfies  2.6(1)  everywhere 
except  possibly  at  a  finite  number  of  points. 

Similar  considerations  show  that  if  Lq(q>  0)  is  the  space  of  all  meas- 
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urable  functions /(/),  the  q-th  power  of  the  modulus  of  which  is  integrable 
over  any  finite  interval  and 


then  for  a  fixed  even  n  there  exists  among  all  the  continuous  rational 
functions  Rn(t)  e  Lq  a  rational  function  Rn(f;  /)  which  deviates  least  from 
f(t)  on  (—  oo,  oo),  i.e.  it  is  such  that 

00  OO 

\     f(t)  -*„(/;»  I'd/  =  inf    (    \f(t)~Rn(t)\"dt.  (3) 

o    (,)       '' 

—  no  Knu'  —oo 

The  magnitude  of  the  best  approximation  Qn(f)  (or  Qn(f)L  )  for  a  given 
fixed  w  is  a  measure  of  the  deviation  of  the  function  from  the  set  of 
rational  functions  1.6(1)  and  is  determined  from  2.6(2)  (or  2.6(3)).  The- 
orem 1.6.1  thus  amounts  to  the  statement  that  if  f(x)  is  continuous  and 
lim  f(x)  —  c,  then  Qn(f)  ->  0  as  n  ->  oo  . 

.x—  >:too 

2.6.2**.  Iff(f)  is  a  fund  ion  which  is  measurable  and  bounded  on  (—00,  oo), 
then  for  any  a  ^  0  there  exists  among  the  integral  functions  ga(t)  of  degree 
not  greater  than  a***  a  i.e.  function  #<,(/;  f)  which  deviates  least  from  /(/), 
i.e.  it  is  such  that 


vrai  sup  |  /(/)  —  &,(/;  /)|  =  inf  vrai  sup  \f(t)-g0(i)\.  (4) 

—  oo  <  t  <  co  0ff(t)   ~  oo  <  f  <  oo 

In  fact,  the  sequence  of  functions  gfffk(t)  for  which 

inf  vrai  sup  \f(f)—ga(t)\  -  lim  vrai  sup  \f(t)—  gfftk(t)\  (47) 

gff(t)  -~  oo  <t  <  oo  fc-^oo  —oo  <t<w 

is  uniformly  bounded  on  the  whole  real  axis.  Hence  applying  the  Bolzano- 
Weierstrass  principle  and  the  well-known  diagonal  process  of  Cantor, 
we  can  find  a  sequence  of  natural  numbers  {kt}  (I  =  1,  2,  ...)  which  pos- 
sess the  property  that 


**  S.  Bernstein  [18]. 

oo 

***  That  is,  any  integral  functions  ga(x)  —  ^   cvxv   the    coefficients    of    which 

v-O 


_  _ 

satisfy  the  inequality  lim  i/  k\  \  ck  \  <  or.  In  the  present  theorem  it  is  sufficient  to  consider 

fc->oo  r 

only  those  among  them  which  are  uniformly  bounded  on  the  whole  real  axis,  i.e.  satisfy 
the  inequality  1.7(1).  (See  4.3.1).  As  will  be  shown  in  section  4.8.2,  for  these  functions 

*!|c*|<orfc        sup         |*a(x)|     (*  -1,2,...). 
—  oo  <  x  <  oo 
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for  all  rational  values  of  t.  But  by  the  inequality**  1.7(1)  the  sequence 
g0th.(t+iy)  is  uniformly  bounded  in  any  finite  part  of  the  complex  plane. 
Hence  as  it  converges  at  the  rational  points  of  the  real  axis,  in  virtue  of 
Vitali's  theorem  it  converges,  and  moreover  uniformly,  in  every  bounded 
domain  of  the  complex  plane.  Hence  the  limit  function  ga^d+iy)  is  an 
integral  function,  and  as  it  satisfies  the  inequality  1.7(1)  it  follows  that 
ga  Q(t)  ==  g(j(/;  /)  is  an  integral  function  of  degree  not  higher  than  a, 
bounded  on  the  real  axis.  In  consequence  of  the  relation  2.6(4')  it  satisfies 
2.6(4)  and  hence  deviates  least  from  /(/)  on  the  whole  axis.  The  lower 
bound  2.6(4)  is  called  the  best  approximation  of  the  function  f(f)  by  in- 
tegral functions  of  degree  not  higher  than  rf  and  is  denoted***  by  Aa(f). 
Theorem  1  .7  expresses  the  fact  that  for  the  uniform  continuity  of  a  function 
f(t)  bounded  on  the  whole  real  axis  it  is  necessary  that  Aa(f)  ->  0  as  er  -»  oo. 
2.6.21.  Theorem  2.6.2  can  be  supplemented  as  follows****.  If  f(t)  is 
a  measurable  function  of  period  2n,  then  among  ihe  functions  gff(f\  /)  which 
deviate  least  from  f(t)  on  (  GO,  oo)  there  is  a  trigonometric  polynomial 
1.3(1)  of  order  <  [ct]  and 


where  E*^  (/)  is  determined  from  2.2(5). 
As  for  any  integral  k 

/(')-*,(/;  t+2kn)  -/(H-2/C7I)     g,(/;  t 
the  functions 

G-(/;  0  -  -~-  S  g*(f; 


are  integral  functions  of  degrees  <  or,  bounded  on  the  real  axis  and  pos- 
sessing the  property 

vrai  sup  |  /(/)  -  Gn(f;  t)\=A.(f).  (6) 


Just  as  in  section  2.6.2,  we  can  select  from  the  sequence  Gn(f\  t)  a  sub- 
sequence Gn/(/;  0  which  in  any  finite  part  of  the  complex  plane  converges 
uniformly  to  some  integral  function  G(t)  of  degree  not  higher  than  cr. 
Since  when  n  increases  without  limit  (/„(/;  t+2n)  —  Gn(f;  /)  tends  to 
zero  uniformly  for  all  fe(—  oo,  oo)  it  follows  that  G(t)  is  of  pericd  2n. 


**  See  the  footnote****  on  page  13. 

***  In  those  cases  where  this  definition  still  has  a  meaning  it  is  retained  also  for 
unbounded  functions  /(/). 

****  S.  N.  Bernstein  [23]. 
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In  chapter  IV  (see  4.10.2)  it  will  be  shown  that  every  integral  function 
of  degree  not  higher  than  a  which  is  of  period  2n  is  a  trigonometric  poly- 
nomial of  order  not  higher  than  [er].  Hence  2.6(5)  follows  from  2.6(6). 
Here  (7(0  is  the  trigonometric  polynomial  of  least  deviation  indicated 
in  the  theorem. 

We  remark  that  since  for  any  function  f(t)  which  is  bounded  and 
uniformly  continuous  on  the  whole  real  axis  the  best  approximation 
Aff(f)  =  A(d),  as  a  function  of  a  defined  on  the  semi-axis  0  <  a  <  oo, 
tends  to  zero  monotonically,  it  follows  from  theorem  2.5  that  to  every  such 
function  f(f)  there  corresponds  some  function  f*(t)  which  is  continuous 
and  of  period  2rc,  and  for  all  a  >  0  possesses  the  property 

^(/*)  =  ^w(/)  =  £t*](/*).  (7) 

2.6.22.  There  exists  a  close  connection  between  the  best  approximation 
Aa(f)  on  the  whole  real  axis  and  the  best  approximation  £"„(/;  a,  b) 
considered  in  section  2.1.  For  any  measurable  function  f(x)  bounded  on 
(—00  ,00)  the  following  relations  hold**: 


lim  £/;--    =  lim  lim  £„/;  ---,  --    =  A.(f), 


=  lim  lim  Enj  ; 


"  ff-0/      .--"^r       a-e'a-Ei 

=  /W/)      (e>0). 


(8) 


We  remark  that  as  the  limit  of  the  sequence  of  integral  functions  ga+e(x) 
(en>0)  of  degree  ^a  +  en,  which  converges  as  £„->(),  satisfies  con- 
dition 1.7(1)  and  the  condition  sup  sup  \gff+e  (x)\  <  oo,  it  is  an 

n       -oo<x<oo 

integral  function  of  degree  <  cr,  so  that  the  non-increasing  function 
A(d)  =  Aff(f)  is  always  continuous  on  the  right***  for  any  value  or  >  0. 


**  S.N.  Bernstein  [26]. 

***  The  functions  gff+e(x)  —  g0  f  £(/;  x)  for  which 


Aff+s(f)=    vraisup 

—  OO<  JC  <OO 

satisfy   the  condition         sup       \gff+e(x)\  <    vraisup    \f(x)\    and   hence    (see   4.3.1) 

—  OO<JC<O°  —  OO<JC<OO 

sup       \8<r+t(x+iy)\  <  2  vraisup    |/(0!  •  e(<T+e)|y|.    Consequently,     using   Vitali's 

—  OO<  jc  <OO  —  OO<f<OO 

theorem,  it  is  possible  to  select  a  sequence  of  numbers  en  ->  0  such  that  the  sequence  of 
functions  ga+en(x)9  converges  everywhere  to  some  integral  function  g0(x\  which  is  of 
finite  degree  <cr.  Then 

Aa(f)<   vraisup    \f(x)-ga(x)\<  lim  A0+t(f)  <  A0(f)  . 

«—  >0 
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Simple  examples  show  that  generally  speaking  the  function  A  (or),  may 
happen  to  be  discontinuous.  Thus,  for  example,  it  follows  from  theorem 
2.6.21  that  if 

m 

then  the  best  approximation  Aa(f)  =  A(<?)  is  a  step  function  which  has 
a  jump  at  least  at  one  integral-valued  point.  For  A(a)  to  be  continuous  at 
a  given  point  a  it  is  necessary  and  sufficient,  as  follows  from  2.6(8),  that 

limEJ/;— ^-1  =  lim  £„(/;- 


A 
CT—  0 

The  last  condition  entails  the  relation 


Let  gff(f;  x)  and  Pn(/;  *)  be  respectively  an  integral   function  of  degree 
<J  a  and  a  polynomial  2.1(1)  of  degree  <J  n,  for  which 

vraisup  \f(x)—g0(f\  x)\  —  Xff(/), 

-  00  <  X  <00 

vrai  sup  |  /(*)-/>„(/;  x)  |  -  ^n  (/;--,  -      . 

-          - 


In  2.9.12  we  shall   show    that    the   coefficients   ck  of  any  algebraic 

n 

polynomial  Qn(i)  —  ^cktk  satisfy  the  inequalities 

k^O 

I^K-^-maxie^OI.  (9) 

k-    Ul<i 

Moreover,  it  is  established  in  chapter  V  (see  5.4.4)  that  if  ga(x)  is  an 
integral  function  of  degree  <^  a  which  satisfies  condition  1.7(1),  then  for 
every  fixed  p  >  a 

;-^,~Wo.  (10) 

P      P] 

From  the  inequality  2.6(9)  it  follows   that   the   coefficients   c£n)   of  the 
polynomials  Pn(f\  x)  are  governed  by  the  inequalities 

\c^\^~2  vraisup|/(x)|.  (11) 

&  •         —  oo<  jc  <oo 

If  we  denote  by  Aa{f\  n/a)  the  lower  bound 

inf  vrai  sup  \f(x)—  gff(x)  | 

^(JC)        |jf|<ll/ff 

4  Theory  of  Approximaldon 
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for  all  integral  functions  the  Taylor  coefficients  of  which  satisfy  condition 
2.6(11),  then  we  obviously  have  the  inequality 


n     n 


and  consequently**, 


Using  the  fact  that  all  integral  functions  which  satisfy  condition  2.6(11) 
are  uniformly  continuous  and  uniformly  bounded  in  any  finite  part  of 
the  plane,  we  see 


and  hence 

ton  £.(/;--,- \2*A.(f).  (12) 

n->00  \  / 

On  the  other  hand  for  p  >  cr,  in  virtue  of  2.6(10)  with  ga(x)  —  gff(f;  x), 


„-*»  P      P/          „-»«>          \  P      P 

whence  as  p  -»  a 


**  The  sequence  of  numbers  Aa(f;  n/a)  does  not  decrease  as  n  increases,  and  since 
Sa(f\x)  satisfies  condition  2.6(11)  (see  the  footnote  **  on  page  46),  it  follows  that 
A9(f;n/0)<A0(f). 

GO 

***  If  ga,n(x)^  S  ckn^xk  is  an  integral  function  the  Taylor  coefficients  of  which 

*=o 
satisfy  condition  2.6(11),  and 

vrai  sup  !/(*)-**,  „(*)!  =  A<,(f\  n/a), 

\x\<nlff 

it  follows  that 

\g*.n(x+iy)\<2  vrai  sup   \f(t)\e^^^. 

—  oo<  t  <oo 

Using  Vitali's  theorem,  it  is  possible  to  select  a  subsequence  «&  of  the  natural  numbers 
such  that  the  sequence  of  functions  g0tnk(x)  converges  everywhere  to  some  integral 
function  ga(x)  which  is  of  finite  degree  <  or.  Then  for  all  real  values  of  x 


\f(x)-g,(x)\  -  lim  \f(x)-g9,nk(x)\  <  lira  A9(f\  ~\  <Ao(f) 

nk--*x>  nk~*°°        \  ' 
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and  similarly 

lirr7£n(/;--~,  j)  <^_0(/).  (14) 

n->oo          \  <f        <f  / 

From  2.6(12)  and  2.6(13)  the  first  of  the  relations  2.6(8)  follows.  The 
second  of  these  relations  at  the  points  of  discontinuity  of  the  functions 
A(a)  =  Aa(f)  follows  from  2.6(12)  and  2.6(14).  In  order  to  prove  that 
it  holds  at  the  remaining  points  it  is  sufficient  to  select  a  sequence  of  values 
<*k  -*  tf(o*  <  <*)  such  that  the  function  A(a)  is  continuous  at  the  points 
ak  and  pass  to  the  limit  as  k  -»  oo  in  the  equation 


lim  £„/;  —    -  =,4    (/). 

n-*oo          \  Ofc         (Tfc  /  * 

Let  us  note  here  that,  as  was  shown  by  S.  N.  Bernstein  [27],  the  relation 
2.6(8)  holds  for  all  or  >  0  for  a  wider  class  of  functions/^),  subject  only 
to  a  certain  restriction  on  the  increase  of  the  function  as  |  x  \  -+  oo  ,  and  also 
on  the  passage  from  uniform  approximation  to  mean  approximation. 
For  sufficiently  great  values  of  a  this  relation  is  satisfied  for  all  functions 
f(x)  for  which,  from  some  point  onwards,  Aa(f)  <  oo  (see  5.4.6). 

2.6.3.  An  assertion  similar  to  the  one  derived  in  section  2.6.2  holds 
also  for  passage  to  an  integral  metric.  If  f(f)  is  a  measurable  function  of 
the  space  Lq,  defined  in  2.6.1,  then  for  any  cr  ^  0  there  exists  among  the 
integral  functions  ga(t)eLq  of  degree  not  higher  than  a  a  function  g0(f\  f) 
such  that 

00  1  '  00  ^L 

(  \  \m-g.(f;  0  1"  d/)V  =  inf  (  \  \f(t)-ga(x)  \"  At)  9.          (15) 

—  oo  9a(ti     —oo 

The  quantity  Aa(f)Lq9  which  is  equal  to  the  lower  bound  of  2.6(15),  is 
known  as  the  best  mean  approximation  of  the  function  f(t)  by  integral 
functions  of  degree  not  higher  than  or. 

In  order  to  verify  that  a  function  ga(f\  t)  satisfying  2.6(15)  exists, 
a  sequence  of  integral  functions  g^ik(t)  is  considered  for  which 


inf      |/(r)-fo(r)|«d/  =  lim       \f(f)~ga,k(t)\"At. 

^(O-oo  fc-»oo_00 

It  is  obvious  that  for  this  sequence  there  exists  a  positive  constant  C  such 
that 

CO 

!*..*«  I'd/  <  C      (A:  =  1,2,...).  (16) 
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In  chap.  IV  (see  4.9.53)  we  establish  the  inequality 

JL    °°  x 

« 


sup      \g,(x)\<2a 

—  oc  <x  <oo 


(  S   \ga(t)\"dt)"', 


—  00 


which  holds  in  the  class  of  all  integral  functions  gff(t)eLq  of  degree  <  a. 
From  this  and  from  2.6(16)  it  follows  that  the  sequence  gfftk(x)  is  uni- 
formly bounded  on  the  whole  real  axis.  Consequently,  just  as  in  section 
2.6.2,  it  is  possible  to  find  a  subsequence  gfftkl(x)  which  converges  uni- 
formly in  any  bounded  domain  to  a  certain  integral  function  g0tQ(i) 
~  8<r(f'>  0  °f  degree  <  o  and  is  such  that 


2.6.4.  Theorem  2.2  is  applicable  to  weighted  approximation  on  the 
whole  real  axis  (see  sections  1.8  and  1.9.4),  as  in  this  case  we  have  the 
space  €$  (the  space  Lq^  of  continuous  (integrable  with  weighting)  func- 
tions f(x)  satisfying  condition  1.8(1)  (condition  1.9(4)).  wheie  ||/||  is 


defined  as      sup 

—  00<JC<OG 


1.AJ  *• 

or  as  (  J   \f(x)\ql<j>(x)&x\q  respectively.  There- 


fore for  any   natural  number  n    there  exists  for   every  function  /e  €$ 
(feLqt(f))  a  polynomial  2.1(1),  which  deviates  least  from  it  i.e.  is  such  that 


sup 

—  00<jc<00 


f(x)-Pn(f-x) 


inf     sup 

Cj.      — 00<JC<00 


fe-0 


or 


k-O 


respectively. 


2.7.  Properties  of  best  polynomial  approximations.  A  theorem  of  Chebyshev 

In  considering  questions  connected  with  the  concept  of  a  best  approx- 
imation, there  arises  the  problem  of  finding  criteria  characterising  poly- 
nomials (rational  functions,  integral  functions)  which  realise  this  approx- 
imation, and  also  the  related  problem  of  finding  methods  of  determining 
the  magnitude  of  the  corresponding  least  deviation. 

2.7.1.  Let  us  commence  the  study  of  this  problem  in  its  classical  for- 
mulation, that  is  for  the  case  considered  in  section  2.1.  Let  the  function 
f(x)  be  continuous  on  [a,  b]  and  let  Pn(f\x)  be  the  polynomial  2.1(1), 
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which  deviates  least  from  it  on  the  given  segment,  i.e.  the  polynomial 
for  which    max    \f(x)—Pa(f',x)\  =  En(f).  It  is  not  difficult  to  see  that 

a^x^b 

there  does  not  exist  an  algebraic  polynomial  Qn(x),  of  degree  not  greater 
than  n,  for  which  for  some  e  >  0 


at  all  the  points  x  of  the  set  M  where 

En(f)-*  <  !/(*)-  W;  *)l  <  En(f). 

In  fact,  if  such  a  polynomial  were  to  exist,  then,  as  min  !(?«(*)  I  >  0> 

jceM 

for  a  sufficiently  small  value  of  A  >  0  and  for  some  positive  d  the  ine- 
quality 

\fW-[Pn(flX)+*QnW]\  <  EH(f)-d 

would  be  satisfied  at  all  points  x  of  the  segment  [a,  b],  which  is  impossible. 
This  circumstance  completely  characterises  best  polynomial  approximations. 
In  fact,  if  Pn(x)  is  not  the  best  polynomial,  then  for  sufficiently  small 
s  >  0  there  can  be  found  an  ordinary  polynomial  Qn(x)  for  which 

Qtt(x){f(x)-Pn(x)}>0  (1) 

at  all  points  x  of  the  set  M  where 

max   \f(f)-P.(t)\-e^\f(x)-Prf\.  (2) 


It  is  easy  to  see  that  for 

e<    max   \f(t)-Pm(t)\-En(f) 

a<t<b 

for  example,  such  a  polynomial  is  Qn(x)  =  Pn(f;  x)  —  Pn  (x)  . 

Consequently,  for  a  given  n  the  polynomial  Pn  (x)  deviates  least  from 
the  continuous  function  f(x)  on  [a,  b]  if  and  only  if  for  an  arbitrarily  small 
s  >  0  it  is  impossible  to  find  a  polynomial  Qn  (x)  of  degree  <  n  which  satis- 
fies 2.7(1)  at  all  the  points  of  this  segment  at  which  the  inequality  2.7(2) 
holds. 

Thus  Pn(x)  is  the  best  uniform  polynomial  approximation  of  degree 
n  to  the  function  f(x)  on  [a,  b]  if  there  does  not  exist  a  polynomial  Qn(x) 
which  satisfies  the  inequality  2.7(1)  at  all  points  of  the  given  segment  at 
which  the  maximum  of  the  modulus  of  the  difference  f(x)~Pn(x)  is  at- 
tained. 

2.7.11.  Theorem  2.7.1  can  also  be  formulated  in  the  following  equi- 
valent form**.  For  Pn(x)  to  be  the  polynomial  of  least  deviation  from  the 

**  In  this  form  it  was  indicated  by  A  .N.  Kolmogorov  [5]  for  functions  of 
a  complex  variable.  This  criterion  admits  of  far  reaching  generalisation  to  cases  of 
approximation  in  abstract  spaces.  For  results  in  this  field  see  S.  I.  Zukhovitskii,  and 
M.  G.  Krein  [1],  S.  I.  Zukhovitskii  [2,  3],  S.  1.  Zukhovitskii  and  S.  B.  Stechkin  [1]. 
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continuous  function  f(x)  on  [a,  b],  ft  is  necessary  and  sufficient  that  for 
every  polynomial  Qn(x)  of  degree  <  n  the  inequality 

max  Qn(x)  {/(*)-/>„(*)}  >  0  (3) 

*£Mn 

should  be  satisfied,  where  Mn  is  the  set  of  those  x  e  [a,  b]  at  which  the  max- 
imum modulus  of  the  difference  f(x)  —  Pn  (x)  is  attained. 

In  fact,  if  condition  2.7(3)  is  not  satisfied,  there  is  a  polynomial  Qn(x) 
such  that  at  every  point  x  e  Mn  we  have  Qn(x)  {f(x)—Pn(x)}  >  0.  From 
considerations  of  continuity  it  follows  that  this  inequality  holds  every- 
where on  a  certain  open  set  U  ^  Mn.  If  V  is  the  complement  of  U,  then 
mtt*\f(x)-Pn(x)\=L<EH(f).  If  0<e<En(f)-L,  the  set  of 

xtV 

points  where  \f(x)—Pn(x)\  ^  En(f)—s  is  contained  in  17,  i.e.  at  all  its 
points  Qn(x){f(x)—Pn(x)}  >  0.  By  theorem  2.7.1  this  is  impossible. 

2.7.2.  The  last  proposition  in  section  2.7.1  leads  to  a  remarkable  the- 
orem due  to  P.  L.  Chebyshev*0*  which  gives  an  elegant  algebraic  criterion 
for  polynomials  of  least  deviation.  It  follows  directly  from  section  2.7.1 
that  if  the  difference  /(x)—  Pn(x)  attains  a  maximum  of  its  modulus  on 
[a,  b]  at  least  at  n+2  points  with  successive  changes  of  sign,  then  the 
ordinary  polynomial  Pn(x)  among  all  the  polynomials  1.1(1)  of  degree 
<w  deviates  least  from  f(x)  on  the  given  segment.  The  theorem  of 
P.  L.  Chebyshev  establishes  the  validity  also  of  the  converse  assertion. 
In  order  that  the  ordinary  polynomial  Pn(x)  among  all  the  polynomials 
1.1(1)  of  degree  <«  should  deviate  least  on  [a,  b]  from  the  continuous 
function  f(x),  it  is  necessary  and  sufficient  that  the  difference  f(x)—Pn(x) 
should  attain  the  maximum  of  its  modulus  on  this  segment  at  least  at 
72+2  points  with  successive  changes  of  sign. 

It  now  only  remains  for  us  to  verify  the  necessity  of  the  given  condi- 
tion. Suppose  that  values  of  x  at  which  the  difference  f(x)—Pn(x)  attains 
on  [a,  b]  maxima  of  its  moduls  K  with  successive  changes  of  sign  be 
not  more  than  n  +  1  in  number.  If  these  values  are  the  points  a  <  A:O  < 
<  x:  <.  ...  <  xm  <  6,  it  is  possible  to  choose  a  system  of  values 


separating  them,  such  that  for  some  s  >  0  on  each  of  the  segments  [a,  0J, 
[%,  a2],  ...,  [am,  b]  the  difference  considered  alternately  satisfies  one  of  the 
inequalities 

-K+s  <f(x)-Pn(x)  <  K,       -K^f(x)-Pn(x)  <  K-e, 


**  P.  L.  Chebyshev  [2]. 
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and  vanishes  at  the  points  al9  #2»  a&  •••»  ^m-  In  the  right-hand  neighbour- 
hood of  the  point  aw,  at  which 

-K+e  </(*)—  PB(x)  <  K-e, 
let  us  in  addition  choose  any  2r  =  2[|(w—  m)]  points  am+1<  tfm+a<... 


It  is  obvious  that  the  polynomial  Qn(x)  =  D\          '"    "     (see  section 

\  xal  ...  an  / 

2.3.1,  0v(r)  =  fv  ;  v  =  0,  1,...  n),  in  which  #„  —  6,  if  m  f  2r  —  w—  1 
satisfies  2.7(1)  apart  from  sign  at  all  those  points  at  which  the  inequality 
2.7(2)  is  satisfied,  with  the  exception,  possibly,  of  the  point  x  =  b  (in  the 
case  where  n—m  is  odd).  If  in  the  last  case  beM  (see  section  2.7.1),  let 
us  choose  a  polynomial  Q*(x)  for  which  Qt(b){f(b)—Pn(b)}>0.  It 
follows  from  considerations  of  continuity  that  for  sufficiently  small  posi- 
tive A  the  polynomial  Qn(x)  +  ^,Q*(x),  apart  from  the  sign  of  Qn(x)9  will 
satisfy  2.7(1)  everywhere  on  [a,  b]  where  the  inequality  2.7(2)  holds.  In 
virtue  of  theorem  2.7.1  it  follows  from  this  that  Pn(x)  is  not  the  poly- 
nomial of  best  approximation  to  the  function  /(x)  on  [a,  b].  This  assures 
us  that  m  >  n  +  1  . 

2.7.21.  If  in  theorem  2.7.2,  instead  of  the  whole  set  of  polynomials 
1.1(1),  we  were  to  consider  only  polynomials  with  integral  coefficients, 
the  condition  of  this  theorem  would  cease  to  be  necessary.  To  be  con- 
vinced of  this,  it  is  sufficient  to  consider  for  the  function  /(x)  =  x  (1  —  •  x) 
its  best  approximation  of  order  0  or  1. 

2.7.22.  Denoting  by  Mn(f)  the  set  defined  in  2.7.11  in  the  case  where 
Pn(x)  —  Pn(fi  x)  is  the  best  polynomial  approximation,  it  is  easy  to  see 
that  for  every  fixed  value  n  and  for  any  /(O  <  /  <  b—  a)  there  is  always 
a  function  fn(x)  continuous  on  [a,  h]  for  which**  mes  Mn(fn)  =  /.  If  instead 
of  the  segment   [a,  b]  we  consider  the  interval  (a,  b),  it  is  immediately 
possible  to  indicate  a  function  f(x)  continuous  on  (a,  b),  for  which  mes 
Mn(f)  =  I  for  all  n  >  0.  However,  such  functions  do  not  exist***  among 
functions  continuous  on  the  closed  segment   [a,  b].  In  the  last  case  we 
a/ways  have  mes  Mn(f)  ->  0  as  n  ->  oo.  In  fact,  if  k  ^  n,  then  Mk(f)and 
Mn(f)  either  coincide  or  have  at  most  a  finite  number  of  common  points. 
Hence  for  non-identical  Mk(f)  and  Mn(f) 

mes[Mfc(/)+Mn(/)]  =  mesMfc(/)+mesMn(/). 

If  Mk(f)  and  Mn(f)  are  identical,  then  Pn(f;  x)  E=  pk(f;  x).  But  if  we 
suppose  that  the  function  /(*)  is  not  itself  a  polynomial,  it  follows  from 


**  mes  M  denotes  the  measure  of  the  set  M. 

***  In  this  connection  see  Y.  A.  Brudnyi  and  I.  E.  Gopengauz  [1]. 


56        APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

theorem  1.1  that  the  degree  of  the  polynomial  Pn(f\  x)  increases  without 
limit.  Hence,  if  in  the  sequence  of  sets  M,,.(/)  no  two  are  identical,  we 
have 

00  00 

£  mesAfn.(/)  -  mes  £  Mn.(f)  <  b-a, 

i~l  i  ~-  1 

so  that  mes  Mn  (/)  ->  0  as  nt  -+  oo. 

2.7.3.  It  is  obvious  from  the  proof  in  section  2.7.2  that  the  algebraic 
polynomials  1.1(1)  which  occur  in  it  may  be  replaced  by  the  polynomials 
2.3(1)  with  respect  to  any  linearly  independent  system  of  continuous 
functions  {(l>k(x)}  (0  <  k  <  n),  which  satisfy  Haar's  condition  on  [a,  ft], 
(see  section  2.3). 

We  note  that  here  it  does  not  matter  whether  we  speak  of  the  best 
approximation  of  the  function  f(x)  on  the  whole  segment  [a,  b]  or  on 
some  closed  set  contained  in  it.  Thus  if  Pn(x)  is  a  polynomial  2.3(1)  with 
respect  to  some  set  of  continuous  functions  (0k(X)}  (0  ^  k  <  n)  which  form 
a  Haar  system  on  [a,  b],  f(x)  is  continuous  and  Q  is  an  arbitrary  closed 
set  of  this  segment,  then  among  all  the  polynomials  2.3(1)  Pn(x)  mil  de- 
viate least  from  f(x)  in  the  space  C  on  Q  if  and  only  iff(x)—Pn(x)  attains 
a  maximum  of  its  modulus  on  Q,  with  consecutive  changes  of  sign,  at  least 
at  n+2  points  of  the  given  set**. 

This  more  general  formulation  of  Chebyshev's  theorem  is  due  to  S.  N. 
Bernstein  [15]. 

2.7.31.  In  the  case  where  the  set  Q  consists  in  all  of  only  the  n+2 
distinct  points  *0,  #],...,  xn+l,  the  problem  of  the  determination  of  the 
polynomial  Pn(x)  which  deviates  least  from  f(x)  on  Q,  and  of  the 
corresponding  best  approximation  En(f),  reduces  by  the  above  to  the 
solution  of  the  system  of  n+2  linear  equations 


S  ck<l>k(xJ+(—iyEn(f)  -/(*v)      (v  -  0,  1,...,  »+l).  (4) 

k~0 

It  is  immediately  clear  that  if  Q  consists  of  m  <  n+  1  points,  then  En(f)  =  0 
and  for  m  <  n  the  polynomials  of  best  approximation  are  infinitely  many. 
The  case  where  m  >  n+2  will  be  considered  below  (see  section  2.10.1). 
2.7.32.  With  respect  to  the  system  2.3.2,  (3)  consisting  of  In  +  1 
functions,  theorem  2.7.3  shows  that  among  all  the  polynomials  1.3(1)  the 


**  Note  here  that  if  f(x)  vanishes  at  either  of  the  ends  of  the  segment,  then  all  the 
functions  <t>k(x)  (k  =  0, !,...,«)  can  assume  the  value  zero  there  simultaneously,  and 
consequently,  in  addition  to  the  n  distinct  zeros  within  [a,  b],  the  polynomials  2.3(1) 
can  also  have  a  zero  at  the  corresponding  end  of  the  segment. 
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trigonometric  polynomial  Tn(x)  of  order  ^  n  deviates  least  from  the  function 
f(x)  which  is  continuous  and  of  period  2rc  //  and  only  if  the  difference 
f(x)  —  Tn(x)  attains  on  [0,  2ii\  a  maximum  of  its  modulus,  at  least  at  2n+2 
distinct  points  with  consecutive  changes  of  sign. 

2.7.33.  With  respect  to  the  system  2.3.2,  (4)  theorem  2.7.3  shows 
that  among  all  the  algebraic  polynomials  1.1(1)  the  polynomial  Pn(f;x) 
deviates  least  with  weight  Q(X)  >  0  on  [a,  b]  from  the  continuous  function 
/(A*),  i.e.  it  realises  the  least  value  for  max  \f(t)—Pn(t)\Q(t)9  only  when 

a  ^  f  *C  b 

the  weighted  difference  Q(X)  [f(x)—Pn(f;  x)]  attains  on  this  segment  a  max- 
imum of  its  modulus  at  least  at  n{-2  distinct  points  with  consecutive  changes 
of  sign. 

2.1.4.  The  proof  of  theorem  2.7.1  1  (and  2.7.1)  rests  only  on  the  general 
properties  of  functions  continuous  on  a  bounded  closed  set  (the  set  of 
those  x  where  /(x)  ^  c  is  closed,  and  if/(x)  ^  0  on  the  closed  set  M,  then 
inf  |/(jc)|  >  0).  Hence  the  theorem  remains  valid  if  instead  of  functions 


continuous  on  a  segment  we  consider  continuous  functions  of  a  point 
x  of  an  arbitrary  compact  metric  space,  and  instead  of  the  polynomials 
1.1(1)  we  consider  linear  combinations  of  some  linearly  independent 
system  of  continuous  functions.  In  particular,  if  Prti,...,  nOTC*u  •••»  *m)  is 
some  polynomial  1.1(2),  //  will  deviate  least  from  the  continuous  function 
/(x,,...,  xm)  in  the  bounded  closed  region  G  of  the  space  of  the  variables 
Xi,-">xm  if  and  only  if  for  any  polynomial  <2Ml,.  ..,*„,(*!>•••»  *m)  of  degree 
<  HI  ,  «2  >  •  •  •  »  Hm  the  inequality 


max     Qnlt...tnmxi,.~, 

xlf...fxweM 

-ni,...,n>1,...,*J}>0          (5) 

holds,  where  M  is  the  set  of  all  those  points  of  G  at  which 


,...,  fj—  /X  .....  ,m(*i,...,  OJ       (6) 

G 

It  is  also  possible  to  give  an  algebraic  criterion  of  the  type  of  Che- 
byshev's  theorem**  (or  of  theorem  2.7.3)  for  the  case  of  functions  of  many 
variables.  However,  it  is  considerably  more  complicated  and  we  will  not 
derive  it  here. 


**  See  E.  Ya.  Remez  [1, 2].  Further  investigation  in  this  direction  is  due  to  S.  I.  Zuk- 
hovitskii  [1]. 


58        APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

2.8.  On  some  properties  of  polynomials  of  best  integral  approximations 

Let  us  consider  the  problem  studied  in  section  2.7  with  reference  to 
the  best  integral  approximation  determined  in  section  2.2.2. 

2.8.1.  Let  us  commence  with  the  case  where  q  =  1.  If  on  the  given 
segment  [a,  b]  we  have  f(x)  e  L,  (j>k(x)  e  L  (k  —  0,  1  ,...,«),  and 


)  (i) 

fc  =  0 

is  a  polynomial  which  possesses  the  property  that  for  any  polynomial 

fi.(*)=  I  <*&(*)  (2) 

fc-O 

we  always  have 

b 

J  Qn(x)sign[f(x)-Pn(x)]dx  =  0,  (3) 

a 

then  from  the  inequality 

b  b 

\fM~Qn(x)  I  d*  >  $  l/to-C.Wl 


it  follows  that 

f  r  ^ 

j  l/(*)— PnOt)|  dx  =  inf  J  | /(A:)-—  2_j  cfc<pfc(x)|dx.  (4) 

a  ck    a  k==Q 

Conversely,  the  considerations  of  section  2.4  show  that  if  Pn(x)  satisfies 
2.8(4)  and  the  difference  a(x)  —  f(x)—Pn(x)  is  different  from  zero  almost 
everywhere,  then  2.8(3)  holds  for  any  polynomial  2.8(2).  Thus**  for  the 
polynomial  2.8(1)  to  deviate  least  from  f(x)  in  the  metric  L  it  is  sufficient, 
and  in  the  case  where  the  difference  f(x)—Pn(x)  is  different  from  zero 
almost  everywhere  on  [a,  b]  it  is  also  necessary,  that  condition  2.8(3)  be 
satisfied. 

Simple  examples  show  that  condition  2.8(3)  cannot  be  satisfied  without 
the  condition  that  f(x)— Pn(x)  ^  0  almost  everywhere  (see  2.13.4). 

2.8.11.  Applying  the  preceding  proposition  to  the  case  already  inves- 
tigated in  section  2.4,  where  f(x)  is  continuous  and  (<i>k(x) }  (k  =  0,  1, ...,  n) 
is  a  linearly  independent  system  of  continuous  functions  which  satisfy 


**  S.  M.  Nikol'skii  [3]. 
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Haar's  condition  on  [a,  b]  (see  2.3),  we  obtain  the  following  criterion 
due  to  A.  A.  Markov**.  If  some  continuous  function  (f)(x)  changes  sign  at 
n+l  different  points  x0  <  xl  <  ...  <  xn  within  a  given  segment  and 

b 

jj  0*(x)—  sign  <K*)dx  =  0       (fc  =  0,  1,  ...,  n\  (5) 

a 

then  the  polynomial  Pn(x)  for  which  the  difference  f(x)—-Pn(x)  changes 
sign  at  these  points,  and  only  at  these  points,  deviates  least  from  f(x)  in 
the  metric  L,  i.e.  it  satisfies  the  relation  2.8(4),  and 

b  b 

En(f)L  =    \Ax)-P,,(x)  \dx  =     f(x)  sign  <£  (x)  dx  .  (6) 


As  is  seen  from  the  proof  of  theorem  2.4,  if  Pn(f;  x)  is  the  best  poly- 
nomial approximation  in  L  and  the  difference  f(x)—Pn(f;  x)  is  different 
from  zero  almost  everywhere,  then  it  is  bound  always  to  change  sign  at 
least  at  n+l  points  within  (a,  b). 

For  separate  concrete  systems  which  satisfy  Haar's  condition,  it  is 
sometimes  not  difficult  to  discover  a  function  <t>(x)  with  the  properties 
indicated.  Thus,  for  example,  from  the  identity 

r*71  (COS(TZ+!)^  j-^-n  ?  (cos(«+l)x 

\  ensign      .    ,        '    dx=-en+1     \  e1"*  sign  {    .    ;    ,  „    Ax     (7) 
J  I  sin  (n+\)x  J  [  sin  (n+l)x 

0  0 

it  is  immediately  clear  that  for  the  system  2.3.2,  (2)  it  is  possible  to  choose 
as  0(jc)  the  function  cos  (fl+l)x,  and  for  the  system  2.3.2,  (3)  the  function 
cos  (n+l)x  or  sin  (n+1)*. 
We  also  note  that  as 

1  TC 

{j  xk  sign  sin  (n+2)  arc  cos  x  dx  =  ^  sin  f  cosfc  /  sign  sin  («+2)  ^  dr 
-i  o 

and  cosk  t  is  an  even  trigonometric  polynomial  1.3(1)  of  order  fc,  we  have, 
in  virtue  of  the  same  identity  2.8(7), 
i 

j  xk  sign  sin  (n+2)  arc  cos  xdx  —  0,      0  <  k  <  n9  (8) 

-i 

i.e.  for  the  system  2.3.2  (1)  for  a  =  —  1,  b  =  1,  it  is  possible  to  take  as 
<l>(x)  the  function  sin  (n+2)  arc  cos  x,  which  changes  sign  within  (  —  1,1)  at 

VTC 
the  points  xv  =  cos  —  —  r-  (v  =  1,  2,...,  «+!). 


**  A.  A.  Markov  [1]. 
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2.8.12.  From  the  proof  of  theorem  2.8.1  it  is  seen  that  it  remains  valid 
for  the  best  approximation  defined  in  section  2.2.4,  i.e.  if  instead  of  the 
function  f(x)  defined  on  the  segment  [a,  b]  we  speak  of  functions  Lebes- 
gue-integrable  in  a  closed  bounded  region  G  of  a  given  multidimensional 
space,  and  instead  of  the  polynomials  2.8(2)  we  speak  of  the  polynomials 
1.1(2),  and  the  condition  2.8(3)  is  replaced  by  a  similar  condition  with 
the  integration  over  G. 

2.8.13.  It  is  also  obvious  that  the  given  theorem  remains  valid  with 
respect  to  the  best  approximations  defined  in  section  2.2.3  with  only  this 
change,  that  in  the  given  case  it  is  necessary  to  assume  equal  to  zero  not 
the  ordinary  Lebesgue  measure  of  those  x  for  which  f(x)—Pn(x)  =  0, 
but  the  corresponding  Lebesgue-Stieltjes  measure. 

2.8.2.  Let  us  now  pass  to  polynomials  of  best  power  approximation 
(q  >  1)  and  let  us  consider  specially  the  commonest  case,  where  q  =  2 
(the  best  mean  square  approximation)  (see  2.2.2). 

If  on  the  segment  [a,  b]  there  is  defined  a  linearly  independent  system 
of  functions  (frk(x)eL2  (k  =  0,  1,  ...,  n),  then  the  polynomial 

)  (9) 

fc=0 

deviates  least  on  [a,  b]from  the  function  f(x)  e  L2  in  the  sense  of  the  metric 
L2  if  and  only  if  for  any  polynomial 


the  equality 

b 

5  e.(*)[/X*)- W;  *)ld*  =  o  (ii) 

a 

is  satisfied. 

In  fact,  if  for  a  certain  polynomial  Qn(x)  the  integral  2.8(11)  were  to 
assume  a  value  d  ^  0,  then  for 

d 


we  should  have 

b 


V 

te<][f(x)-Pa(f;. 
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and  this  is  impossible.  The  converse  assertion  follows  from  the  identity 


\Pn(f;  *)-&(*)  I'd*. 

a  a  a 

2.8.21.  The  condition  2.8(11)  is  equivalent  to  the  system  of  equations 

b  b 

(k  =  0,  1,  ...,»)          (12) 

for  the  determination  of  the  coefficients  of  the  polynomial  2.8(9).  If  with 
this  system  there  is  also  associated  the  equation** 
ft  ft 

; 

which  follows  from  2.8(11),  we  find  from  the  condition  of  compatibility 
that 


where  /X^o*  0i»--->  0«)  *s  Gram's  determinant,  i.e.  the  determinant  of  the 
numbers 


In  the  case  >v/zere  the  system  {(j>k(x)}  is  orthonormal,  i.e.  }^v  =  0  if  /*  ^  r 
and  yvv  =  1  (//,  v  =  0,  1,...,  /i),  it  follows  from  2.8(12)  or  directly  from 
the  identity 


k==0 


Ae  coefficients  of  the  best  mean  square  polynomial  approximation  to 
the  function  f(x)  are  determined  by  the  equations 


**  Where 

L,  -  inf  (I  \f(x)- 
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If  this  condition  is  not  satisfied,  it  is  then  convenient  in  place  of  the  system 
(<t>k(x)}  to  introduce  a  new  system  of  functions 

Too  •••' 

(14) 


1  _    *.-..• 


which  are  orthonormal  to  begin  with  and  possess  the  property  that  the 

H 

set  of  all  possible  polynomials  ]T  ckif}k(x)  is  identical  with  the  set  of  all 

fc=0 

the  polynomials  2.8(10). 

2.8.22.  We  will  give  some  important  examples  of  orthonormal  systems 
of  functions  (see  also  2.13.29): 

(1)  The  system 


—=r,      I/  —  cosfcx      (A;  =1,2,...) 


is  orthonormal  on  [0,27?]. 
(2)  The  system 


2 

—  sinfcc      (A:  =  1,2,...) 

TC 


is  orthonormal  on  the  same  segment. 
(3)  The  system  of  functions 


=  I/— 

^      7T 


— ,  Tk(x)  =  |/  —  cos  A; arc cosx      (fc=l,2, ...) 

is  orthonormal  with  weight  — -f on  [—1,1],  i.e. 

\—x2 

m  — 


2.8.23.  The  statements  in  sections  2.82  and  2.8.21  remain  valid  if  instead 
of  ordinary  mean  square  best  approximation  we  consider  what  is  known 
as  the  best  weighted  mean  square  approximation,  defined  in  section  2.2.3 
(q  =  2),  where  the  algebraic  polynomials  1.1(1)  are  replaced  by  the  poly- 
nomials 2.8(10)  with  reference  to  an  arbitrary  linearly  independent  system 
of  functions  (j)k(x)eL2(Q).  Here  we  must  have  everywhere,  instead  of  or- 
dinary Lebesgue  integrals,  the  corresponding  Lebesgue-Stieltjes  integrals. 

2.8.24.  In  particular,    if  {<t>k(x)}  is  the  trigonometric  system  2.3.2, 
(3)  and  £m  (x)  is  a  step  function  which  assumes  the  values  xv  ==  2?>7u/w 
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for   2(v—  l)Tc//77  <  x  <  1vK\m   (y  =  0,  1,...,  m),   then   from  the   identity 

K 

m-1     2jftr  — 

£  e      m  —  0      (m  >  r) 

for  w>2fl+l  there  follows    its    orthogonality   with   weight   Qm(x)    on 
[0,  27r].  Since  in  this  case 

2rr  2rc 

\  sin2  kxdpm(x)  =  \  cos2  fc.xdpm(;t)  =  TT 

j  j 

o  o 

for  0  <  k  <  «,  the  coefficients  of  the  trigonometric  polynomial 
^n(/»  ^  ==    ^  +  y]  (afc  cosA:^:+fefc  sinA:^:) 

of  the  corresponding  best  weighted  mean  square  approximation    to  the 
function  f(x)  are  determined  by  the  formulae 

1  2?  2  m~1 

a k  —  ~-  \/(rt  cosA:^dom(0  =  — V^/(^v)  cos^xv, 
TT  J  m  Z- 

o  fc-o 

(15) 


o  /t=o 


whence  it  follows  that 
r.(/;x)  =  -  (/wT-i+N'cosJ 


f  T 

L 


^>b        j 

=  iS^: 


.   2/1  +  1 
sm-— 


(16) 

Since  the  weighted  mean  square  approximation  considered  depends  only 
on  the  values  of  the  function  f(x)  at  the  given  equidistant  points  xv  (v 
=  0,  1,...,  m  —  1),  the  polynomial  2.8(16)  is  the  trigonometric  polynomial 
of  order  <  n  which  deviates  least  from  f(x)  in  the  mean  square  sense  at 
this  system  of  points,  i.e. 

[(x3-Tm(;  *,)]»  =  inf  m[/(*v)-7;(*v)]2. 
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2.8.25.  For  other  values  of  the  index  q  effective  criteria  for  the  best 
polynomial  approximation,  similar  to  those  indicated  in  sections  2.8.11 
(q  =-  1),  2.8.21  (q  =  2)  and  2.7.3  (q  =  oo),  are  unknown. 

At  the  same  time  theorems  2.8.1  (q  =  1)  and  2.8.2  (q  =  2)  are  easily 
generalised  to  arbitrary  power  approximations**. 

Whatever  the  finite  q  >  1  may  be,  in  order  that  the  polynomial 


/c-O 

in  the  linearly  independent  system  of  functions  $k(x)eLq  (k  =  0,  1,...,  n) 
defined  on  the  segment  [a,  b]  should  deviate  least  in  the  metric  Lq  on  [a,  b] 
from  the  function  f(x)eLq9  it  is  sufficient  and  (for  q  =  I  in  the  case  where 
the  difference  f(x)  —  Pn(x)  is  different  from  zero  almost  everywhere  on 
[a,  b])  it  is  also  necessary  that  for  any  polynomial 


the  equality 

b 

,(*)  !/(*)-  A-Mr1  sign  {/(*)-  />„(*)  }dx  =  0  (17) 


should  hold. 

In  fact  if  condition  2.8(17)  is  satisfied,  then  since 


-  Wr1  sign  [/(*)  —  Pa(x)]dx 

b 

=  S  [ftx)-Qn(x)]\f(x)-Pm(x)\*  -1  sign  [f(x)-P.(x)]dx 

a 
b 

\f(x)-Qa(x)\  \f(x)- 

b  1       b 


it  follows  that 


**  These  theorems  can  also  be  generalised  to  the  case  of  best  approximations  in 
any  linear  normed  space  (see  2.2).  See  Zinger  [1]. 
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whatever  the  polynomial  Qn(x)  may  be,  i.e.  Pn(x)  is  the  best  polynomial 
approximation  to  the  function  f(x)  in  the  metric  Lq  .  We  shall  now  show 
that  if  Pn(x)  is  the  best  polynomial  approximation  to  the  function  f(x) 
in  the  metric  Lq,  then  (for  q  =  I  in  the  case  where  the  difference 
f(x)-—Pn(x)  is  different  from  zero  almost  everywhere  on  [a,  b]) 

-^Wr1  sign  [f(x)-Pn(x)]dx  =  0 

for  any  k  —  0,  1,  ...,  n. 

If  it  should  happen  that  for  some  k 

b 

J  4>k(x)\f(x)-Pn(x)\^  sign  [f(x)-Pn(x)]  dx  =  d^Q, 

a 

then  it  would  be  possible  to  find  a  number  e  so  small  in  absolute  magni- 
tude that 


-Pn(*)  -£</>*(*)  I'-1  sign  LKx)-Pm(x)-e4>lt(x)]dx>  0. 
But  then 


=  J  (f(x-)-Pn(x)]\f(x)-Pn(x)-e4>k(x)\«  -i  sign 

-^W-e^Wl"  -1  sign[/(x)- 


<  (  5  l/(A-)-PnWI'dx}4  {  J  Lrt*)-P.(*)-^. 

a  a 

Consequently 

ft  b 

<  J  l/(x)-PBW|« 


and  we  arrive  at  a  contradiction  on  the  assumption  concerning  the  poly- 
nomial Pn(x). 

Among  other  results  related  to  this  we  also  note  the  theorem  that 
the  algebraic  polynomial  Pnfq(f;x)  of  degree  ^n  which  deviates  least 

5  Theory  of  Approximation 
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on  the  finite  segment  [a,  b]  from  the  given  continuous  function  f(x)  in  the 
metric  Lq,  tends  as  q  ->  oo  to  the  ordinary  polynomial  Pn(f\  x)  which  gives 
the  best  uniform  approximation  to  the  same  function  on  this  segment**. 

To  prove  this  theorem  it  is  sufficient  to  note  that,  from  considerations 
similar  to  those  given  in  section  2.1.1,  the  coefficients  c(q)  of  the  poly- 

n 

nomials  P/J>q(/;x)~  ]>]  c(kq^xk  are  uniformly   bounded  with  respect   to 

q,  and  hence  from  any  sequence  qv  -»  oo  it  is  possible  to  select  a  subse- 
quence #v/  such  that  for  k  =  1,  2,  ... ,  n  the  sequence  c[q\?  converges 
to  some  finite  number  c^.  In  addition,  for  any  e  >  0  it  is  possible  to  find 
an  N  such  that  for  q^N  (see  2.13.2) 

b  L  b  1 

{ 5  \f(x)-P,,,q(f>  *)!'<**}  *  <  { 5 1/M- W;  *)l'd*}v  <  £„(/; a,  b)+e. 

a  a 

But  since  the  subsequence  of  polynomials  Pn%q    (/;  x)  converges  uniformly 

n 

on  [a,  b]  to  the  polynomial  Pn(x)  ~^ckxk,  it  follows  that  for  suffi- 
ciently great  values  of  qv 


e)    max 

a<x<6 


a 

i.e. 

nmx  \f(x)-Pn(x)\  -  EH(f;  a,  b\      or      Pn(x)  -  Pn(f;  x). 

2.9.  Polynomials  which  deviate  least  from  zero 

P.  L.  Chebyshev  arrived  at  theorem  2.7.2  as  a  result  of  considering  the 
following  particular  problem,  which  arose  in  connection  with  certain  of 
his  investigations  in  the  theory  of  mechanisms***. 

2.9.1.  This  problem,  known  as  the  problem  of  polynomials  which 
deviate  least  from  zero,  consists  of  finding  the  algebraic  polynomial 


**  G.  Polya  [1]. 

***  P.  L.  Chebyshev  [1]. 
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for  which  on  the  given  segment  [a,b]  the  quantity  max    |Pn(.v)|  assumes 

a  <  x  ~^  b 

the  least  possible  value,  or  what  is  the  same  thing,  of  finding  a  polynomial 
2.1(1)  of  degree  <  n—  1  which  deviates  least  from  the  function  f(x)  ^  x" 
on  [a,b].  Its  solution  is  easily  obtained  from  the  general  theorem  2.7.2, 
from  which  it  follows  that  such  a  polynomial  attains  a  maximum  of  its 
modulus  on  [a,b]  at  the  ends  of  this  segment  and  exactly  n  —  1  points 
within  it.  If  for  definiteness  we  put  a  =  — 1,  b  =  1  and  introduce  the 

notation  L  =  max  \Pn(x)\,   it  follows  from  this  that  the  polynomials 

l.vKI 
(l~x2)P'n2(x)  and  L2—Pl(x)  have  exactly  the  same  zeros.  Hence  y  =  Pn(x) 

satisfies  the  differential  equation 

(l-*a)/3  =  "s(£a--J>2),  (2) 

the  general  solution  cf  which  is  of  the  form 

y  =  ±  L  cos(/i  arc  cos.x+C).  (3) 

But  since  it  follows  from  the  identity 

2  cosnt  —  (cost+i  sin 0"+ (cos r — /  sinO"  (4) 

that 

cosw  arc  cosx  =  -}[(x-\-  ]/x2—l  )"+(*—  }/xa— 1)"]  (5) 

is  a  polynomial  and  hence  sinw  arc  cosx  is  not  a  polynomial,  among  all 
the  solutions  of  2.10  (3)  only  that  solution  will  be  a  polynomial  which 
corresponds  to  the  value  C  ==  0.  The  quantity  L  is  determined  by  the 
condition  that  the  coefficient  of  xn  in  the  polynomial  Pn(x)  is  equal  to 

unity.  From  2.9(5)  we  conclude  that  L  =  — — -  and  thus 

Pn(x)  =        ±  cosw  arc  cosx.  (6) 

The  polyncmials  2.9(6)  are  known  as  Chebyshev  polynomials.  They 
attain  maxima  of  their  modulus  on  the  segment  [—1,  1]  with  successive 

changes  of  sign  at  the  points  xk  —  cos (k  =  0,  1 ,...,«).  The  case  of 

an  arbitrary  segment  [a,  b]  is  reduced  to  the  case  considered  by  a  linear 
transformation.  Thus  the  algebraic  polynomial  2.9(1)  which  deviates  least 
from  zero  on  [a ,  b]  is  of  the  form  , 

»/\       ^ib~a\n  2x—a—b  ,_. 

Pn(x)  =  2  — - —     cosw  arc  cos  — •=• — — —  •  (7) 

\    4     /  b — a 
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2.9.11.  From  theorem  2.7.2  and  Descartes's  theorem  on  the  positive 
zeros  of  algebraic  polynomials  it  follows  that  in  the  case  where  ab  >  0, 
the  polynomial  2.9(7),  apart  from  a  constant  factor,  deviates  least  from 
zero  on  [a,b]  among  the  polynomials  1.1(1)  with  a  given  coefficient  for 
an  arbitrary  degree  fc(0  <  k  <  /&)**  (for  ab  —  0  the  case  k  =  0  is  excluded). 
Hence  it  follows  that  if  on  [a,b](ab>G)  the  polynomial  1.1(1)  sat- 
isfies the  inequality  \Pn(x)\^L,  then  its  coefficients  ck(Q^k^ri) 
satisfy  the  inequalities 


where  ak  are  the  coefficients  of  the  polynomial 

2x—a—b       v\7  Yfc  (R\ 

Lcos/zarccos — , -  =  >   akx  •  \°) 

b—a  j^j 

Since  r0  ~  Pn(0),  after  the  substitution  x  =  t— c  we  immediately  con- 
clude that  if  the  polynomial  1.1(1)  satisfies  the  inequality  \Pn(x)\^L 
on  the  segment  [a,  b]  then  at  any  point  outside  the  segment  we  have 


I />„(*)  I 


COSM  arc  cos- 


2x-a-b 
b—a 


(9) 


2.9.12.  Let  us  note  that  for  even  (odd)  values  of  n  the  polynomial 
2.9(5)  contains  only  even  (cdd)  powers  of  x.  Hence  from  the  last  remark 
of  section  2.1.2  and  the  identities 


cos2»  arc  cos*  =        (_i 

cos(2n+l)  arc  cos*  =  Y  (_  l 
~ 


2k+l  \  2k 


and  in  virtue  of  theorem  2.7.3  it  follows  that  if  for  all  x  on  the  segment 
[-1,1] 


then 


\c 

'   a 


n+v     2v  am  "2HT\  2v 

(v  =  0,  !,...,»)*»* 


*#  In  this  case  the  system  of  functions   1 ,  A:,...,  .a:*-1,  A:fc+1,...,^n  satisfies    the 
conditions  of  Haar's  theorem  (section  2.3)  on  fc*,fr|. 

***  V.  A.  Markov  [1].  From  this  there  follows  the  estimate  2.6(9). 
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In  particular,  the  inequality** 

2n+l  kil 


max 

-1<*<1  'fcT 


XS*k 


is  always  satisfied,  and  this  should  be  noted  together  with  the  inequality 

v^  \c  I 

max<i   ^  ctx»  >^L 

obtained  in  section  2.9.1,  and  the  trivial  inequality 

n 

max     ^  ,  (?£  jx    .j^  I  CQ  | . 

2.9.13.  Theorem  2.9.1  was  supplemented  by  G.  Polya***,  who  con- 
sidered the  problem  of  the  least  deviation  from  zero  of  the  polynomials 
2.9(1)  on  an  arbitrary  closed  set  of  the  real  axis.  The  maximum  modulus 
of  any  polynomial  2.9(1)  on  the  closed  set  Q,  the  measure  of  which  is  equal 

lh\" 
to  2/7,  is  always  not  less  than  21^1,  and  can  be  equal  to  this  number  only 

in  the  case  where  Q  is  a  segment  of  the  same  length.  So  far  as  concerns  the 
polynomials  2.9(1)  with  least  possible  deviation  form  zero  on  a  given 
closed  set,  the  problem  of  finding  their  general  form  is  very  much  more 
complex  than  problem  2.9.1.  In  particular  cases  where  Q  consists  of  two 
intersecting  sets,  it  was  investigated  in  detail  in  the  work  of  N.  I.  Akhie- 
zer  [1]. 

2.9.14.  It  is  also  necessary  to  pcint  out  some  other  interesting  gener- 
alisations of  this  problem  which  are  due  to  E.  I.  Zolotarev  [1],  who  gave 
a  solution  of  the  problem  of  algebraic  polynomials  which  deviate  least 
from  zero  when  the  coefficients  of  the  two  highest  powers  are  fixed.  These 
investigations  were  significantly  advanced  in  various  directions  by  N.  I. 
Akhiezer  [1],  who  in  particular  solved  the  same  problem  for  the  case 
where  the  coefficients  of  the  three  highest  powers  are  given. 

2.9.15.  It  is  seen  from  2.9(5)  and  2.9(7)  that  for  a  =  —2,  b  =  2  all 
coefficients]  of  the  polynomial  2.9(7)  are  integers.  Hence  for  the  given 
segment  it  also  deviates  least  from  zero  in  the  class  of  all  polynomials 
2.9(1)  and,  consequently,  in  the  class  of  all  algebraic  polynomials  of  degree 
<  n,  which  have  only  integral  coefficients.  For  other  segments  [a,  b]  the 
problem  of  finding  non-trivial  algebraic  polynomials  with  integral  coeffi- 


**  For  a  similar  result  for  the  upper  bound  of  transcendental  integral  functions 
of  exponential  type  en  the  whole  real  axis  see  section  4.7.1. 
***  See  S.  N.  Bernstein  [15]. 
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cients,  deviating  least  from  zero,  requires  investigations  of  a  more  special- 
ised character  which  would  take  us  outside  the  framework  of  the  theory 
given  in  section  2.7. 

2.9.2.  The  problem  similar  to  problem  2.9.1  for  the  polynomials  1.3(1) 
reduces  to  the  finding  of  the  trigonometric  polynomial 

n-l 

Tn(x)  —  a  cos  nx-\-b  sin  nx+  V  (aK  cos  kx+bk  sin  kx\  (10) 

fc  =  0 

for  which  for  fixed  coefficients  b  and  a  the  quantity  max  [rn(.*;)|  assumes 

X 

its  least  possible  value,  or  what  is  the  same  thing,  the  finding  of  the  trig- 
onometric polynomial  of  order  <  w—  1  which  deviates  least  from  the 
function  f(x)  —  \/ cP-\  b"  cos(nx~\-0).  Its  solution  follows  directly  from 
theorem  2.7.32  if  we  note  that  the  function  f(x)  =  ]/d*+b*  cos(nx+0) 
attains  maxima  of  its  modulus  on  [0,27i]  at  2n  equally  spaced  points 
with  successive  changes  of  sign.  Thus  among  the  polynomials  2.9(10) 
with  fixed  coefficients  of  cos  nx  and  sin  nx  the  trigonometric  polynomial 

Tn(x)  =  a  cos  nx  \-b  sin  nx  (11) 

deviates  least  from  zero. 

2.9.21.  Let  us  note  that  a  problem  similar  to  problem  2.9.11,  that 
is  the  problem  of  the  determination  of  the  trigonometric  polynomial  of 
order  <  n  with  given  coefficients  of  cos  kx  and  sin  kx,  which  deviates 
least  from  zero  for  0  <  k  <  n  is  rather  complicated. 

At  the  same  time  for  sufficiently  great  n  an  approximate  solution 
can  be  obtained**  (see  2.13.24). 

2.9.3.  Let  us  consider  the  problems  of  sections  2.9.1  and  2.9.2  for  an 
integral  metric. 

2.9.31.  Using  the  proposition  of  section  2.8.11  and  equation  2.8(8), 
it  is  easy  to  find  the  polynomial  2.9(1)  which  on  [—1,1]  deviates  least 
from  zero  in  the  metric  L,  that  is,  for  which 

i 

5  \P.W\dx 

-1 

assumes  the  least  possible  value.  Such  a  polynomial  is  the  difference  be- 
tween the  function /(x)  =  xn  and  the  polynomial  of  degree  <  n  —  1  which 
deviates  from  it  least  in  the  metric  L.  If  this  difference  changes  sign  at 

VTU 

the  points  xv  =  cos —  (v==  1,...,  ri),  then  by  virtue  of  a  theorem  of 

n  +  l 


**  See  S.N.  Bernstein  [15]. 
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A.  A.  Markov  (see  section  2.8.11)  it  also  gives  us  the  required  polynomial. 
But  the  polynomial  2.9.  (1)  which  changes  sign  at  the  given  points,  as 
is  easily  seen,  is  the  polynomial 


which  apart  from  a  constant  factor  is  identical  with  the  derivative  of 
Chebyshev's  polynomial  cos(n-}-l)arccosx.  It  also  gives  a  solution  of 
the  problem  considered.  For  this, 

|sin(»+l)f|dr  =  -Lj-.  (13) 

Reasoning  in  exactly  the  same  way,  it  is  possible  to  find  the  best  approx- 
imation of  any  function  f(x)  which  forms  part  of  the  Chebyshev  system 
2.3.2,  (5).  For  the  segment  [  —  1,1]  it  is  calculated  by  the  formula 


f(x)  sign  sin  (n  +  1)  arc  cos*  dx  .  (14) 

-i 

The  passage  to  any  segment  [a,  b]  is  carried  out  exactly  as  in  section  2.9.1. 

2.9.32.  Let  us  consider  the  same  problem  for  the  case  q  —  2. 

From  section  2.8.2  it  follows  that  the  problem  of  finding  the  poly- 
nomial 2.9(1)  which  deviates  least  from  zero  in  the  metric  Lq  reduces  to 
finding  the  function  yn(x)  of  2.8(14),  where  $v(x)  =  xv(v  —  0,  1,...,  n\ 
which  in  the  given  case  is  a  polynomial  of  the  v-th  degree.  To  solve  this 
problem  this  polynomial  is  integrated  n  times  in  succession  and  the  arbi- 
trary constants  are  chosen  so  that  at  the  left-hand  end  of  the  given  segment 
the  new  polynomial  Q»n(x),  and  all  its  derivatives  up  to  the  (n  —  l)-th 
order  inclusive,  vanish.  But  since 

(x)xkdx  -  0      (fc  =  0,  1,...,  n-1) 

we  see,  on  putting  successively  fc  =  0,  !,...,«—  1,  that  such  polynomials 
possess  these  same  properties  at  the  right-hand  end  of  the  segment  also, 
so  that  Q2n(x)  =  A(x—  d)n(x—  b)n,  and  consequently  the  polynomial 
2.9(1)  which  deviates  least  from  zero  on  [a,b]  in  the  mean  square  sense  is 
the  polynomial 

«!    d"      «)" 


'~  (2n)\'  d*  ' 

known  as  Legendre's  polynomial.  Formula  2.9(15)  is  known  as  Rodri- 
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gues's  formula  For  a  =  —  1,  b  —  1   direct  calculation  (integration  by 
parts)  shows  that 


-      „« 

For  comparison  with  2.9(6)  and  2.9(13)  we  note  that  the  right-hand 

side  of  2.9(16)  for  integral  n  is  contained  between  -  ^and-J-~v> 

2"-1j/2          2"jl   ^ 

2.9.33.  We  see  from  sections  2.9.1,  2.9.31,  2.9.32  that  when  the  metric 
is  changed  the  algebraic  polynomial  2.9(1)  which  deviates  least  from 
zero  is  also  changed**.  It  is  curious  to  note  that  the  trigonometric  poly- 
nomials 2.9(10)  are  not  connected  with  the  metric  in  this  sense.  For  any 
q~$>  1  the  polynomial  2.9(11)  deviates  least  from  zero  on  [0,27i]  in  the 
metric  Lq  among  all  the  trigonometric  polynomials  2.9(10)  with  the  given 
coefficients  b  and  a***.  In  fact,  for  1  <  q  <  oo  the  polynomial  Tn(x) 
which  deviates  least  from  zero  is  unique  (see  sections  2.2.8  and  2.4).  Con- 
sequently, as 

2rc  2rc 


x+==Tn  (x)  E~  —  Tn  x  +  —  )  .   Hence  it  follows 
that  in  the  given  case  this  polynomial  is  2.9(11). 


2.10.  Estimation    of   the    best    approximation.     De    la    Vallee    Poussin's 
theorem 

In  the  study  of  the  problem  of  the  magnitude  of  the  best  approximation 
for  continuous  functions,  besides  theorem  2.7.2  the  following  proposition 
is  also  of  great  importance****.  If  for  the  function  f(x)  defined  on  the 

n 

set  Qe[a,  b]  and  for  some  polynomial  Pn(x)  =  5]  Ck$k(x)>  where  {(})k(x)} 

k  =  0 

(k  =  0,  1,...,  n)  is  a  linearly  independent  system  of  continuous  functions 
which  satisfy  Haar's  condition  (see  2.3)  on  [a,  b],  the  difference  f(x)—Pn(x) 
assumes  values  #0,  al5...,  an+l  different  from  zero,  with  alternating  signs,  at 


**  It  is  easy  to  sec  from  what  was  said  in  section  2.8.25  that  for  any  q  >  1  such 
a  polynomial  has  n  distinct  real  zeros  within  the  interval  considered. 
***  S.  N.  Bernstein  [16]. 
****  De  la  Valtee  Poussin  [2].  See  also  S.  N.  Bernstein  [15]. 
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the  n+2  distinct  points  x0,  <  x±  <  ...  <  xn^1  of  the  set  Q,  then  the  best 
uniform  approximation  of  f(x)  on  Q  by  such  polynomials  satisfies  the 
Inequality 

r/i 
En(f)  =  inf  sup  I/O)-  Scft0fc(*)|S^= 

Cfc    x£Q  fc  =  0 

In  fact,  if  for  some  polynomial 


\f(x)-P,(f;  x)\<  p, 

at  all  the  points  xeQ,  then  at  the  ;i+2  given  points  the  difference 
f>n(x)~~f>n(fl  *)  assumes  values  with  alternating  signs  and  as  a  result  of 
this  vanishes  at  least  at  n+l  points  of  the  segment  [a,b],  which  is 
impossible. 

2.10.1.  In  section  2.7.31  the  problem  was  considered  of  the  best  approx- 
imation of  order  n  of  the  function  f(x)  on  the  set  Q  consisting  of  m  <  n+2 


points.  For  finite  m  >  n+2  this  problem  reduces  to  the  solution  of 

systems  of  n+2  equations  of  the  type  2.7(4),  in  each  of  which  the  term 
(-  \)vEn(f)  is  replaced  by  the  quantity  (-  l)v£tt(f;  x0;xl9...;  xn+1)9  which 
is  the  best  approximation  of  the  function  f(x)  on  the  corresponding  part 
of  Q,  consisting  of  the  points  x0,  xl9...,  xn+l.  It  follows  from  section 
2.7.3  that  the  best  approximation  En(f)  on  the  whole  set  Q  is  one  of 
the  numbers  En(f;  x0;  jq;...;  xn+l),  and  in  virtue  of  2.10  it  is  equal  to 
the  best  approximation  En(f;  x0;  xx;...;  xn+^  corresponding  to  that  set 
of  n+2  points  for  which  En(f;  x0;  x^;  ...  ;  xn+l)  is  maximal*^.  It  is  obvious 
that  in  the  general  case  also,  when  Q  is  an  arbitrary  closed  set  in  which 
there  are  not  less  than  n+2  points, 

En(D=       max      En(f\  *0;*i;  —  ;*n+i)-  0) 

*0,  *!,....  XnflEQ 

2.10.2.  Let  us  examine  a  simple  case  of  the  calculation  of  the  quantity 
£"„(/)  which  does  not  require  us  to  consider  the  system  of  equations  2.7(4). 

If  Q  consists  of  the  2n+2  points   —  —  —   (v  =  0,  1  ,  ...  ,  2^+1),    then    the 


trigonometric  polynomial  of  order  ^  n  which  gives  the  best  uniform  approx- 


**  De  la  Valtee  Poussin  [3]. 
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imation  to  the  function  f(x)  on  Q  is  the  polynomial  2.8(16),  i.e.  the  best 
mean  square  polynomial  approximation  for  this  system  of  points**.  In  fact, 
in  the  given  case 

T.(f:  *>  = 


and  hence 

/(**)-  W;  xk)  =     ~- 


i.e.  the  difference  f(x)—Tn(f;x)  assumes  values  identical  in  absolute 
magnitude  at  the  2/2+2  points  xk(k  =  0,  1,...,  2/1+1)  with  consecutive 
changes  of  sign,  and  hence  in  virtue  of  2.7.32  the  statement  follows. 

2.10.3.  Theorem  2.10  (see  also  2.10(1))  is  a  particular  case  of  a  more 
general  assertion,  which  enables  us  to  estimate  from  below  the  best  approx- 
imation 2.2(4)  in  any  linear  normed  space,  and  by  which**  the  quantity 
En(x)  is  the  greatest  of  the  values  of  all  possible  linear  functionals  0(x) 
in  the  given  space  for  which  &(xk)  =  0  (fc  =  0,  1  ,  ...  ,  ri),  \\<P\\  =  1  .  If  <Z> 

n 

is  such  a  functional    and  zn=^  40)jcfc^0  (see  2.2(4)),  then   \0(x)\ 

Jt-O 

=  \0(zn)\  <  ||zw]|  =  En(x).  On  the  other  hand,  for  a  linear  functional  0 

n 

defined  on  the  (n+2)-dimensional  space  of  elements  czn+  ]T]  ckxk  so  that 

Jt-O 
n 

0(czn+  ^  ckxk)  =  c\\zn\\   and  then  extended  to  the  whole  space  with 

k=o 
preservation    of    the    norm,    we     have     ||0||=1     and     En(x)  —  \\zn\ 


Using  the  integral  representation  of  linear  functionals  in  the  spaces 
considered,  it  is  possible  to  obtain  for  them  various  estimates  of  the  type 


**  See  V.  B.  Gurevich  [1],  where  it  is  proved  that  for  the  given  system  of  equally 
spaced  points  the  best  uniform  approximation  by  trigonometric  polynomials  is  iden- 
tical with  the  best  mean  approximation  for  any  q  >  1.  This  result  was  generalised  by 
V.  S.  Videnskii  [6],  who  considered  the  case  of  approximation  on  an  arbitrary  system 
of  points  in  the  complex  plane. 

***  S.  M.  Nikol'skii  [3]. 
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type  of  theorem  2.10  corresponding  to  the  space  of  continuous  functions 
(see,  for  example,  2.13.34)**. 

2.11.  Some  cases  of  exact  solution  of  the  problem  of  the  best   approxi- 
mation 

In  section  2.8.2  a  simple  method  was  indicated  for  the  solution  of  the 
problem  of  the  best  mean  square  approximation.  Of  course  algorithms 
do  not  exist***  for  the  exact  solution  of  such  a  problem  for  the  other 
methods  of  approximation  (uniform  approximation,  approximation  in  the 
mean  (q  —  2))  which  we  considered.  Hence  the  finding  of  the  exact  mag- 
nitude of  the  best  approximation,  and  similarly  the  actual  discovery  of 
the  polynomial  which  deviates  least  from  the  given  function,  constitutes 
the  object  of  a  special  investigation  in  each  concrete  case.  There  are  com- 
paratively few  examples  of  functions  for  which  such  an  investigation  can 
be  reduced  to  the  direct  application  of  theorems  2.7.2,  2.8.11  and  2.10. 
We  will  consider  some  of  them  here  (see  also  2.13.31-33). 

2.11.1.  Let  us  find  the  best  uniform  approximation  by  algebraic  poly- 
nomials to  the  function /(x)  = (\a\  >  1)  on  [ — 1,1].  If  Pn(x)  is 

x — ci 


**  We  obtain  theorem  2.10  from  2.10.3  if  in  the  space  C  of  functions  f(x)  contin- 

b 

uous  on  [a,  b]  we  consider  the  linear  functional  0(f)  =  \f(x)dgn  (*),  where  gn(x)  is   a 

a 

step  function  with  jumps  <4  at  the  points  Xk(k  —  0,  1,  ...,  //  f-1),  which  satisfy  the 
system  of  equations 

n  +  l  w-fl 


where  <£0(*)>  ^iW,--«»  <W*)  are  the  functions  considered  in  section  2.10.  The  determinant 
of  this  system  is  different  from  zero  (see  section  2.3),  and  the  corresponding  values  of 

n+l 

dk  are  such  that  ||#||  =     var    gn(x)  =  £]  (-!)*«&-=  1.  Hence  for  the  function  /(*) 


considered  in  section  2.10 

=  !${/(*)-/»„  to)  4ft,  W  | 


n+l 


***  Some  methods  are  known  for  the  approximate  solution  of  such  problems. 
In  a  number  of  cases  they  were  pointed  out  as  early  as  P.  L.  Chebyshev  [1]  and 
S.  N.  Bernstein  [15].  Further  investigations  are  due  to  E.  Ya.  Remez  [1]  and 
S.I.  Zukhovitskii  [4]. 
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the  polynomial  1.1(1)  which  deviates  least  from  -  on  this  segment,, 

X  —  Cl 

then  in  virtue  of  theorem  2.7.2  the  difference 

y  =  --~  -P.M  o> 

A  -  it 

attains   a  maximum  of  its  modulus   L  =  En  \-  --------   with    consecutive 

\x-aj 

changes  of  sign  at  n+2  points  of  the  segment  [  —  1,1].  Asy(n+l}(x)  does  not 
vanish  in  [  —  1,1],  n  of  these  points  are  located  within  the  given  segment,. 
and  the  two  remaining  points  coincide  with  its  ends.  If  we  denote  by  b  that 
root  of  the  equation  y'  =  0,  which  lies  outside  [  —  1,1],  then  the  polyno- 
mials (l  —  x2)y'2(x  —  a)4  and  (L2—  -y~)(x  —  b)2  (x  —  a)2  have  the  same 
zeros.  Hence  the  difference  2.11(1)  satisfies  the  differential  equation 

y'*(l-x*)(x-a)*  -  n*(L*-y*)(x-b)*9  (2) 

the  general  solution  of  which  is  of  the  form 

y(x)  —  L  cos  [n  arccos  *  h</>(jc)+c],  (3) 

where 

(j)(x)  =  n(a  —  b)(a2—  1)  *  arccos  "  ---  . 

X  —  Cl 

So  that  function  y(x)  may  assume  the  value  ±  L  at  /z+2  points  of 
the  segment  [—1,1],  it  is  necessary  that  as  x  varies  from  —1  to  +1  the 
function  n  arccos  x+(j)(x)  should  vary  along  a  segment  of  length 
Hence  it  follows  that 

,  ,          = 

b  =  a 


n 
Thus,  taking  account  of  2.9(5),  we  obtain 


_       L  i  (x+i/x^lnax-  1 

-  —         - 


±  2 


x  —  a 


m 

\ 


Division  by  a  negative  power  of shows  that'** 

X       Cl 


£  =  £/_!_= i-7— -  (4) 

\x-aj       (a*—l)(a-{-\/d"—\)n 

and 


P  (x)  =      l          cos  [n  arccos  x 


x-a 


**  S.N.  Bernstein  [15]. 
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The  given  method  of  solving  the  problem  of  the  best  approximation, 
^which  has  been  used  already  in  section  2.9.1,  can  also  be  applied  in  some 
other  cases  (see  2.13.31). 

2.11.2.  Let  us  consider  a  continuous  function  f(x)  of  period  2n  with 
the  Fourier  series 


subject  to  the  conditions  that   ak  >  0  and  ~*-+-  =  2pk+l,  where  pk  is 

nk 

a  positive  integer**.  It  is  obvious  that  the  difference 

OO 

attains  on  [0,27r]  maxima  of  its  modulus,  equal  to    J]    ak,  with  consecu- 

k=v  +  l 

tive  changes  of  sign  at  the  2nv+l  points  x^  =  -  (/  =  0,  1,...,  2nv+l  —  1). 

nv  +  l 

Hence  by  theorem  2.7.32,  for  any  integer  n  the  trigonometric  polynomial 
of  order  <  n  which  deviates  least  from  f(x)  is  the  polynomial 

V 

Tn(f\  *)  =  IX  cos  *kx      (nv^n<  HV+I)  (7) 

fc-O 

and 

£?(/)=    T,    **•  (8) 

*=vf  1 

2.11.21.  The  function  2.11(6)  possesses  the  remarkable  property  that 
for  any  w  >  0  its  trigonometric  polynomials  of  best  uniform  approxi- 
mation of  order  <  n  are  the  corresponding  partial  sums  of  the  Fourier 
series,  i.e.  polynomials  of  best  mean  square  approximation  (see  section 
2.8.2).  It  turns  out  that  other  even  functions  of  period  2n  with  positive 
Fourier  coefficients  and  possessing  this  property  do  not  exist***.  If  for 
any  n  the  trigonometric  polynomial  of  best  uniform  approximation  of  order 
<  n  to  the  function  f(x)  with  Fourier  series  2.  1  1  (6),  in  which  ak  >  0 
(k  =  0,  1,  2,  ...),  is  identical  with  the  partial  sum  of  this  series  of  the  same 


order,  then  -^  ~  2pk+l,  where  pk  is  a  positive  integer. 


**  With  this  condition  the  series  2.11(6)  always  converges  absolutely.  See  A.  Zyg- 
mund  [1],  Chap.  VI. 

V  00 

f(x)~  S  ak  cos  nkx  =       X      ak  COS  nkx 

k=0  fc-v+1 

***  S.  N.  Bernstein  [15]. 
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In  fact,  since 

!/(*)-  V^/'  *>  I  <  E*k  -,  (A      IfW-T^if;  x)  |  <  £„*  +i(/) 
and 

max  \ak+l  cos  wk+1x+^  cos  nkx  \  -  afc+^+1  =  ^_1(/)-^*(/)  >  0, 


among  trigonometric  polynomials  of  order  ^nk—  1  the  [polynomial 
rnft_i(/;  x)  is  the  one  which  deviates  least  from  Tnjf+i(f;  *).  If  this  were 
not  so,  the  inequality 

max  I  TH(f;  a)-.^*)  \  <  ak+ak+l 


would  hold  for  some  trigonometric  polynomial  J*  -i(A")>  from  which  it 
would  follow  that 


and  this  is  impossible.  Thus  the  sum  ak  cos  nkx+ak+1  cosnk+1x  must  by 
theorem  2.7.32  attain  the  value  ak+ak+l  at  2nk  points  at  least,  with 
consecutive  changes  of  sign  on  [0,27u).  But  this  can  only  occur  when 

cos  —  +~r7i  =  (  —  l)v,  i.e.  when  —  --  is  an  odd  number. 
"fc  nk 

2.11.3.  Let 


where  r  is  a  positive  integer.  At  the  2n-\~2  points 


of  the  half-interval  [0,2Tu]  this  function  assumes  with  consecutive  changes 
of  sign  the  value 

4         1  (—l)fc(r-hl) 


which,  as  is  not  difficult  to  verify  (using  Rolle's  theorem),  represents  its 
maximum  modulus. 

Hence  by  theorem  2.7.32,  among  the  trigonometric  polynomials  of 
order  <  n  the  polynomial  which  deviates  least  from  it  is  identically  equal 
to  zero,  and  £*(/)  =  Kr. 

2.11.4.  Let  us  also  consider  an  example  of  the  exact  solution  of  the 
problem  of  the  best  approximation  in  the  metric  L  and  let  us  find  the 
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best  approximation  in  the  mean  (q  —  1)  by  trigonometric  polynomials 
of  order  <  n  to  the  function** 


(r>  0  an  integer).  (11) 

For  this  purpose  let  us  note  that  whatever  the  number  cv  may  be,  the 
difference 


cannot  have  more  than  n+l  zeros  within  the  interval  (0, TT). 

If  this  were  not  so,  then  after  r  differentiations  we  should  arrive  at 

the  polynomial 

i          n 
I       v^ 

y  —  2_,  ^vcosrf, 

v  =  l 

which  in  virtue  of  Rolle's  theorem  must  have  in  the  given  interval  not 
less  than  n+l  zeros,  and  this  is  impossible. 

Hence  it  follows  that  the  polynomial  whose  coefficients  satisfy  the 
system  of  equations 


will  change  sign  where  the  function  cos   (n+l)t — —changes  sign,  and 

only  there,  and  hence  by  theorem  2.8.1 1  it  will  be  the  best  mean  polynomial 
approximation  on  [0,  re] .  From  the  last  remark  of  section  2.2.2  it  follows 
that  the  same  polynomial  will  be  best  on  [0,  2n].  Thus  by  theorem  2.8.11 

2K 


r(0  sign  cos 


(n+l)r--^-  \dt 


x 

(12) 


**  Favard  [1].  The  case  of  fractional  r  (0  <  r  <  1)  was  considered  by  V.  K.  Ddzyadyk 
[2]  and  Sun  Yun-shen  [1]  (r>  6). 
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2.11.5.  The  result  of  section  2.11.4  can  be  generalised  if  in  place  of 
the  function  <£r(/+7c)  we  consider  the  function 


F(x)  =  2_i  ak  cos  k*  —  T-         (r  an  integer)  (13) 

*  =  0  \  ' 

with  Fourier  coefficients  satisfying  some  special  conditions;  the  exac 
solution  of  the  given  problem  of  the  best  mean  (q  =  1)  approximation  to 
the  function  F(x)  by  trigonometric  polynomials  on  the  segment  [0,  2?r] 
then  reduces  to  the  direct  application  of  theorem  2.8.11.  For  definiteness, 
let  us  consider  the  case  of  even  r  (for  odd  r  see  theorem  2.13.32).  By  theorem 
2.8.11  the  solution  is  found  in  this  case  if,  for  the  function  2.11(13),  we 
succeed  in  finding  a  polynomial 


possessing  the  property  that 

F(x)-Tn(x)  =  cos  (/i+l)x  •/(*),  (15) 


where  f(x)  is  a  non-negative  integrable  function.  Let  us  take  an  arbitrary 
convex  sequence  of  numbers 


=  0,  1,2,  ...;      ck^ck+l,      ck-2ck+l+ck+2^ty 
which  decreases  monotonically  to  zero,  and  consider  the  series 

(16) 

On  applying  Abel's  transformation  twice,  it  can  be  seen  that  for  all.x  =£  2vrc 
the  given  series  converges  to  a  negative  integrable  function**1  f(x),  and 
consequently  is  its  Fourier  series.  Then 

oo 

2cosmx*  f(x)  =  cQcosmx+  XI  ck[cos(m+k)x+co$(m—k)x] 

k-l 
m-1 


The  numbers  ck  (k  =  0,  1,  2,  ...)  can  be  determined  in  such  a  way  that 
Ck-m+Ck+m  =  <*k      (&  =  ^>  m+l,m+2,  m+3,  ...). 


See  Zygmund  [1],  section  5.12. 
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From  the  system  of  equations 

C2vm  +  fc  +  C2(v  +  l)m  +  fc  =  a(2v  +  l)m  +  k          (£  =  0,    1,2,  ...) 

\ve  find 

ck  =  £  (-l)v%v+i),n+*       (fc  =  0,  1,  2,  ...).  (17) 


Hence  it  follows  that  if  ah  >  ak+i>  #*—  2tffc+1+#fc+2  ^  0>  ak— 
-t-3tffc+2—  tffc+3  >  0(A:  ^  0),  then  the  sequence  {ck}  is  positive,  decreases 
monotonically  to  zero,  and  is  convex.  Choosing  m  =  n+l  we  thus  find** 
that  if  the  Fourier  coefficients  of  the  function  2.11(13)  form  a  non-negative 
triply  mono  tonic  sequence,  the  polynomial 

n  n 

Tn(*)  =  Z  «fccosfcx—  cn+1—  Z  fo-fc+i^+fc+Ocosfcx:,  (18) 

*=0  fc=l 

where  the  numbers  ck  are  given  by  equations  2.  11.  (17),  satisfies  condition 

r 

2.  11  (15)  for  even  r  and  in  consequence  of  this  deviates  least  from  (—I)2  F(x) 
in  the  metric  L  on  [0,  2?r]  .  By  2.8(6)  the  magnitude  of  the  best  approximation 
is  determined  by  the  relation 


(-1)' 


2.12.  On  some  criteria  for  the  best  approximation  in  an  infinite  interval 

For  the  best  approximations  considered  in  section  2.6  a  series  of  prop- 
erties can  be  indicated  which  are  similar  to  those  given  in  sections  2.7, 
2.8  and  2.10. 

2.12.1.  Let  f(x)  be  a  function  which  is  bounded  and  continuous  on 
the  real  axis  (or  semi-axis)***.  Among  all  the  proper  continuous  rational 
functions 


CO 


**  B.  Sz.  Nagy  [1]. 

***  See  N.  I.  Akhiezer  [3], 
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of  degree  not  higher  than  n  the  one  which  deviates  least  from  f(x)  is  the 
irreducible  rational  function 


Rm(f;  x)  =  ~  -  -     (m  <  »,  W  *  0)  (2) 

s&i°y 

fc-0 

/or  wA/cA  the  difference  f(x)—Rm(f',  x)  assumes  the  value  L  =  sup  \f(x) 

X 

—Rm(f'9x)\onthis  interval  with  alternating  signs,  at  least  at  n+m+2 
points**.  The  proof  of  this  proposition  is  in  part  similar  to  the  proof  of 
theorem  2.7.2,  and  we  will  omit  it***. 

2.12.2.  If  for  the  irreducible  rational  function  2.12(2)  the  difference 
f(x)—Rm(f;  x)  assumes  the  non-zero  values  #0,  al9  ...  an+m+l  with  alternat- 
ing signs  at  the  n-\-m+2  distinct  points  x0<.  x1  <  ...  <  xn+m+i    °f  tne 
interval  considered**,  then  the  best  approximation  £„(/)  of  the  function  f(x) 
by  the  rational  functions  2.12(1)  of  degree  not  greater  than  n  on  this  interval 
satisfies  the  inequality 

en(f)**P  =  min  (Iflol,  |flj,  ...,  \anim+1\}.  (3) 

This  is  proved  by  assuming  the  contrary  (cf.  section  2.10). 

2.12.3.  Let  f(x)  be  continuous  and  ga(f\  x)  an  integral  function  of 
degree  <  (7,  for  which     sup       |/(*)—  g9(f\  x)\  =  Aa(f).  Reasoning  as 

—  OO  <  X  <  CO 

in  section  2.7.1,  we  note  that****  there  does  not  exist  an  integral  function 
$<r(x)  °f  degree  <  cr,  bounded  on  the  whole  real  axis  for  which,  for  some 
e  >  0,  we  have  simultaneously 

-g.(fi  x)    >  0 


at  all  the  points  x  where 

A.(f)-B  <  \f(x)-g.(f;  x)\  <  A,(f). 
Conversely,  if  for  an  integral  function  g,(x)  of  degree  ^  a 
sup    \f(x)-g.(x)\>Aa(f), 

—  OO  <  x  <  CO 

then  for  a  sufficiently  small  e  >  0  it  is  possible  to  find  a  bounded  integral 
function  (j)a  (x)  of  degree  ^  or  for  which 

>l,      4.(x){f(x)-g.(x)}  >  0  (4) 


**  In  the  case  considered  one  of  these  points  may  be  the  point  at  infinity. 

***  See  N.  I.  Akhiezer  [3],  where  there  is  also  a  proof  of  the  uniqueness  of  the 
best  rational  function  approximation. 

****  S.  N.  Bernstein  [24].  Here  the  function  f(x)  may  also  be  unbounded  on  the 
whole  real  axis. 


THE    BEST    APPROXIMATION  83 

wherever 

\fW-g.W\>       sup      \f(x)-g,(x)\-e. 

—  oo  <  x  <  oo 

From  this  there  follows  the  assertion**:  if  ga(x)  possesses  the  property  that 
there  does  not  exist  an  integral  function  (j>a(x)  of  degree  ^  a  which  satisfies 
the  inequality  2.12(4)  at  all  the  points  x  where  \f(x)—gff(x)\  =  sup 

-co  <  t  <  co 

\f(f)-g.(t)\,  then  g.(x)=g,(f;  x),  i.e. 

A,(f)=      sup       \f(x)-g.(x)\. 

—  00<  *<CO 

2.12.4.  It  is  convenient  to  formulate  the  last  assertion  by  introducing 
he  concept  of  a  complete  set  of  degree  a.  A  monotonic  sequence  of  points, 
{xk}  (k  =  ...  —3,  —2,  —1,  0,  1,  2,  3,  ...),  following  S.  N.  Bernstein***,  is 
said  to  be  complete  of  degree  a  if  there  does  not  exist  an  integral  function 
<t>a(x)  of  degree  <  cr,  bounded  on  the  whole  real  axis,  for  which 

(-  W.(**)  >  1       (k  -  ...  -3,  -2,  -1,0,  1,  2,  3,  ...). 

Thus  if  the  integral  function  ga(x)  of  degree  ^  a  possesses  the  property 
that  the  difference  f(x)—ga(x)  assumes  the  value  sup  \f(f)—ga(f)\  with 

—  oo<t<oo 

consecutive  changes  of  sign  at  the  points  of  some  complete  set  of  degree  a, 
then  among  all  integral  functions  of  degree  not  higher  than  a  the  function 
ga(x)  deviates  least  from  f(x)  on  the  whole  real  axis. 

As  an  example  of  a  complete  set  of  points  of  degree  cr  ^  0  we  have 

the  sequence  xk  =  •  +a  (k  =  0,  ±1,  :i-2,  ...).  In  fact,  in  virtue  of 


theorems  2.6.21  and  2.9.2,  a  function  which  is  identically  zero  deviates 
least  on  the  whole  real  axis,  among  integral  functions  of  degree  ^  cr,  from 
the  function  /(#)  =  cos  ([a]+i)(x—  a),  and  hence  Aa(f)  =  1  .  In  chapter  IV 
(see  4.8.2)  it  is  established  that  any  arbitrary  integral  function  of  exponential 
type  is  also  bounded.  Hence  it  follows  that  if  for  some  function  <j>a(x)  of 
degree  <  cr  bounded  on  (—  oo  ,  +00)  the  inequality  (—  1)^^)  >  \(k  =  0, 
±1?  ±2,  ...)  were  to  be  satisfied,  then  for  sufficiently  small  e  >  0  we 
should  have**** 

sup     |  cos  (  [a]  +  1)  (x-a)-e<l>0(x)\  <  1, 

—  00<x<<X> 

and  this  is  impossible. 

**  S.  N.  Bernstein  [24]. 

***  S.  N.  Bernstein  [24].  Other  criteria  for  integral  functions  which  give  the  best 
approximation  were  indicated  by  N.  I.  Akhiezer  [5]. 

****  Since  (-1)^0:*)  >  (-l)*cos([<7]-fl)  (xk-a)  =  1,  and  sup|4>;(*)|  <  Af 
(—  oo  <  x  <  oo),  where  M  is  some  constant,  there  exists  a  <5  >  0  ((5  <  7T/2),  such 
that  sign</y(jt)  =  sign  cos  (M  +  1)  (x-a)  for  |jt-*fc|  <d(k  =  0,  ±  1  ,  ±  2,  ...)•  For 
the  remaining  values  of  *|cos([cr]  +  l)  (x^—  a)|  <cos<5. 
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2.12.5.  If  for  some  integral  function  gff(x)  of  degree  <  a  the  difference 
f(x)—gff(x)  is  bounded  on  the  whole  real  axis  and  at  the  points  xk  of  a  certain 
complete  set  of  degree  a 

(-l)fc[/(^)-^(^)]>/^>0,  (5) 

then  Aa(f)^^. 

If  for  some  e  >  0  we  were  to  have  Aa(f)  —     sup     \f(x)—g<r(f;  x)\ 

—  00<X<00 

=  fj,—  £,   then   the   integral  function   <l>a(x)  =  —  [ga(f;  x)—  ga(x)]  would 

o 


satisfy  the    inequalities   (—\)k<f)a(x^^\   at  all  the  points  xk  and  the 
sequence   {xk}  would  not  form  a  complete  set. 

2.12.6.  Let  us  derive  criteria  for  best  integral  approximations  on  an 
infinite  interval,  similar  to  that  indicated  in  section  2.8.25.  Let  Bff(Lq) 
(1  <^  q  <  oo  )  be  the  class  of  all  integral  functions  ga(x)  of  degree  <  a  for 
which 


=  {  5 


and  let  f(x)  be  an  arbitrary  measurable  function  with  ||/(x)||L  <  oo. 
In  order  that  among  all  functions  of  the  class  Bff(Lq)  the  function  gff(f',  x) 
eBa(Lq}  should  deviate  least  in  the  metric  Lq  from  the  function  f(x),  it  is 
sufficient  and  (for  q  =  I,  in  the  case  where  the  difference  f(x)—ga(f'9  x)  is 
different  from  zero  almost  everywhere)  necessary,  that  for  any  function 
gff(x)EBa(Lq)  the  equality 

oo 

S  !/(*)-*,(/;  *)  I'-^.W  sign  [f(x)-g.(f;  x)  }  dx  =  0          (6) 

—oo 

should  be  satisfied. 

If  the  condition  2.12(6)  is  satisfied,  then  from  the  fact  that 

oo 

S  I  /(*)-*.(/;*)  I'd* 

—  oc 

00 

=  S  {/(*)-*.(/;  *)}  \f(x)-g.(f;  x)\<~1  sign  {/(*)-*,(/;  *)}  dx 

-ga(/;  x)}  dx  < 


\\f(x)-ga(f; 
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the  inequality 

\\f(x)-g.(f\  x)  \\Lq  <  \\f(x)-g.(x)  \\Lq 

follows  for  any  function  ga(x)  of  Ba(Lq),  i.e.  ga(f\  x)  deviates  least  from 
f(x)  in  the  metric  Lq. 

Let  us  now  verify  that  if  g0(f;  x)  is  the  best  integral  function 
approximation,  then  (for  q=\,  in  the  case  where  the  difference 
f(x)—ga(f;x)  is  different  from  zero  almost  everywhere),  2.12(6)  is 
satisfied  for  any  function  ga(x)  e  Ba(Lq)  . 

In  fact,  if  for  some  function  ga(x)eBa(Lq) 

00 

5  *.(*)  \f(x)-g.(f\  *)rx  sign  {/(*)-*„(/;  x)}  d 

—  oo 

then  for  a  sufficiently  great  a  >  0  we  should  have 


Let  us  choose  d  >  0  such  that  for  any  set  E  c  [—  a,  a]  with  mesl:  <  d 


E 

In  virtue  of  the  C-property  of  N.  N.  Luzin  it  is  possible  to  find  in 
[—a,  a]  a  closed  set  Q  such  that  mes  Q  >  2a—d  and  f(x)  is  continuous 
on  Q.  We  may  also  suppose  that  f(x)—ga(fix)^Q  on  Q.  Let 
a  =  min|/(jc)—  ga(f;  x)\.  Let  us  choose  e  so  small  that  the  inequality 

xeQ 

|£&F(*)|  <  «  is  satisfied  everywhere  on  [—a,  a].  We  then  have 

a 

5  g.(x)  I  /(*)-*„(/;  x)  \'~l  sign  {f(x)-ga(f;  x)-sga(x)}  dx  >  J  |e  |  . 

—  a 

It  is  obvious  that  for  a  value  of  e  sufficiently  small  in  absolute  value  the 
inequality 

g.(x)  \f(x)-g.(f;  x)-ega(x)\^  sign  {/(*)- 


is  also  satisfied. 

In  case  of  necessity  again  decreasing  the  absolute  magnitude  of  e  and 
choosing  its  sign  appropriately,  we  obtain 


e      ^(X)|/(X)-«.(/;X)-P&(JC)|*->  sign  {/(*)- 

-ga(f;x)-ega(x)}dx>0. 
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But  then 


=  J  lf(*)-g.(f;xy\\f(x)-g.(f;x)-fg.(x)\*-lx 

—  oo 

X  sign  {f(x)-g.(f;  x)-ega(x)}  dx- 

oo 

-e  S  *.(*)  !/(*)-*,(/;*)-**.(*)  I'-1  X 

—  oo 

X  sign  {/(*)-£,(/;  *)-«*„(*)}  dx  < 


<  \\f(x)-g.(f;  x)\\Lq\\f(x)-g.(f;  x)-£ga(x)\\l^. 
Consequently 

!!/(*)-*.(/•;  *)-^(*)lk,  <  [!/<*)-*.(/;  *)||v 

and  we  arrive  at  a  contradiction  of  the  assumptions  made  with  respect 
to  *,(;*).' 


2.13.  Various  problems  and  theorems 

1.  Let  Xi,Xi,...,xn  be  a  linearly  independent  system  of  elements  of  the  linear  nor- 
med  space  F  and 

n 

dk  =  inflUfc—  XI  *v*vlU 

Av  v=l 


If  ||  V  cv  xv\\  <  M  and  i/  =  mmdv  ,  then  |  cv  |  <  -~r  . 
v^=i  v  fl 

2.  Let   G  be  a  certain   region   in  an  m-dimensional  space  with  the  variables 
ti,  t2,  ...9tm  and  /(/!,...  ,/m)  a  measurable  function  with  finite  upper  bound.  Then 

j^ 

\im{[..\\f(ti,...9tm)\4  &!...&„}<*  =  vrai  sup  \f(tl9  ...,/m)  ].  (1) 

«-*«>ucJ  '  G 

3  .  Let  G  be  a  bounded  region  of  an  m-dimensional  space  in  the  variables  /x  ,  .  .  .  ,  tm  . 

JL 

The  quantity  (  —  -  —  (...  (  |/(/i,...,  tm)\q^i'"  &m\q    is   a   non-decreasing   function 
I  mes  G  J      J  J 

G 

of  q. 

Hausdorff  [1].  Use  H61der's  inequality. 
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4.  Let 

l,0<f<f,  JO,  0</<i, 

" 


In  the  given  case 

i 

c  6 

and  there  are  infinitely  many  functions  of  the  form  cxQ(t)  for  which  ||/(/)— cx0(t)\\L 
=  £O(/)L  =  I  (see  section  2.2.8). 

5.  Let/(;r,  y)  be  an  arbitrary  function,  continuous  in  a  given  closed  bounded  region 
G.  There  exist  two  polynomials  P(x,  y)  =  a0x-{-b0y+Co  and  Q(x,  y)  =  aiX+bi  y+ci 
such  that  any  polynomial  R(x,  y)  =  ax-\  by-\-c  which,  among  all  other  polynomials 
of  not  more  than  the  first  degree,  deviates  least  from  f(x,  y)  on  G  can  be  represented 
in  the  form  R(x,y)  =  aP(x,y)+PQ(x,y). 

M.  G.  Krein.  See  section  2.13.6. 

6.  The  assertion  of  2.13.5  follows  directly  from  the  following  generalization  of  a 
theorem  of  Haar  (see  section  2.3.3). 

Let  G  be  a  certain  compact  metric  space  of  points  M  and  <t>k(M)  (k  =  0, 1,...,  n) 
a  linearly  independent  system  of  functions  continuous  on  G.  The  set  of  polynomials 

00 

PM(A/)  =  ]T  cv<£v(M),  deviating  least  from  the  set  of  functions  /(M)  continuous  on  G 

v-o 

(see  section  2.2.6)  has  for  all  such  /  not  more  than  A:(0  <  k  <  n)  dimensions  if  and 
only  if  any  system  of  k~\-l  linearly  independent  polynomials  Pn(M)  has  not  more  than 
n— k  common  roots  on  G. 

G.  Sh.  Rubinstein  [1].  The  proof  can  be  derived  in  a  similar  way  to  the  proof  of 
theorem  2. 3. See  S.I.  Zukhovitskii  [1]. 

7.  Let  x0,  Xj,...  xnl...  be  a  sequence  of  linearly  independent  elements  of  a  linear 
normed  space  F  and 

E0>  £i>  E2  >...>  En>  ... 

an  arbitrary  monotonically  decreasing  sequence  of  numbers.  For  any  natural  number 
n  there  exist  2""1"1  elements  *e  F  which  possess  the  property  that  Ek(x)  =  inf  ||  jc~  £  cvxv  \\ 

cv  v  =  0 

=  Ek(k  =  0,  l,...,/i).  See  2.5.  Use  the  property  2.5,(3). 

8.  If—  oo<a<^c<d<b<oo,  then  there  does  not  exist  a  continuous  function 
/(*)  ^  constant  for  which  En(f\  a,  b)  =  En(f\  c,  d)  for  all  values  n  =  0, 1,  2, ... . 

S.  N.  Bernstein.  Consider  the  case  a  =  0,  6=1  and  apply  theorem  2.7.2. 

9.  For  any  algebraic  polynomial  Pn(x)  of  the  type  2.9(1)  we  have  the  inequality 

\  J&Lte*—  (2) 

j         ,„      r~r-  QX  ^     zn~l  *  ' 

which  becomes  an  equality  only  when  Pn(x)  = ? cos  n  arc  cos  x. 

2n-i 

^    Expand  the  polynomial  Pn(x)  in  terms  of  Chebyshev  polynomials  and  use  the  re- 
mark 2.8.22,(3). 
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1    /     n  1    \ 

10.  If  x  is  real  and  \x\  >  1,  then  COSH  arccos  x  =  ^  \R  +  ~  -I,  where  R  is  the 

sum  of  the  semi-axes  of  an  ellipse  which  passes  through  the  point  x  and  has  foci  at  the 
points  +1  and  -1.  See  2.9(5). 

1  1  .  Let  Nn  (a,  /?)  be  the  number  of  zeros  of  the  Chebyshev  polynomial  cos  n 
arccos  x  which  occur  in  the  interval  [a,  fi[.  At  every  point  #6  (—  1,  1) 


a(x)  =  lim   J-  lim    "n  =  _    __  (3) 

jjc->0  /I*  n-»oo  W  Tuyl-JC2    " 

See  V.  L.  Goncharov  [1]  or  I.  P.  Natanson  [2]. 

12.  For  any  n  >  0  the  polynomials  2.9(5)  and  2.9(12)  are  connected  by  the  relation 

•£'          1     r-'-v^     .-• 

si  n(«+l)  arccos^  __    1     ?    cos  (A/  fl)  arccos  A:—  cos  (/H-l)  arc  cos/ 
"~~ 


_ 

See  V.  L.  Goncharov  [1],  page  154. 

13.  Let  Q  be  a  bounded  closed  set  of  points  z  in  the  complex  plane  and 


(1)  As  /i-~>oo  the  limit 


max  \zn+cn-lzn~1  +  ...  +  c,z+cQ\.  (5) 

/i-i  z:Q 


lim       <M®  =d(Q)  (6) 

71—  >CX) 

exists. 

(2)  The  number  d(Q),  known  as  the  transfinite  diameter  of  the  set  Q,  is  identical 
with  the  limit 

n  2 

limj      max         f/     |zfc-zf|}n(/l+1)  (7) 

-l 


(3)  The  transfinite  diameter  of  a  finite  segment  is  equal  to  a  quarter  of  its  length 

(4)  The  transfinite  diameter  of  a  circular  area  is  equal  to  its  radius. 

(5)  The  transfinite  diameter  of  the  set  Q  consisting  of  the  two  segments   [—1,  —a] 
[a,  1],  where  0  <  a  <  1,  is  equal  to  J  >/l-a2. 

For  (l)-(4)  see  Fekete  [1];  for  (5)  see  N.I.  Akhiezer  [3]. 
14.  If  a  is  real  and  \a\>  1,  then  any  polynomial 


with  the  property  Pn(a)  =  1  satisfies  the  inequality 


max 


-i  -  -  -  r, 
|  cos  «  arc  cos  a  | 

which  becomes  an  equality  if  and  only  if 

_  ,  .       cos/i  arccosx 

P"(x)=  cos»arccos0-  (8> 

See  V.  L.  Goncharow  [1],  Consider  the  difference  between  Pn(x)  and  the  polynomial 
2.13(8). 
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15.  The  sequence  of  Chebyshev  polynomials   Tn  (x)  =  cosn  arccos  x  satisfies  the 
recurrence  formula 

Tn  (x)  =  2xTn-i(d  -  ?V-2  W      (/i  >  2).  (9) 

16.  Chebyshev  polynomials  satisfy  the  differential  equation 

(1-x2)  K'(x)-xTi(x)+n*Tn(x)  -  0.  (10) 

17.  For  jce[-l,lj, 

\  _/v  °° 

"         (-K'<  «•  o» 


fc-O 

18.  The  sequence  of  polynomials  2.9(12)  satisfies  the  recurrence  formula 

PnW  =  xPn-i(d-lPH-*(x). 

19.  The  sequence  of  polynomials  2.9(15)  satisfies  the  recurrence  formula 

Pn  (X)  =  xPn-M  -    (2n-U&l-3J  P™~*  W  <  !  2) 

for  a  =  —  1,  £)  =  1. 

See  I.  P.  Natanson  [2]. 

20.  The  polynomials  2.9(15)  satisfy  the  differential  equation 

(l-x*)Pn'(x)-2xPttx)  +  n(n+\)Pn(x)  =  0  (13) 

for  a=  -1,  6-  1. 

See  I.  P.  Natanson  [2]. 

21.  For  a  =  —1,6=  1  the  polynomials  2.9(15)  are  the  coefficients  of  the  expansion 

«,=!>  AM, 


_ 

and  satisfy  the  inequalities 

(1)      1-3  ...  (2* 


(3)      L3  '" 


1.3  ...  (2//-1)  _ 

.^___f  ^ 


(4) 


For  2.13(14)  and  2.13(15),  (1)  see  I.  P.  Natanson  [2];  for  2.13(15),  (2)  and  (3)  see 
G.  Szego  [1];  see  also  F.  Tricomi  [1].  The  inequality  2.13(15),  (4)  is  due  to  P.  Turdn. 

22.  If  q>  1  is  integral,  then  for  any  polynomial 

Pn(x)  =  xn+  cn-lXn~l+  ...  +cl 
with  integral  coefficients  the  inequality 

max      |Pn(x)|>4 

-:-<•<! 

holds,  and  for  Pn(x)  =  xn  this  becomes  an  equality. 
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Consider  Pn(±l/g).  From  the  same  considerations  it  follows  that  for  any  n  the 
best  uniform  approximation  of  y^  by  the  polynomials  Pn(x)  on  [—  J,  J]  is  exactly 

equal  to  ^  and  is  realised  by  the  corresponding  partial  sums  of  its  Taylor  series 

1+jc-f  *»+**+... 

S.  N.  Bernstein  [9]. 

23.  If  0  <  a  <  TT,  then 


n  -i1  /       a  \ 

cosw/4-  V  tffccos&/  >    sin-^ 

'  j^Q  '         \         27 


-i 
max     cosw/4-  V  tffccos&/  >    sin-^  (17) 

-a<t<a' 

S.  N.  Bernstein  [15].  Make  the  substitution  x  =  cost  and  use  theorem  2.9.1  for 

a  =  cos  a,  6  —  1. 

00 

24.  If  f(x)  =  ^  ak  cos  &*,  then  for  any  n  >  0  we  have  the  precise  inequality 
Jt-o 


Let  0  <  k  <  n  and 

Mk,n  =  minmax  COS&/  +  X  flyCosv/  L 

av       t  v  =  0 

Then  JTT  <  Mk,n  <  1,  and  for  any  fixed  value  of  k 

n— >co 

S.  N.  Bernstein  [15].  Consider  the  function 

„,        ^,    ^cos(2m+l)/ 


./w=   ^  v-^          2m|-l        ' 

25.  If  p-a  <  re,  then 

max  |l-facos;c-{-6sm;c|  >  tan2     4     .  (18) 

See  V.  L.  Goncharov  [1].  Use  theorem  2.7.3. 

26.  If  in  the  interval   —  a  <  x  <  a,  where  0  <  a  <  TT,  the  trigonometric  poly- 
nomial 


fc-O 

satisfies  the  inequality      max    \Tn(x)\  <  1,  then  for  any  value  of  x 


(19) 


See  V.  L.  Goncharov  [1].  The  proof  is  similar  to  the  proof  of  theorem  2.9.1. 
27.  If  the  algebraic  polynomial 


£ 
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satisfies  the  inequality       max      \Pn(x)\  <  M,  then  for  all  values  of  z  =  x+iy  on  the 

-Kx<l 

ellipse  with  foci  at  the  points  ±1  and  with  the  sum  of  the  semiaxes  equal  to  R>  1, 

\Pn(z)\<MR".  (20) 

P  (z) 
See  S.  N.    Bernstein    [15].   Consider  the   function    >  -  /  -------  v~  and  make  use 

z2  —  \) 


of  the  principle  of  the  maximum  modulus  from  the  theory  of  analytic  functions.  For 
real  values  of  z  see  2.9(9)  and  2.13.9. 

28.  For  a  =  —  1,  b  =  1  the  polynomials  2.9(15)  can  be  written  in  the  form 


1.3...  (2/i-Q 
n\ 

and 


71 

Pn(x)  -  -1  (  (x  +  I/*2 -1  cos ^d/1  (21) 

7T    J 


1/2    ,'   cos(/i+J)/f 

fl  (COS  /)  -  -—  \   ~ 

n    J    / 


cosw-cos/ 


7u—  e,  then  as  /i->  oo  we  have  the  relation 


n\ 

See  I.  P.  Natanson  [2].  For  the  last  two  formulae  see  F.  Tricomi  [1],  The  represen- 
tation 2.13(21)  for  Legendre  polynomials  is  known  as  Laplace's  formula. 

29.  The  sequence  of  polynomials  2.9(15)  forms  an  orthogonal  system  on  the  seg- 
ment [a,  b],  i.e.  for  n  ^  m 

b 

0.  (22) 


(23) 


See  2.9.32  and  2.8(14). 

30.  Whatever  the  real  number  c  may  be,  for  any  cr>  0 


S.  N.  Bernstein  [29].  Consider  the  sequence  of  best  approximations  E2n  I  -2  .  2 ;  —  1 , 1 1 » 
use  formula  2.11(4)  and  theorem  2.6.22. 

31.  The  method  applied  for  the  solution  of  the  problem  of  the  best  approximation 
considered  in  section  2.11.1  can  be  used  for  the  exact  solution  of  such  problems  in  cer- 
tain other  cases.  If  a>  1,  then  for  even  n 

1  «  ^  1 


(24) 


and  for  odd  n 

;=-  (25) 


S.N.  Bernstein  [15]. 
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32.  If  the  Fourier  coefficients  of  the  function 

00 

FW  =  Z  h  sin  kx 

*-! 

form  a  non-negative  doubly  monotonic  sequence  of  numbers 
(bk  >  fck+i,  bk-2bk+l+bk+2  >  0),  then 


$  |  F(t)-Tn(F;  0  1  df  =  |  J  F(0  sign  sin  («+  1)/  d< 


=  4 


and   Cfc  =  uk —  /  ,  [02v 

B.  Sz.  Nagy  [1].  See  section  2.11.5.  The  proof  is  similar. 
33.  If  a  >  1,  then  for  any  n  >  0 

oo  i n-f-2 

n  ^r—F==-i+T-  &  -  W 


—  JC 

Consider  the  function  In  T  -  ,  where  b>  a>  and  make  use  of  the  last  remark  of 

' 


section  2.9.31.  The  best  mean  approximation  by  algebraic  polynomials  of  functions 
of  the  form  (a—  x)n  can  be  calculated  in  a  similar  way.  See  N.  I.  Akhiezer  [3]. 

6  _l_ 

34.  If  {  jj  |/(f)  q  dt}«  <  oo  (l<  q  <  c»),  then  for  q  <  oo 


'" 


En(f)L,  =  min  I  J  !/(/)-  S  ct/*|«  d/}'«"  -  sup 
'  =         ' 


where  the  upper  bound  extends  to  all  the  functions  <HO  integrable  on  [a,  6]  for  which 
&  b  g         g-i 


0      (A:  =  0,l,  ...,  n)      and 

a 

and  for  q  ==  oo,  if  f(x)  is  continuous, 

n  b 

£•«(/)  =  min  max    !/(/)-  ^  c^k|  =  sup  {/(/)  dg(t), 

Ck   fl<t<b  k-o  »(r)  a 

where  the  upper  bound  extends  to  all  functions  ^(0  which  have  on  [at  b]  bounded  va- 
riation, equal  to  unity,  and  are  such  that 


See  section  2.10.3. 
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SOME  COMPACT  CLASSES  OF  FUNCTIONS 
AND  THEIR  STRUCTURAL  CHARACTERISTICS 

3.1.  Compact  classes  of  functions  of  a  single  variable.  Criteria  of  the 
type  of  Arzela's  theorem.  The  concepts  of  the  e-entropy  and  e-capacity 
of  a  compact  set 

In  connection  with  theorem  2.5.1  the  question  of  the  internal  properties 
of  compact  sets  W  of  the  functional  spaces  considered  and  of  corresponding 
criteria  equivalent  to  the  condition 

sup  £"„(/)  ->  0      as       n  ->  oo  (1) 

few 

are  of  interest. 

Such  criteria  are  known  for  some  of  the  frequently  encountered  function 
spaces.  The  simplest  of  them  are  tests  of  the  type  of  Arzela's  theorem**. 
This  theorem  corresponds  to  the  classical  case  relating  to  the  space  C  of 
functions  of  a  single  real  variable  continuous  on  a  finite  segment,  and  is 
formulated  in  the  following  way.  The  bounded  set  W  of  functions  f(x) 
continuous  on  [a,  b]  is  compact  in  the  sense  of  uniform  convergence  if  and 
only  if  for  any  e  >  0  it  is  possible  to  find  a  number  d  >  0  which  possesses 
the  property,  that  if  |#i—  Jta|  <  d,  then  all  the  functions  f(x)  e  W  satisfy 
the  inequality  \f(Xj)—f(x2)\  <  e. 

3.1.1.  Theorem  3.1  can  be  conveniently  formulated  by  the  use  of  the 
concept  of  the  modulus  of  continuity.  If  the  function  f(x)  is  bounded  on 
[a,  b]  ,  then  by  its  modulus  of  continuity  is  understood  the  function 


<»(f  It)  =  *>(/;  a,  b;t)=      sup 

|xi-x«|<f 
*i,  x»t[at  b] 

defined  for  non-negative  values  of  t^b—a. 

A  necessary  and  sufficient  condition  for  the  continuity  of  f(x)  is  that 
<*>(/;  t)  should  tend  to  zero  as  t-*Q.  Arzela's  theorem  indicates  that  the 


**  See,  for  example,  L.  A.  Lyusternik  and  V.  I.  Sobolev  [1]. 

[93] 
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bounded  set  W  of  functions  f(x)  continuous  on  [a,  b]  is  compact  in  the  sense 
of  uniform  convergence  if  and  only  if 

sup  co(/;  r)  ->  0      as     /->  0.  (2) 

/el/ 

Thus  conditions  3.1(1)  and  3.1(2)  are  equivalent  for  the  sets  considered. 

3.1.2.  A  similar  criterion  for  the  space  Lq  which  we  studied  in  section 
1.4  is  given  by  the  well-known  theorem  of  M.  Riesz**,  which  uses  the  concept 
of  the  integral  modulus  of  continuity.  If  the  measurable  function  f(x)  of 
period  b—a  belongs  to  the  class  Lq  on  [a,  ft]***,  then  by  its  integral  modulus 
of  continuity  is  understood  the  function 


-  sup  {  J  \f(x+h)-f(x)\*Ax}\ 


\h\<t 


From  the  theorem  proved  in  section  1.4,  it  follows  that  if  f(x)  e  Lq 
then  a>(/;  f)L  ->  0  as  t  ->  0.  The  above  theorem  of  M.  Riesz  asserts  that  the 
bounded  set  W  of  functions  f(x)  of  Lq  is  compact  in  this  space  if  and  only  if 

sup  co(f;  t)Lq  -»  0      as      t  ->  0  ^ 

(see  also  3.12.2).  Condition  3.1(3)  here  plays  the  same  part  as  does  condition 
3.1(2)  for  a  uniform  metric  and  is  equivalent  to  the  corresponding  condition 
3.1(1)  in  the  space  Lq. 

Condition  3.1(1)  formulated  in  terms  of  the  best  approximation  is  of 
a  constructive  character.  However,  the  relations  3.1(2)  and  3.1(3)  use  only 
the  internal  properties  of  the  functions  forming  the  set  W  themselves,  and 
are  of  a  structural  character. 

In  what  follows  (see  chapters  V  and  VI)  it  will  be  made  clear  that  the 
external  similarity  of  condition  3.1(1)  with  conditions  of  the  type  3.1(2) 
or  3.1(3)  is  not  accidental  but  is  a  reflection  of  the  close  relationship  which 
exists  between  the  best  approximations  of  functions  and  their  moduli  of 
continuity. 

3.1.3.  The  upper  bounds  3.1(2)  and  3.1(3),  being  purely  internal  charac- 
teristics of  the  set  W9  in  distinction  from  the  upper  bounds  3.1(1),  are  as 
a  result  closely  connected  with  the  specific  nature  of  its  elements. 

Characteristics  of  compact  sets  exist  which  are  free  from  this  peculiarity 
and  in  a  certain  sense  reflect  this  or  that  general  property  of  such  sets  as 
a  whole. 


**  See  L.  A.  Lyusternik  and  V.  I.  Sobolev  [1],  and  also  V.  V.  Nemytskii  [1]. 
***  In  what  follows,  when  b— a  =  2rc  this  class  and  the  space  Lq  corresponding 
to  it  will  be  denoted  by  Lq. 
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If  the  set  Wy  belonging  to  a  given  linear  normed  space  F9  is  compact, 
then  as  has  already  been  mentioned  in  2.5.1,  in  virtue  of  the  well-known 
theorem  of  Hausdorff,  for  any  s  >  0  there  exists  for  it  a  finite  e-net.  The 
minimal  number  of  elements  which  belong  to  W  and  form  an  e-net  for  it 

is  a  certain  function  Nf^(e)  which  increases  with—. 

o 

The  function  /£(e)  =  log2JV^(e),  which  can  serve  as  a  measure  of 
the  "quantity  of  information"  contained  in  the  given  definite  element 
xeW  with  precision  e**,  known  as  the  e-entropy  of  the  set  W9  is,  like  the 
function  NW(E),  an  example  of  one  of  the  characteristics  of  the  compact 
set  W  mentioned  above. 

We  obtain  a  similar  example  if  we  make  use  of  the  fact  that,  thanks 
to  the  existence  of  finite  e-nets,  it  is  possible  for  any  s  >  0  to  cover  the 
compact  set  W  by  a  finite  system  of  sets  of  diameter  <  e***.  The  function 
Iw(e)  —  l°g<2  A^(e),  where  N^(e)  is  the  minimal  number  of  sets  of  diameter 
^  s  necessary  to  cover  W,  which  in  a  similar  sense  can  be  considered 
as  the  e-entropy  of  this  set,  belongs  to  the  same  type  of  characteristic  of 
certain  general  geometrical  properties  of  w****. 

If  for  any  e  >  0  we  consider  in  W,  instead  of  e-nets,  all  possible  e-chains, 
i.e.  systems  of  elements  of  W  of  which  adjacent  pairs  are  at  distance  <  e 
apart,  we  arrive  at  another  characteristic  of  this  set.  This  is  known  as  the 
e-capacity  of  the  set  W9  that  is  the  function  /^(e)  =  Iog2  JV^(e),  where 
NW  is  the  maximal  number  of  elements  belonging  to  W  and  forming  in  it 
an  e-chain. 

The  following  proposition  shows,  that  the  e-capacity  of  a  compact 
set  occupies  an  intermediate  position  between  the  e-entropy  1$  (e)  defined 
above  and  the  e-entropy  /^(e)1". 

If  W  is  any  compact  set,  then  for  any  e  >  0 


Naw(s)  <  Nfr(e)  <  N&(e)  <  N°w   ~   .  (4) 

The  validity  of  3.1(4)  follows  directly  from  the  definition  of  the  func- 
tions Nw(e)>  7V^(e)  and  JV^(e).  We  obtain  the  first  of  these  inequalities 
if  we  note  that  every  element  of  the  set  W  is  located  in  at  least  one  of  the 


**  If  the  binary  system  of  calculation  is  used,  in  order  to  select  one  definite  element 
from  the  N elements  zl9 ...,  ZN,  or  what  is  the  same  thing,  from  the  numbers  1,  2,  ...,  N, 
it  is  sufficient  to  give  [logaW]+l  binary  numbers. 

***  By  the  diameter  of  a  set  in  a  metric  space,  as  usual,  is  understood  the  upper 
bound  of  the  distances  between  all  possible  pairs  of  elements  belonging  to  it. 

****  por  thjs  see  L  s.  Pontryagin  and  L.  G.  Shnirel'man  [1]. 

t  A.  N.  Kolmogorov  [6]. 
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closed  spheres  of  radius  e  with  centres  at  the  elements  of  the  maximal 
£-chain,  and  consequently  the  maximal  e-chain  is  at  the  same  time  an 
e-net.  The  second  inequality  follows  from  the  fact  in  a  set  of  diameter 
^  e  there  can  be  located  not  more  than  one  element  of  an  e-chain.  Finally, 

c 

in  order  to  obtain  the  third  inequality  it  must  be  noted  that  every  —  -net 

2* 

determines  a  closed  set  W  of  spheres  of  diameter  <  s. 

The  inequalities  3.3(4)  may  be  useful  for  obtaining  estimates  of  the 
increase  of  e-entropy  or  e-capacity  as  e  ->  0  in  concrete  cases  (see,  for 
example,  section  3.2.7)**.  In  this  connection  let  us  note  also  that***  if  W 
is  the  sum  of  a  finite  number  of  sets  5Df1?...,  9)in,  then  for  z  —  a,  b,  c 

max  N(e)  <  AJK<0  <  £  N(e)  .  (5) 


This  relation,  like  3.3(4),  follows  directly  from  the  definition  of  the 
functions  NW(Z)- 


3.2.  Moduli  of  continuity  and  some  of  their  properties 

From  the  definition  of  the  modulus  of  continuity  a)(t)  —  &>(/;  f)  for 
continuous  functions  the  following  four  properties  immediately  follow: 

(1)  co  (0)  =  0. 

(2)  The  function  &>(/)  is  non-decreasing. 

(3)  The  function  co(t)  is  semi-additive****,  that  is 

K'i+'2)  <  o)(tj+<o(tj.  (1) 

(4)  The  function  vv(/)  is  continuous  on  the  segment  0  <  t  <  b  —  a. 
The    properties    (1)    and    (2)   are   obvious.  If  1^—  *2|  <  ti+t2   and 

x—  x:  =  tl9  and  x±  <  x  <  x2,  then 


As  ,T2  —  x  <  /2,  it  follows  that 


The  property  (4)  follows  from  (1)  and  (3)  if  we  take  account  of  the  fact 
that  a)(t)  -»  0  as  /  ->  0. 


**  A.  N.  Kolmogorov  [61,  who  first  introduced  the  concepts  of  the  e-entropy  and 
e-capacity  of  a  compact  set,  also  obtained  estimates  in  a  number  of  important  cases. 
***  A.  N.  Kolmogorov  [6]. 
****  For  more  details  of  this  see  Hille  [1],  Chap.  VI. 
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It  is  not  difficult  to  see  that  the  properties  (l)-(4)  completely  define 
the  function  co(t)  as  a  modulus  of  continuity.  Every  function  a)(t)  which 
possesses  these  properties  is  automatically  a  modulus  of  continuity**. 

3.2.1.  It  is  clear  that  the  properties  (l)-(4)  remain  valid  if  in  place 
of  the  ordinary  modulus  of  continuity  we  consider  the  integral  modulus 
of  continuity  co(/;  f)LL    for  arbitrary  q  ^  1. 

3.2.2.  From  what  was  said  in  section  3.2  it  follows  that  in  the  case 
where  the  set  W  is  compact,  the  upper  bounds  in  the  relations  3.1(2)  and 
3.1(3),  represent  moduli  of  continuity.  They  can  also  serve  as  structural 
characteristics  for  W9  in  exactly  the  same  way  as  the  upper  bound  in  3.1(1), 
representing  in  the  given  case  a  sequence  of  best  approximations,  serves 
as  a  constructive  characteristic  of  this  set. 

3.2.3.  It  is  possible  to  give  a  fairly  simple  sufficient  criterion  of  whether 
a  given  function  is  a  modulus  of  continuity***.  If  the  function  co(t)  is  con- 
tinuous and  non- deer  easing  on  [0,  b—a]  and  is  such  that  o>(0)  =  0  and — — 

is  non-increasing,  then  it  is  a  modulus  of  continuity.  It  is  only  necessary  to 
verify  that  the  given  function  is  semi-additive.  In  fact, 


f.^(t\     \     s \f *    \  f}\ 

^J\l\)  ~Y~UJ\l  2)  \A/ 

It  must  be  noted  that  for  semi-additiveness  of  the  function  a)(t)  it  is  not 
necessary  for  —^-  to  be  a  decreasing  function.  However,  this  always  hap- 
pens when  o)(i)  is  for  t>  0  a  function  which  is  non-decreasing  and  convex 
upwards,  and  for  which  co(0)  =  0.  Consequently,  any  such  function  is 
a  modulus  of  continuity. 

3.2.4.  Moduli  of  continuity  exist  which  do  not  satisfy  the  condition 
of  convexity.  We  will  give  an  example  which  is  important  in  some  other 
respects  also. 

Let  us  consider  a  perfect  Cantor  set  on  [0,1]. 

The  right  hand  ends  of  the  intervals  adjacent  to  it  are  numbers  of  the 

n 

from  ]TJ  -~ ,  where  ak  assumes  only  the  values  2  and  0.  For  all  values  of 

"        V 

t  within  or  at  the  ends  of  these  intervals  let  us  put  co(t)  —  ^  -^  where 

1       if      ak  =  2, 
0       if      ak  —  0. 

**  S.  M.  Nikol'skii  [14].  In  what  follows  such  functions  eo(f)  will  be  called  moduli 
of  continuity. 

***  See,  for  example,  E.  Hille  [1],  Chap.  VI. 

7  Theory  of  Approximation 
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In  addition  let  us  put  co(0)  =  0,  co(l)  =  1,  and  at  all  other  points  of  the 
segment  [0,1]  let  us  define  co(t)  by  continuity.  It  is  not  difficult  to  see  that 
the  function  co(t)  does  not  satisfy  the  condition  of  convexity  and  that 
it  has  almost  everywhere  a  derivative  equal  to  zero.  Let  us  verify  that 
it  is  a  modulus  of  continuity,  i.e.  that  it  possesses  the  properties  (l)-(4) 
of  section  3.2.  It  is  only  necessary  to  prove  that  it  is  semi-additive.  For 
this  purpose  let  us  for  the  present  assume  that  t{  and  t2  are  the  right-hand 
ends  of  intervals  adjacent  to  the  Cantor  set  and  let  t±  <  /2-  If 


k-l  k~l 

then 

n  m 

v^i  vk  v^i  p,k  __  n      n 

k=l  k^l 

Let  us  denote  by  5-  the  natural  number  which  possesses  the  property  that 
ak  —  Pk  (k  ^  •*)>  a«M  T^  Ps+ii  anc^  let  ^  be  the  least  of  the  indices  for  which 
ft  =  0,  a,  -  2. 
Then  the  point 

2 

/2       /x  :=    2S_|_i 

will  belong  to  a  closed  adjacent  interval  with  right-hand  end 

"35-1-1  ' 


Hence 


while 


.  ~ 

r  \  —  A_    X"1    ljik~vk 

0  V  2       U  =    9s+l 


fc-s+2 


4  m  M 

-«ff    n     !  4-  V  ^      V  ^ 

—  (o^2     rj— -^i"  '     /  i  ~2/r~~    /  ,   2*  ' 


Consequently,  in  the  case  where  t±  and  /2  are  the  right-hand  ends  of 
intervals  adjacent  to  the  Cantor  set,  we  have  the  inequality 

x)  <  co(r2— O,  (4) 
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which  is  equivalent  to  3.2(4).  But  as  the  left-hand  end  of  every  such  ad- 
jacent interval  is  the  limit  point  of  some  sequence  of  right-hand  ends, 
it  follows  in  virtue  of  the  continuity  of  co(f)  that  this  inequality  holds  for 
any  two  end  points  of  the  Cantor  set.  If  now  t±  and  t%  are  two  arbitrary 
points  belonging  respectively  to  the  closed  adjacent  intervals  U  and  K, 
then  denoting  the  right-hand  end  of  the  interval  U  by  x,  and  the  left-hand 
end  of  the  interval  V  by  y,  we  have 

<*>(*2—  >i)  ^  «>(y—x)  ^  a>(y)—a)(x)  =  co(>2)—  cofo). 

The  correctness  of  the  inequality  3.2(4)  for  other  pairs  of  points  follows 
from  considerations  of  continuity. 

It  is  easy  to  show  that  for  the  modulus  of  continuity  considered  here 

the  function  —  ---  is  not  non-increasing**.  However,  from  the  inequality 
co(nt)  ^  nco(t)       (n  an  integer)  (5) 

it  immediately  follows  that  for  any  modulus  of  continuity  co(t) 

22  (,,<,,).  (6) 


We  have  already  seen  in  section  3.2.3,  that  subject  to  the  condition 
of  convexity  of  the  function  a)(t)  the  factor  2  on  the  right-hand  side  of 
this  inequality  can  be  omitted. 

3.2.5.  From  3.2.5  it  follows  immediately  that  //  o>(/)  is  a  function  which  is 
non-decreasing  and  continuous  on  [0,  b  —  a\9  and  for  which  o>(0)  —  0,  then  the  func- 

w(x) 
tion  co*(t)  =  t      inf     -  is  a  modulus  of  continuity. 

o<x<t     X 

w*(0 
Since  the  function  is  non-increasing  it   is    only  necessary  to  verify  that 

tt>*(f)  is  non-decreasing.  If  t±  <  t2  and 

inf     ~^<      inf      ^ 
o<Ar<ra     x          o<x<ri     x 
then 

inf     ^>=      inf      ^), 

o  <  x  <  fa       x  ti  <  x  <  t%       X 

and  hence 

co*(/2)  -       inf      ~  a>(x)  >  co(/0  >  t,      inf 


**  We  note  that  the  given  modulus  of  continuity  has  the  same  order  of  convergence 
to  zero  as  tloa>\ 
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We  note  that  if  co(/)  is  a  modulus  of  continuity,  then  by  the  inequalities 

4  «(/)<  co*  (/)<«(/)  (7) 

the  moduli  of  continuity  co(/)  and  to*(t)  have  the  same  order  of  convergence  to 
zero  as  f->0.  In  this  case,  as  mentioned  above,  for  co*(f)  the  ratio  ^—zl  does  not 
increase. 

3.2.6.  From  the  inequality  3.2(6)  it  follows  immediately  that /or  a  func- 
tion f(x)  which  is  not  identically  a  constant  the  modulus  of  continuity  co(t) 
=  (/;  t)  satisfies  the  relation 

lim^>0.  (8) 

r-*o      t 

From  the  remark  3.2.1  it  follows,  exactly  as  in  3.2.5,  that  for  every 
function  f(x)eLq,  where  q^l,  the  inequalities 

°At>l*>  <  2f^/^  (,t  <  t,);     M/;  t)L  <  eo* (,V  <  «(/;  t)L 
[2  ll  *  *  * 

similar  to  3.2.  (6)  and  3.2.  (7),  are  satisfied,  where  for  the  function  w*(t)L 

w*(0i, 

the  ratio  — ,  determined  in  the  same  way  as  in  3.2.5,  is  non-increas- 
ing. Hence  with  the  help  of  well-known  properties  of  the  Lebesgue 
integral  it  follows  that  for  any  function  f(x)eLq  which  is  not  equivalent  to 
a  constant, 

lim^->().  (9) 

f-*0  * 

3.2.7.  Let  us  denote  by  H(0( H^L^}}  the  class  of  all  functions  /(*), 
the  modulus  of  continuity  (integral  modulus  of  continuity)  of  which  does 
not  exceed  a  given  modulus  of  continuity  a>(f).  In  the  case  where  co(f) 
=  M/*(0  <  a  <  1)   (the  class    of  functions,    which  satisfies  a  Lipschitz 
condition  of  order  a  with  constant  Af),  the  notation  H(<^M(H(ci)M(L^} 
is  sometimes  used. 

As  an  example  of  section  3.1.3.  we  will  derive  an  estimate  of  the  growth 
of  the  e-entropy  or  e-capacity  of  the  set  AHW  of  all  functions  f(x)  which 
belong  to  the  class  H(0  on  [0,1]  and  satisfy  the  inequality  \f(x)\  <  A. 

Let  t  =  Q(T)  be  the  function  inverse  to  the  modulus  of  continuity 
r  =  a)(t)  considered.  Let  us  divide  the  segment  [ — -A,  A]  on  the  ordinate 

ve  \2A\  [2  A\ 

axis  by  the  points  — ,  where  —    —    <  v  <  I  —  I ,  and  the  segment  [0,1] 

on  the  axis  of  abscissae  by  the  points  kdQ  where  d0  =  £?(£/2),  0  ^  k  <  [1/<501» 
Through  the  resulting  points  let  us  draw  straight  lines  parallel  to  the  coor- 
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dinate  axes,  dividing  the  rectangle  [0,1;  — A,  A]  into  rectangles  with  sides 
<50  and  e/2.  From  the  definition  of  dQ  it  follows  that  the  graph  of  any  func- 
tion f(x)  eAHa  can  belong  to  not  more  than  two  such  adjacent  rectangles 
arranged  one  above  the  other**.  Hence  from  these  pairs  of  rectangles  it 

is  possible  to  form  not  more  than  2l| 1+1  13^      systems,  each  of 

which  may  contain  a  complete  graph  of  some  function  f(x)eAHM.  The 
family  of  all  functions  f(x)  of  AH^  which  belong  to  one  such  system  of 
rectangles  forms  a  certain  set  of  diameter  <  e,  and  the  sum  of  all  these 
sets  constitutes  some  e-cover  of  all  the  AH^.  Consequently, 


i.e. 


+  1    3^1 


/  1A         \ 
>&3  +  log2  f  1    +1. 

\       £  I 

Taking  account  of  3.2(8),  we  thus  see  that  for  all  values  of  e  considered 


/V.OO<-^T, 


(1)' 


(10) 


where  C0  is  some  constant. 
Now  let  d  =  Q(e), 


if      A<a>(l), 
if      A^cod), 


and  n  =  I  -^  I .  Let  us  consider  any  system  of  m  (1  <  m  ^  ri)  integers 
0  ^  k^  <  k2  <  ...  <  km  ^  n  and  the  corresponding  function 


a)(kv+1d—u), 

a)(u-kmd)y 

0, 


**  Similar  reasoning  was  applied  by  L.  A.  Lyusternik  for  the  proof  of  Arzela's 
heorem  (see  I.  G.  Petrovskii  [1]). 
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It  is  obvious  that  all  these  functions  belong  to  the  set  AH^  and  form  an 
£-chain  in  it  (see  section  3.1.3).  Since  the  number  of  such  functions  is 
given  by 


m 
it  follows  that 

i.e. 


Since  \imQ(e)  =  0  it  follows  from  this  that  for  all  values  of  s  con- 

£-+0 

sidered 


where  C  is  a  certain  constant. 

From  3.1(4),  3.2(10)  and  3.2(11)  follow  the  inequalities 


which  show  that,  for  those  moduli  of  continuity  w(t)  for  which  Q(2s) 
and  Q(K)  are  infinitesimals  of  the  same  order  as  £  ->  0,  the  exact  order 
of  increase  of  the  e-entropy  and  ^-capacity  of  the  set  AHM  is  equal  to 

o       .  In  particular,  the  s-entropy  (^-capacity)  of  the  set  of  all  functions 

f(x)  which  belong  to  the  class  H(a)M  on  a  given  finite  segment  and  satisfy 

_  i^ 

the  condition  \f(x)\  ^  A  is  a  quantity  of  the  order  e    a . 

3.3.  Moduli  of  smoothness  of  various  orders. 

In  some  cases,  for  a  fuller  description  of  the  structural  properties  of 
the  functions  of  some  compact  class  we  study,  in  addition  to  the  moduli 
of  continuity  of  these  functions,  their  moduli  of  smoothness  of  various 
orders,  which  are  defined  as  follows.  If  the  function  f(x)  is  bounded  on 
[a,  b],  by  its  modulus  of  smoothness  of  order  k  ^  1  is  meant  the  function 

(0k(fl  0  —  cok(f'>  a->  b'9  0  =  SUP  M!i/(X)l  9 

"  a.  i*i<f, 
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defined  for  non-negative  values  of  /  <  —7—  ;  in  the  case  when  k  =  1  , 

K 

this  is  the  ordinary  modulus  of  continuity. 

The  integral  modulus  of  smoothness  is  defined  similarly.  If  the  function 
/(#),  measurable  and  of  period  b—  a,  belongs  to  the  class  Lq  on  [a,b], 
then  by  its  integral  modulus  of  smoothness  of  order  k  ^  1  is  meant  the 
function 

ft  i 

<»*(/;  OL,  =  sup  f  J  \Alf(x)  |«  dx)T. 

The  following  properties  of  the  modulus  of  smoothness  cok(t)  =  (ok(f;  f) 
follow  directly  from  the  definition**: 

(1)  ft>i(0)  =  0. 

(2)  The  function  cok(t)  is  non-decreasing. 

(3)  If  the  function  f(x)  is  continuous,  then  a)k(t)  is  also  continuous 

b  —  ci 
on  the  segment  0  <  t  <  —  j~—  . 

/v 

(4)  If  the  function  f(x)  has  a  bounded  derivative  of  the  r-th  order 
(r  an  integer)  on  [a,  b],  then  for  any  integer  k  >  0 

rW/;0<'X(/(r);0-  (i) 

Similarly  if/(r  X)(;c)  is  absolutely  continuous  and/(r)(jc)eLa  (#  >  1),  then 

«>*+r(/;OL4<^*(/(r);OL,. 

(5)  If  n  >  0  is  an  integer,  then 

cok(nt)  <  nX(0-  (2) 

Similarly  for  any  q^\  <ok(f;  nt)L  <  nk(ok(f;  f)L  . 

Properties  (1)  and  (2)  are  obvious,  and  (3),  (4)  and  (5)  follow  respecti- 
vely from  the  simple  inequality 

\a>k(ti-«>M\  <  2kco1(k\t2-t1\)  (3) 

and  the  identities 

n      h 

•  •  •  +tr)dtt...  dtr,  (4) 


^*/«  =  s  ... 

v^O  Vfc-0 

which  are  easily  verified  by  induction. 


**  See  A.  Marchoud  [1]. 
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3.3.1.  It  follows  from  (2)  and  (5)  that  any  modulus  of  smoothness  sa- 
tisfies the  inequality 

*.i     1 4    \  >-.\     ft    \ 


a  particular  case  of  which  is  3.2(6)**.  We  conclude  from  this  that  in  those 
cases  where  cok(t)  ^t  0  we  have 

lim^-X).  (7) 

«->o       * 

The  factor  2k  on  the  right-hand  side  of  3.3(6)  can  be  omitted  if  the  func- 
tion—*^—  does  not  increase.  Just  as  in  section  3.2.5,  for  every  modulus 

of  smoothness  cok(t)  there  can  be  found  a  non-decreasing  function,  for 
example 

»'(0  =  t    inf   ^£> ,  (8) 

0<  xf^t         X 

connected  with  it  by  the  inequalities 

4r^(0<^*(0<^(0  (9) 

and  such  that  the  ratio — ^-does  not  increase. 

/* 

As  a  result  of  3.3(9)  the  order  of  convergence  to  zero  as  t  ->  0  is  the 
same  for  a)*(t)  as  for  cok(t). 

3.3.2.  There  is  a  well-known  connection  between  moduli  of  smoothness 
of  various  orders.  In  the  first  place  it  is  obvious  that  if  k  <  v  then 

cov(/;  o  <  2-X(/;  0 

for  any  function  f(x). 

As  is  demonstrated  by  the  example 


this  inequality  cannot  be  improved  as  regards  order  (as  t  ->  0)  in  the  gen- 
eral case.  Thus  it  enables  us  to  estimate  the  modulus  of  smoothness  of 
a  function  from  above  in  terms  of  its  moduli  of  smoothness  of  lower  orders. 
On  the  other  hand,  the  moduli  of  smoothness  of  a  function  can  be  esti- 


It  follows  from  this,  that 
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mated  from  above  also  in  terms  of  its  moduli  of  smoothness  of  higher 
orders.  Whatever  the  natural  number  k  may  be,  the  inequality** 


;  0  <  ct/»     -suP|/(*)|  (ii) 


holds  for  all  sufficiently  small  values  of  t,  where  Ck  and  c  are  positive  cons- 
tants, independent  of  f. 

To  prove  this  we  note  that  in  virtue  of  the  identity  3.3(5)  we  have 


Hence 


or 


Hence  by  the  condition***  a  <  x+2kh  <  b,  h  >  0,  it  follows  that 

k-l          k 

i.e. 

Putting  here  successively  h  =  2me  (m  =  0,  1, ...,  r—  1)  and  taking  account 
of  the  fact  that  Q<  s  <  t  <  + 1  ^ ,  we  obtain  a  system  of  inequalities  of 
the  form 


**  A.  Marchoud  [1],  In  virtue  of  the  inequality  3.3(1)  we  conclude  from  this  that 
(x)  has  a  bounded  derivative  /'(*)»  then  for  sufficiently  small  / 


for  all  k  >  2. 

***  In  the  case  where  the  function  f(x)  is  defined  on  the  whole  real  axis  this 
condition  is  superfluous. 
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From  these  follows  the  estimate 


I  •*•*  2  e* 

which  shows  that 

r-l 


LS 


o>,H-i(/;2mO 


r-l 

su 


— 

Thus,  whatever  the  sufficiently  small  positive  t  ^  -^TTT  may 

^u   /C 

non-negative  e  <  ^ 


Consequently,  this  inequality  is  satisfied  uniformly  with  respect  to  all 

x  e  #  ,  -  ~—    and  0  <  s  <  r  <  ^,7x1/7-  If  now  ^n  place  of  f(x)  we  substi- 
L          ^     |  2r     /c 

tute  the  function  <£(X)  =f(a+b—  x),  we  find  that  the  inequality 


also  satisfies  the  same  condition.  As  a  result  of  this,  choosing  r  =  r(f) 
such  that  -^,  -  <  2r/  <-—  r-,  we  obtain  the  estimate  3.3(11). 

T'/C  .Z/C 

Let  us  note  that  this  inequality  can  be  written  in  the  more  general 
form: 


«*(/;  0  <  Ct.vr*       '          du+0(t")  (12) 

tJ         W 
r 

where  k  <  v,  and    Ckt  v  and  c  are  constants  which  do  not  depend  on  /. 
The  estimate  3.3(12)  shows  that**  a)k(f;  tv)  =  O{o>v(/;  **)}   (A:  <  v). 


**  In  order  to  verify  this,  it  is  sufficient  to  divide  the  range  of  integration  [/,  c]  in 

k 

3.3(12)  into  two  parts  by  the  point  /v  and  make  use  of  the  properties  3.3(2),  3.3(6) 
and  3.3(7). 
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3.3.3.  As  a  corollary  of  the  inequality  3.3(12)  we  note  that  if  v  >  k, 
^v  and  cov(f;  f)  =  0(ra),  then  as  t  ->  0 

if      a>fc, 

if      <*  =  *,  (13) 

//      a<k. 

Here  the  replacement  of  O  by  o  (as  t  ->  0)  in  the  condition  entails  the  same 
substitution  in  the  last  two  cases.  In  particular,  for  k  —  1,  v  =  2,  0  <  a  <  1, 
there  follows  from  this  A.  Zygmund's  theorem**  which  states  that  for 
periodic  functions  the  conditions 

o)2  (/;  K)  -  0(A«)      (<oa  (/;  /i)  - 
and 


re  equivalent  when  a  <  1,  #«<Y  //  w2(/;  A)  =  O(/0  (a>2(/;  //)  —  o(h)\9  then 
(/;  A)  = 


Examples  exist  which  show  that  these  estimates  cannot  be  improved 
as  regards  their  orders.  For  a  =  1  in  the  case  of  the  segment  [  —  1,1]  an 
example  of  this  is  given  by  the  function*** 


—n  (x—  1)  —  —  --  ,      x  e 
0, 

f(-X), 

or  for  the  whole  axis    —  oo  <  x  <  oo 


I      —  ,  1  —  2/1+1" 


s'mkx 


As  an  example  of  this  the  function  (see  9.16) 

00 

f(x)  =  ^T  akcos(^)      (0  <  a  <  1  ,  6  an  integer   >  1),         (16) 

fc-O 

of  the  type  2.11(6)  in  which  ab  =  1,  is  frequently  taken. 


**  A.  Zygmund  [2].  For  arbitrary  bounded  functions  defined  on  the  whole  real 
axis  this  result  was  established  by  S.  N.  Bernstein  (36]. 

***  The  function  3.3(14)  possesses  the  property  that  for  any  xe[  — 1,  1], 
(x)  =  sup  1<H*)|,  where  the  upper  bound  extends  to  all  <l>(x)  for  which  0(±1)  =  0, 
/max  |<H*)|  <  1  and  w2(</»;  /;  -1 ,  1)<  2t.  See  A.  F.  Timan  [9]. 
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3.3.31.  In  the  case  where  k  =  1,  v  =  2  and  0  <  a  <  1,  the  relation  3.3(13)  can  be 
made  more  precise  and  we  obtain  for  o^  (/;  t)  a  final  asymptotic  estimate.  If  for 
0<a<l 

w2(/;  0  <  (2tf  (17) 

then 

1 


Tn2 


-  0(0,      when     a  —  1, 

(18) 
-fa+0(0,          when      0<a<l. 


In  the  class  of  all  functions  defined  on  a  certain  segment  and  satisfying  there  con" 
dition  3.3(17),  this  inequality  is  asymptotically  exact  as  /->  0.  In  this  class  there  are  func- 
tions (for  example  the  function  3.3(14),  if  a  =  1),  for  which  the  left-hand  side  of  3.3(18) 
is  asymptotically  equal  to  the  right**). 

It  should  be  observed  that  in  the  subclass  of  all  the  periodic  functions  f(x)  the  con- 

1                  1 
stants  j— 2  and  ~~^ia in  equation  3.3(18)  can  now  be  reduced***.  Thus,  for  example, 

the  definitive  constant  in  the  first  of  these  inequalities  for  periodic  functions,  exactly  as 

I          *#*# 

for  any  bounded  functions  defined  on  (—00,00),  is  — — — .  The  reader  will 

hnj/2  -1-1) 

find  proofs  of  the  more  precise  inequalities  indicated  in  the  references  quoted. 

3.3.4.  As  is  not  difficult  to  see  the  inequality  3.3(12)  remains  valid 
if,  in  the  case  of  functions  defined  on  the  whole  real  axis,  the  ordinary 
moduli  of  smoothness  are  replaced  by  the  integral  moduli  of  smoothness 
<*>k(f\  t)  and  cov(/;  f)Lq. 

However,  in  some  cases  the  inequality  3.3(12),  being  as  regards  order 
(as  /  -»  oo )  definitive  for  uniform  metrics,  now  turns  out  to  be  crude  for 
the  metric  Lj. 

3.3.41.  We  will  illustrate  this  statement  by  the  example  of  the  space 
L*  when  k  =  I,  v  =  2,  a  =  1,  and  will  show  that  //  the  function  f(x)  is 
periodic  and  co2(/;  0L*  =  O(t)  then 

In- 


**  A.  F.  Timan  [9],  G.  N.  Sakovich  [1]. 
***  I.  E.  Gopengauz  and  A.  F.  Timan  [1],  A.  F.  Timan  [10]. 
****  A.  V.  Efimov  [1]  for  the  periodic  case;  A.  F.  Timan  [16]  for  the  general  case, 
t  See  A.  F.  Timan  and  M.  F.  Timan  [1],  and  also  A.  Zygmund  [4]. 
tt  This  statement  is  a  particular  case  of  a  more  general  theorem  by  which  the 
inequality 


0'         a  ~l% 

2          /•  f       \  I 

cojc4-i(/;  u)  ,    I 

— ^nT-  "\ 


which  follows  from  theorem  6.1.5,  always  holds.  See  A.  F.  Timan  and  M.  F.  Timan  [2]. 
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With  the  same  conditions  an  inequality  similar  to  3.3(12)  gives  only  the 


estimate  co^f;  t),.  =  oltlnL}. 
I        // 


From  what  was  said  in  section  2.8.2,  and  Parseval's  equality,  it  follows 
in  virtue  of  theorem  5.11.1  that  if 


and 


then 


Also,  the  function  f(x+h)—f(x—h)  has  as  its  complex  Fourier  coeffic- 
ients the  numbers  2iCksmkh.  Hence 

*" 


f\      i  \j  vv  i  "j    j  vv    •*/!  ^^      ^    /  ,    |c^sin/CAZ|  . 
o 


-til- 


Choosing  n  =  |  -^- 1 ,  we  find  from  this 

1 7  v1 

—  J  lf(x+h)-f(x-h)\  dx-4^1 


01 


c,  |2  +0(1)} 
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Consequently, 


2rr 


and 


Let  us  note  that  the  proposition  proved  can  be  generalised  to  any  space 
£?(!  <<!<  oo)**.  Ij  G)2(/;  t)Lq  =  0(0,  then 

1  V1-! 

1  <<7<2, 

(19) 

2  <  #<  00. 

It  can  be  shown  that  the  estimate  3.3(19)  for  the  integral  modulus  of 
continuity  is  definitive  as  regards  order  (as  t -*  0)  (see  3.12.26)***. 

3.3.5.  From  the  inequalities  3.3(10)  and  3.3(12)  (see  also  section  3.3.4) 
follows  a  new  formulation  of  the  criterion  of  compactness  of  sets  of  functions 
in  the  space  C  (or  Lq,  respectively).  A  bounded  set  W  of  functions  which  are 
continuous  (belong  to  the  set  Lq)  on  a  finite  segment  is  compact  in  the  sense 
of  uniform  convergence  (of  mean  convergence  over  the  period)  if  and  only  if, 
when  k  ^  1 , 

sup  cok  (/;/)->  0      as      t  ->  0 ,  (20) 


or 

sup  <ok(f;  t)L  ->  0      as      t  -»  0,  (21) 


q 


respectively. 

3.3.1.  It  must  be  noted  that  if  the  segment  considered  is  infinite,  then 
condition  3.3(20)  (or  3.3(21),  respectively)  entails  compactness  in  the 
sense  of  uniform  convergence  (convergence  with  respect  to  the  metric 
Lq)  only  over  any  finite  range  contained  in  it. 

3.4.  On  compact  classes  of  functions  of  many  variables 

Let  us  now  consider  the  question  of  the  structural  characteristics  of 
compact  sets  of  functions  of  many  variables  and  for  definiteness  let  us 
restrict  ourselves  to  the  case  where  the  number  of  variables  is  two. 


**  A.  Zygmund  [4]. 

***  M.  F.  Timan  showed  that  such  estimates  also  hold  for  f(x)  €Lq  (—00,  oo). 
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3.4.1.  Let  W  be  the  set,  compact  in  the  sense  of  uniform  convergence, 
of  functions  f(x,  y)  which  are  continuous  in  the  closed  bounded  rectangle 
G  of  the  variables  x  and  y.  If  we  consider  the  modulus  of  continuity 

<*>(/;  u,  v)  ==  sup  \f(xl  ,  yl)-f(x2  ,  yj  |  ,  (1) 


y\ 


it  immediately  follows  from  Hausdorff's  theorem   on  finite  £-nets  for 
compact  sets  (see  2.5.1)  that: 

sup  co(/;  w,  v)  -»  0      as      w,  ^  ->  0.  (2) 


Conversely,  if  the  relation  3.4(2)  is  satisfied  and  the  set  J^is  bounded,  then, 
reasoning  exactly  as  in  the  proof  of  Arzela's  theorem  for  sets  of  continuous 
functions  of  a  single  variable**,  we  see  that  W  is  compact  in  the  sense  of 
uniform  convergence  on  G.  Consequently,  the  relation  3.4(2),  and  also  the 
relation 

sup  Enit  M2  (/)  -»  0      as      «!  ,  n2  ->  oo  ,  (3) 


are  necessary  and  sufficient  conditions  for  the  compactness  of  a  bounded 
set  W  of  functions  continuous  on  G. 

3.4.2.  It  is  possible  to  formulate  in  a  similar  way  the  condition  for  the 
compactness  of  the  set  W  of  functions  /(x,  v),  periodic  in  each  of  the  varia- 
bles, and  belonging  to  the  class  Lq  on  the  rectangle  of  periods  G,  if  use  is 
made  of  the  integral  modulus  of  continuity 

-       sup 


Since  in  virtue  of  section  1.4.2  co(/;  u,  v)L  ->  0  as  w,  v  ->  0  for  each  of  the 
functions  f(x,  y)eLq  on  G,  it  follows  from  considerations  similar  to  those 
applied  in  section  3.4.1  that  the  bounded  set  W  of  periodic  functions 
f(x,  y)eLq  is  compact  in  the  sense  of  mean  convergence  if  and  only  if 

sup  co(/;  u9  v)L  -»  0      as      u,  a  ->  0.  (4) 

few  q 

3.4.3.  From  the  definition  of  the  modulus  of  continuity  o)(u,  v) 
—  co(/;  u,  v)  for  continuous  functions  f(x,  y)  the  following  properties 
immediately  follow: 

(1)  o>(0,0)  =  0. 

(2)  The  function  w(u9  v)  is  non-  decreasing  with  respect  to  u  and  v. 


**  See  V.I.  Smirnov  [1],  Vol.  V,  sec.  1.4. 
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(3)  The  function  a)(u,  v)  is  semi-additive,  i.e. 


(4)  The  function  CO(M,  v)  is  continuous. 

The  properties  enumerated  are  proved  in  exactly  the  same  way  as 
were  the  properties  (l)-(4)  in  section  3.2,  and  as  a  whole  completely  char- 
acterise the  function  co(u,v)  as  a  modulus  of  continuity.  If  w(ii,  v)  possesses 
all  these  properties,  then  it  is  automatically  a  modulus  of  continuity. 

The  integral  modulus  of  continuity  co(/;  u,  v)L  also  possesses  the  four 
properties  indicated  for  any  q  ^  1  . 

3.4.31.  The  complete  modulus  of  continuity  o>(/;  u,  v)  of  the  function 
f(x,  y)  is  connected  with  its  partial  moduli  of  continuity 

a)(f;  u,  0)  =  sup     sup     \f(xl  ,  y)-f(x2  ,y)\. 

y    \xi—  jcsl  <  u 

to(f;  Q,v)  =  sup     sup     \f(x  ,  yd  -/(*,  J2)  |  . 

*    \yi—  yil<t> 

by  the  inequalities 

max{co(/;  u,  0),  co(/;  0,  v)}  <  co(/;  i/,  »)  <  (/;  i/,  0)+o>(/;  0,  0).    (5) 

Hence  if/21(0  and^32(0  are  two  simple  moduli  of  continuity,  characterised 
by  the  properties  3.2,  (l)-(4),  the  class  of  functions  the  partial  moduli  of 
continuity  of  which  o>(/;  u,  0)  and  co(/;0,^)  do  not  exceed  QL(u)  and 
Q%(v)  respectively,  is  identical  with  the  class  of  functions  f(x,y)  with 
complete  modulus  of  continuity  co(f;  u,  v)  which  satisfies  the  inequality 

).  (6) 


3.4.32.  The  inequality  3.4(5)  remains  valid  if  the  ordinary  complete 
and  partial  moduli  of  continuity  in  it  are  replaced  by  the  corresponding 
complete  integral  modulus  of  continuity  co(/;  u,  v)L  (q  >  1)  and  the 
partial  integral  moduli  of  continuity 


G>;n,O      -  sup 

I  h  KM   G 

fl>(/;  0>  v)L  =  sup  (5Sl/(*,  y+h)-f(x,  y)  \"  dxdy}"'. 

UKv  G 

3.4.32.  It  follows  from  what  was  said  in  section  3.4.3,  that  the  upper 
bounds  in  the  relations  3.4(2)  and  3.4(4),  in  the  case  where  the  set  is  com- 
pact, represent  the  moduli  of  continuity.  They  can  serve  as  structural 
characteristics  for  W,  exactly  as  the  simple  moduli  of  continuity  do  for 
classes  of  functions  of  a  single  variable.  However  in  virtue  of  the  remark 
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made  in  3.4.31  the  specification  of  such  a  characteristic  co(u,v)  is  equi- 
valent to  the  specification  of  some  pair  of  simple  moduli  of  continuity 
JQ^O  and  &2(0-  F°r  th*8  reason  the  class  W  of  all  the  functions  /(x,  y), 
the  modulus  of  continuity  (integral  modulus  of  continuity)  of  which  does 
not  exceed  the  given  moduls  of  continuity  co(t/,  v),  is  indicated  by  //#,,#, 
(nQlt0t(Lq))9  where 

QL  (0  =  sup  o>(/;  t,  0)      Q2  (0  -  sup  co(/;  0,  r) 
(flx  (0  -  sup  co(f;  /,  0)v      £2  (0  -  sup  <w(/;  0,  f)ij. 

3.4.34.  As  in  section  3.3,  for  a  more  complete  description  of  the  struc- 
tural properties  of  functions  of  many  variables  it  is  possible  to  consider, 
in  addition  to  their  moduli  of  continuity,  their  moduli  of  smoothness  of 
various  orders.  Thus,  for  example,  if/(x,  y)  is  a  function  continuous  on 
the  rectangle  G,  then  its  total,  mixed  and  partial  moduli  of  smoothness 
are  naturally  defined  respectively  as  the  upper  bounds 

O)K  (/;  z/,  v)  —         sup        MJjf/C^J7)! 

\h  \  <u,  |if|  <y 


=       sup 


\f(x+vh,y+vi)) 
,  y) e G,  (x+ku,  y+kv)eG; 


=       SUP 


1,  f(x,  y\ 


=      sup 

I  ft  1  <  ii.  !  17 1  <» 


(x9 y)eG,  (x-\-ku,y+lv)eG; 


;  ^  0)  = 


;  w, 


sup  sup 

y      Jli  KM 


=  sup  sup 


jf(x+vh9y) 
(x,y)eG,  (x+ku,y)eG't 


v  =  0 

(x,y)eG,  (x,y+kv)eG. 

These  four  functions  possess  a  series  of  properties  similar  to  those  indicated 
in  section  3.3  for  simple  moduli  of  smoothness.  The  nature  of  their  be- 
haviour for  sufficiently  small  values  of  u  and  v  reflects  the  various  differ- 
ential properties  of  the  functions  studied.  Thus,  for  example,  if  a>i(/;  u,  0) 
=  O(u),  co^f;  0,  v)  =  o(v)  and  col9l(f;  u,  v)  =  o(u+v),  then  the  function 
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f(x,y)  is  differentiable  almost  everywhere.  By  induction  with  respect  to 
k  it  is  not  difficult  to  show  that  the  inequality 

max  {COK(/;  u,  0),  cok(f;  0,  v)}  <  a>k(f,  u,  v)  < 


which  gives  an  estimate  of  the  complete  modulus  of  smoothness  of  the 
function  /  in  terms  of  its  mixed  and  partial  moduli  of  smoothess  of  the 
same  order,  is  always  valid. 

Hence,  using  the  inequalities  3.3(12)  and  3.4(5),  it  is  easy  to  arrive  at 
a  new  formulation  of  the  compactness  of  a  set  W  of  functions  continuous 
on  a  closed  bounded  rectangle.  A  bounded  set  H^of  functions  f(x,  y)  con- 
tinuous on  G  is  compact  in  the  sense  of  uniform  convergence  if  and  only 
if 

sup  (ok(f;  u9v)-*Q      (u,  v  ->  0)  (8) 

few 

for  k  >  1. 

3.5.  Compact  classes  of  differentiable  functions 

Let  us  pass  on  to  the  consideration  of  sets  consisting  of  differentiable 
functions. 

3.5.1.  Let  the  class  W  consist  of  the  functions  f(x),  which  possess  on 
the  segment  [a,  b]  an  (r—  l)-th  (r  ^  1)  absolutely  continuous  derivative 
and,  consequently,  almost  everywhere  a  derivative  f(r)(x)  of  order  r.  For 
W  to  be  compact  in  the  sense  of  uniform  convergence  it  is  sufficient  that 

sup  max  \f(x)  \  oo  and 
few    x 

sup  vrai  sup  \f(r}(x)  \  <  co  .  (1) 

few    a<x<;b 

If  these  conditions  are  satisfied,  then  the  classes  W(l)  ,  W(2)  ,  JF(3),...,  W(r~l) 
consisting  respectively  of  the  (r-—  l)-th,  (r—  2)-th,  (r—  3)-th,...,  first, 
derivatives  of  all  the  functions  of  W  mil  also  be  compact. 

The  class  W  consisting  of  all  functions  /(x)  possessing  on  [a,b]  an 
absolutely  continuous  (r—  l)-th  derivative  f(r^1}(x)  for  which  the  upper 
bound  in  3.5(1)  is  equal  to  M,  will  be  denoted  by  W(r}M  in  what  follows. 

It  goes  without  saying  that  condition  3.5(1)  is  not  necessary  for  the 
compactness  of  W.  It  would  be  possible  to  require  only  the  satisfaction 
of  the  conditions 

sup  max  \f(x)  \  <  oo 
few    x 

sup  vrai  sup  ]/'(*)  I  <  oo 

few    a<x^b 
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and  thereby  significantly  widen  the  given  class   of  functions  (up  to  the 
class  W(l}),  without  destroying  its  compactness. 

3.5.2.  It  is  also  possible  to  indicate  other  conditions  for  the  com- 
pactness of  the  sets  considered,  which  are  less  restrictive  than  3.5(1). 
Among  them  we  note  the  following.  If  the  set  W  consists  of  the  functions 
f(x)  which  on  the  segment  [a,  b]  possess  an  (r— l)-th  absolutely  continuous 
derivative  and  almost  everywhere  a  derivative  of  order  r  >  1  for  which 

b 

sup  jj  |/(r)(0 1  At  <  oo ,  (3) 

J  trr    a 

and  if  in  addition 

sup  max  |  f(x)  \  <  oo ,  (4) 

few      x 

then  W  is  compact  in  the  sense  of  uniform  convergence. 

The  validity  of  this  proposition  follows  directly  from  the  formula 

f(x)  -       1       I  (je_,r  !/•<,>(,)  dt+Yc  x«  (5) 

a  K  —  0 

in  fact,  by  3.5(3) 

x  b 

i 

b 

^  (b-a)r  l  sup  $  |/(r)(01  dr  <  oo .       (6) 
f^w  a 

Thus  for  the  set  of  algebraic  polynomials  on  the  right-hand  side  of  3.5(5) 
we  have 

sup    max    |  X  ckxk\  <  °°- 

Consequently,  as  has  already  been  mentioned  in  section  2.1.1  (see  also 
2.13.1),    sup  \ck\  <  oo  (k  =  0,  1,  ...,  r— 1)    and  the  given  set   of  poly- 

feW 

normals  is  compact  in  the  sense  of  uniform  convergence.  It  only  remains 
to  verify  the  compactness  of  the  family  of  integrals 


(7) 
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on  the  right-hand  side  of  3.5(5).  For  this  we  have  to  note  that  supco(Fr  ;  A)->  0 

few 

as  /z->  0,  and  make  use  of  theorem  3.1.1.  From  condition  3.5(3)  it  fol- 
lows that 

sup    sup    \f<'-»(x)-f™(a)\«x>, 

feW  a<x<b 

and  hence  using  Taylor's  formula 

/w  _/>  (^+£ 


fc-0  • 

we  conclude  that  from  condition  3.5(4)  it  follows  that  sup  \f(k)(a)\  <  oo 

few 

(k  =  0,  1,  ...,  r—  1)  and  consequently  that 

sup    sup    |/(*>(*)|<oo       (fc  =  0,l,...,r-l).  (8) 

/    W   a^x<b 

The  compactness  of  the  classes  W(k)(k  =  1,  2,  ...,  r—  1)  follows  from  the 
last  inequalities  (see  theorem  3.5.1). 

The  example  of  the  sequence  of  functions  fn(x)  =  xn,  considered  on 
the  segment  [0,1],  shows  that  for  r  =  1  theorem  3.5.2  is  no  longer  true. 
In  the  case  r  =  1,  as  is  obvious  from  the  proof,  it  would  be  necessary  to 
require  in  place  of  3.5(3)  that 

x* 
sup       sup      \  \f'(t)  \  d/  -»  0      as      h  ->  0. 

fcW     !xi-jca|</i  ^ 

3.5.21.  The  assertion  3.5.2  will  be  true  a  fortiori  if  we  replace  3.5(3) 
by  the  condition  f(r)(x)eLq  (q^  1),  on  [a,  b]  and 

& 
sup  J|/<r>(jc)|«djc<  oo  (9) 

few  a 

when  r  >  1  ,  or 

Xi 

sup         sup     jj  I  f(x)  \q  dx  ->  0      as      h  -»  0 

fcW     Ui-xal  <h  Xl 

when  r  =  1. 

3.5.3.  The  class  of  functions  f(x)  which  have  on  [a,  b]  an  (r—  l)-th 
absolutely  continuous  derivative  for  which  3.5(3)  and  3.5(4)  hold,  is  in 
virtue  of  3.5(8)  contained  in  the  class  W(r"l}M  to  within  a  constant  M.  If 
we  consider  a  bounded  set  (i.e.  a  set  satisfying  condition  3.5(4))  in  the 
class  of  all  functions  of  which  the  modulus  of  continuity  of  the  (r—  l)-th 
derivative  (r  >  1)  does  not  exceed  the  given  modulus  of  continuity  co(/), 
then  we  obtain  another  example  of  a  compact  set  contained  in  W( 


SOME   COMPACT   CLASSES    OF   FUNCTIONS  117 


In  what  follows  we  shall  denote  such  a  class  of  functions  by  W( 

and,  in  the  case  where  co(0  =  Mt*  (0  <  a  <  1),  by  W(r-^HwM**.  The 

class  W(r~VH(l)M  is  identical  with  W(r)M. 

In  the  periodic  case  the  classes  W(r)Hn(L^  are  similarly  defined, 
consisting  of  the  periodic  functions  /(x),  the  (r—  l)-th  derivative  of  which 
is  absolutely  continuous,  the  r-th  derivative  belongs  to  Lq  (q  >  1)  on 
a  period  and  has  an  integral  modulus  of  continuity  co(/(r);  t)L  which 
does  not  exceed  the  given  modulus  of  continuity  w(t).  In  many  problems 
an  important  part  is  played  by  the  class  W(r}H^M(Lq)9  which  consists 
of  the  periodic  functions  which  have  an  (r—  l)-th  (r  ^  1)  absolutely  con- 
tinuous derivative,  an  r-th  derivative  belonging  to  Lq  on  a  period,  and 
are  such  that 

);  f)L  ^Mt*       (1  <  q  <  oo,  0  <  a  <  1). 


'« 
It  is  sometimes  also  denoted  by  //^r+a)  M(Lq). 

3.5.4.  The  functions  Fr(x)  defined  in  3.5(2)  are  the  r-th  integrals  of 
the  functions  F(x)  =f(r)(x):  F±(x)  is  the  integral  of  F(x)  over  the  interval 
(a,  x)  and,  for  all  other  integers  k>  1,  Fk(x)  is  the  integral  of  Fk~i(x) 
over  the  same  interval.  Thus  the  given  set  W  of  integrable  functions  F(x) 
is  mapped  into  the  set  W(r)  of  functions 

(10) 


and  depending  on  the  character  of  the  set  W  we  obtain  one  or  other  of 
the  classes  of  functions  W(r\  indicated  in  3.5.1-3.5.3. 

Since  the  functions  which  form  the  integrands  on  the  right-hand  side 
of  3.5(10)  are  integrable***  for  any  r  >  0  for  almost  all  x9  the  concept  of 
an  integral  of  the  r-th  order  of  the  function  F(x)  is  extended  directly  to 
fractional  values  of  r  also,  if  formula  3.5(10)  is  taken  as  its  definition****. 
The  r-th  integral  Fr(x)  defined  in  this  way  is  finite  for  almost  all  x,  being 
an  integrable  and,  in  the  case  where  r  >  1,  even  a  continuous  function. 

By  considering  various  classes  W  of  functions  F(t)  and  giving  r  also 
fractional  values,  we  can  obtain  new  compact  sets,  consisting  of  the  func- 
tions Fr(x). 


**  The  class  of  all  the  functions  of  period  2-n,  which  belong  to  W(r}  H^  (or  to  W(r) 
//(a) M  or  W (r) M  respectively)  on  (—00,  oo),  will  in  what  follows  be  denoted  by 
wVHa(oT  by  W&H(*}M  or  W^ M  respectively). 

***  Use  Fubini's  theorem  for  multiple  integrals. 

»**#  jnjs  definition  of  fractional  integration  was  indicated  by  Riemann  [1]  and 
Liouville  [1J. 
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3.5.5.  In  the  consideration  of  periodic  functions  F(x)  it  is  more  con- 
venient to  replace  the  definition  of  an  integral  of  fractional  order  given 
by  formula  3.5(10)  in  3.5.4,  by  a  definition  which  is  more  natural  in  this 
case**.  Let  F(x)  be  an  integrable  function  of  period  2jc  for  which 

2rc 

jF(f)d/  =  0,  (11) 

0 

and  let 

00 

X    Cte?k*      (Fs  =  c_»)  (12) 

fc  =  -    00 

be  its  Fourier-Lebcsgue  series,  i.e. 

2TC 

ck  =  ~  jj  F(/)e-'b  df      (cc  =  0).  (1 3) 

0 

For  any  integer  r  >  0  the  r-th  integral  Fr(x)  of  the  function  F(x)  is  de- 
termined in  such  a  way  that,  like  the  function  F(x),  it  is  a  periodic  function. 
To  achieve  this,  from  all  the  primitive  functions  of  F(x)  we  choose  as  the 
first  integral  F±(x)  that  of  which  the  integral  over  (0,2;r)  is  equal  to  zero. 
The  remaining  successive  integrals  Fk(x)  (k  >  1)  are  determined  in  exactly 
the  same  way,  i.e.  so  that 

2rr 

S  F,(f)dt  =  o. 

0 

Since  Fourier-Lebesguc  series  can  be  integrated  term  by  term,  the  result- 
ing series  being  always  uniformly  convergent,  we  find  that  for  any  integer 
r>  1 

00 

Fr(x)=    Y.    -T^sre'*'.  (14) 


Substituting  there  the  values  of  the  ck  from  3.5(13)  and  interchanging*** 
the  order  of  the  summation  with  respect  to  k  and  integration  with  respect 
to  t,  we  find  that  for  all  integers  r  ^  1 

2rr 

—  (  F(t)l%>(x-t)dtt  (15) 


**  Weyl  [1]. 

***  The  change  of  the  order  of  summation  and  integration  is  possible  owing  to 
the  fact  that  for  r  >  1  the  partial  sums  of  the  series  3.5(16)  are  uniformly  bounded. 
(See  4.12.12). 
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where  the  kernel 


apart  from  sign,  is  identical  with  the  function  0r(V+7r)  already  considered 
in  section  2.11.4  (see  2.11(11)). 

If  Abel's  transformation  is  applied,  it  may  be  verified  that  whatever 
r  >  0  may  be,  the  trigonometric  series  3.5(16)  converges  on  [0,27r)  for  all 
values  of  t  except  perhaps  for  t  =  0.  A  second  application  of  Abel's  trans- 
formation shows  that  its  sum  is  an  integrable  function.  Hence  from  a  well- 
known  theorem  of  the  theory  of  trigonometric  series  it  follows  that  this 
series  is  the  Fourier  series  of  its  sum  D^(i),  which  is  now  defined  for 
all  r  >  0.  Since  the  function  which  forms  the  integrand  on  the  right-hand 
side  of  formula  3.5(15)  is  integrable**  for  any  r  >  0,  it  is  natural  to  define 
the  integral  of  the  r-th  order  Fr(x)  of  the  function  F(x)  in  the  general 
case  by  this  formula  for  almost  all  x.  In  exactly  the  same  way,  in  the  defi- 
nition given  in  3.5.5,  the  r-th  integral  Fr(x)  is  finite  for  any  r  >  0  for  al- 
most all  values  of  x9  being  an  integrable,  and  in  the  case  when  r^  1, 
even  a  continuous  function. 

Evaluation  of  the  Fourier  coefficients  of  the  function  Fr(x)  shows  that 

irTT 

its  Fourier  series  is  a  trigonometric  series  with  the  coefficients  S*LQ     2". 

fv 

Applying  Abel's  transformation  twice  to  its  partial  sum  and  then  using 
the  well-known  theorem  of  the  arithmetical  means  of  the  partial  sums 
of  a  Fourier  series,  we  can  verify  that  this  series  converges  almost  every- 
where and,  consequently,  has  Fr(x)  as  its  sum. 

3.5.51.  The  definition  of  a  fractional  integral  by  formula  3.5(15)  in  some  respects 
differs  little  from  the  definition  given  in  section  3.5.4.  This  can  be  verified  for  the  case 
0  <  r  <  1  by  considering  the  expansion 

n       ,r-i       v.-r*       A-r        0  -r)(2-r)(3-r)  ...  (*-r) 

(I-Z)          =    2j    4k    Z  ,        Ak      =  --  £j  --  -  -  —  -  ,         AQ      =    1, 
fc  =  0 

which  holds  everywhere  in  the  closed  circle  |  z  \  <  1  with  the  exception  of  the  point 
z  =  1.  If  we  substitute  in  this  z  —  elf  (/^  0),  we  obtain  the  two  identities: 


(0 


/  \r  —  I 

^rcosA:/-cos-^li(/-7r)-    2  sin  1-1 
Q  2  \          2/ 


f]  Ak'sinkt  =  sin-r.Tl  (t- 
=  2 


This  follows  from  Fubini's  theorem  on  multiple  integrals. 
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from  which  it  follows  that 

_  (tr~lsinrn+Pr(t)      (0  <  /  <  2x) 
\Qr(t)  (-2-K  <  t  <  0), 

where  Pr(t),  Qr(f)  are  functions  analytic  in  the  corresponding  intervals,  which  satisfy 
in  0  <  /  <  2-K-d  (d>  0),  —  2rc-f  d  <  /  <  0  respectively  the  relations  P'r(t)  =  O(tr~\ 
Q'r(t)  =  O^1""1).  In  order  to  pass  to  the  function  Z)Q  (/),  it  is  necessary  to  make  use 
of  the  asymptotic  equation 


and  take  account  of  the  fact  that** 

TC 


.T(l-r)sinnr  = 
We  then  obtain: 


where 


t>  0, 
t<0, 


and  <7r(0  =  O(fr  J),  |  /  1  <  2ir  —  cr.  Thus  if  F(t)  is  an  integrable  function  of  period 
then 


0 


x  rc 

=  TJ^  J  (^-/)r-Vw;d/+  i-  J  /KOC,(x-/)d/.        (18) 


Here  the  kernel  Gr(0  possesses  in  the  neighbourhood  of  the  point  t=Q  better  dif- 
ferential properties  than  £jr)(/)***. 

3.5.6.  Now  that  the  concept  of  an  r-th  integral  has  been  considered 
for  fractional  values  of  r,  it  is  not  difficult  to  define  also  the  operation 
of  fractional  differentiation.  The  function  F(x)  integrable  on  the  given 
segment****,  is  by  definition  the  r-th  (r  >  0)  derivative  /(r)(^)  of  a  func- 
tion f(x)  if  almost  everywhere  f(x)  =  Fr(x).  For  the  periodic  functions 
considered  in  section  3.5.5,  a  somewhat  wider  definition  of  a  fractional 
derivative  (in  Weyl's  sense)  is  sometimes  used.  In  the  case  where  0</*<1 


**  See  G.  M.  Fikhtengol'ts  [1],  vol.  II,  chap.  XIV,  page  493. 

***  It  can  be  shown  (see  3.12.9),  that  subject  to  the  condition  3.5(11)  the  second 

1        * 

term  on  the  right-hand  side  of  3.5(18)  is  identical  with  -j^-    {   F(t)(x—t)r"1^t  and 

1  (r)     J 

—  00 

that  the  function  G>(0  is  analytic  in  (— 2rc,  2rc). 

****  In  the  periodic  case  subject  to  the  condition  that  the  integral  of  F(x)  over 
a  period  is  equal  to  zero. 
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the  r-th  derivative  f^(x)  of  the  function  f(x)  is  understood  to  mean  the 
ordinary  derivative  of  the  (1—  r)-th  integral  fi~r(x),  i.e. 


if  it  exists.  When  r  ^  1  the  r-th  derivatives  are  defined  successively  thus  : 

/(')(*)  =  (/W(*))(r~[r3).  (19) 

It  follows  from  the  representation  3.5(14)  that  in  those  cases  where  the 
function  /i_r(x)  (0  <  r  <  1)  is  absolutely  continuous,  the  function  is  the 
r-th  integral  of  f(r)(x). 

In  a  number  of  cases,  when  speaking  of  the  classes  of  functions  indi- 
cated in  sections  3.5.1-3.5.3,  we  shall  consider  r  to  be  any  non-negative 
number. 

3.5.7.  An  idea  of  the  structural  properties  of  functions  possessing 
fractional  derivatives  is  given  by  the  following  proposition  which  we  give 
without  proof**. 

If  the  function  f(x)  has  an  absolutely  continuous  integral  /r_i(X)  and 
|/(r)(X)  I  ^  M  almost  everywhere***,  then  it  satisfies  a  Lipschitz  condition 
of  order  r  and  &>(/;  i)  ^  Cr  Mtr,  where  the  constant  Cr  does  not  depend 
on  /. 

The  example  of  the  function  3.3(16),  in  which  a  =  b~r  (see  9.16),  shows 
that  for  0  <  r  <  1  the  converse  theorem  is  false.  It  can  only  be  asserted 
that  if  the  function  f(x)  satisfies  a  Lipschitz  condition  of  order  a  (0<a<l), 
then  its  (1—  a)-th  integral  satisfies  the  condition  of  quasismoothness,  i.e. 
u>z(f\  0  =  0(f)****  and  for  any  r  <  a  it  has  an  r-th  derivative  f(r)(x)  which 
satisfies  a  Lipschitz  condition  of  order  a—rf. 

From  this  theorem  of  Hardy  and  Littlewood  it  follows  directly  in 
virtue  of  3.1.1  that  any  bounded  set  of  classes  W(r)M  is  compact  (in  the 
sense  of  uniform  convergence)  for  all  r  >  0. 

3.5.71.  In  the  study  of  functions  defined  on  a  finite  segment  the  follow- 
ing remarks  are  useful  in  some  cases. 

Any  function  f(x)  continuous  on  a  finite  segment  [a,  b]  can  be  con- 


**  Hardy  and  Littlewood  [1].  See  also  A.  Zygmund  [1]. 

***  In  this  case  we  write  f(x)eWrM,  and,  if  f(x)  is  of  period  2-Ky 

****  A.  Zygmund  [2],  There  also  the  converse  statement  is  established,  in  virtue 
of  which,  if  o)r(/;  0=0(0.  the  derivative  /(l~a)(*)  exists  and  satisfies  a  Lipschitz 
condition  of  order  a. 

t    Hardy  and  Littlewood  [1], 
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tinued  as  a  periodic  function  of  period  2(b  —  a)  with  the  same  modulus 
of  continuity.  We  confirm  this  by  considering  the  periodic  function 

(/(X),  a  <  x  <  b 

-  (20) 


of  period  2(b—a). 

We  note  that  the  difference  0(x)  =  f(x)-^b^~-(x-a)-f(d)  can 

be  continued  outside  the  segment  [a,  b]  to  the  whole  real  axis  in  such 
a  way  that  its  modulus  of  smoothness  co2(</>;  0  is  multiplied  by  a  factor 
of  not  more  than  five  and  the  modulus  of  continuity  co^;  /)  by  a  factor 
of  not  more  than  two.  For  this  it  is  sufficient  to  continue  (f)(x)  so  as  to  be 
odd  with  respect  to  the  ends  of  the  segment,  and  then  periodically  with 
period  2(b—a)  on  the  whole  axis. 

If  a  <  x  <  -l(a+b),  x—h  <  a  and  x+h  <  b,  then 


4-2 

+  2 

Similarly  for  a  <  x  <  K^+^X  *— h  <  a  and  x+/z  >  b. 

3.5.8.  Let  W  consist  of  functions  f(x,y)  continuous  in  the  closed 
rectangle  G  (a  ^  x  <  b,  c  <  j  <  <f),  possessing  on  G  for  almost  all  values 
of  y  an  absolutely  continuous  (rl—  l)-th  partial  derivative  with  respect 

t°  -"V — a  ri-i.       (ri  ^  1>  an  integer)  and  for  almost  all  values  of  x  an 

(JX 

absolutely  continuous  (r2— l)-th  partial  derivative  with  respect  to  y, 
— ^L1J.Z_  (r2  ^  1,  an  integer).  As  in  3.5.1  it  can  be  shown  that  for  rx  >  1, 
r2  >  1  /Ae  se/  W  fr  compact  in  the  sense  of  uniform  convergence  on  G  if 

sup  max  |  f(x,  y)  \  <  oo  (21) 


drif(x  y)    dr*f(x  y) 

and  if  the  partial  derivatives — .        •>  — ^-L—  which  exist  almost  every- 
*  dxr*  dyr*  J 

where  on  G  satisfy  for  some  q^\  the  conditions 
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sup  vrai  sup 


sup  vrai  sup 

In  fact,  by  Taylor's  formula 

^    1    aVfojQ 
2-i  fc!  "    dxk 


1  \ 

I  J 

1  \ 

[  •> 
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(22) 


<*y) 


dy 


S 


k\       ilyk 


i 


(y-c)k 

'-1/(x,j) 


for  almost  all  y  in  the  first  case  and  for  almost  all  x  in  the  second.  The 
uniform  boundedness  (in  the  sense  of  the  essential  upper  bound),  of  the 
sum  on  the  left-hand  side  follows  directly  from  3.5(21)  and  3.5(22),  and 
hence  in  turn  it  follows  (see  section  2.1.1)  that 


sup  vrai  sup 

y 


dxk 
a*/(x,jo 

dyk 
As  a  result  of  this,  by  3.5(22), 


sup  vrai  sup 

few  x 


<  co 


sup  vrai  sup 

f&W          x,  y 


sup  vrai  sup 

f€W  x,y 


dxk 


=  1,2,. 


(23) 


It  remains  to  refer  to  the  inequality  3.4(5)  and  theorem  3.4.1.  In  the  case 
where  even  one  of  the  two  numbers  rl9  or  r2  is  equal  to  unity,  for  compactness 
of  M^the  corresponding  condition  of  3.5(22)  must  be  replaced  by  a  stronger 
one,  for  example  condition  3.5(23)  for  k  =  1. 

In  what  follows  the  set  W  consisting  of  all  functions  /(x,  y)  for  which 
there  exist  almost  everywhere  on  G  absolutely  continuous  partial  deriv- 
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pri-l/Yv   lA     fir*-1f(*   v\ 

atives  — ^^1>  ^-j4S     '   and   the   upPer   bounds   3-5(22)  do  not 


exceed  Ml  and  Afa  respectively,  will  be  denoted  by  W(ri'rz) MlM2(Lq) 
It  follows  from  the  above  that  whatever  the  finite  q  ^  1  may  be,  any 
bounded  set  of  this  class  is  for  some  M*  and  M  *  contained  in 
W(ri~ltrt~1)M*M*(L00).  Here  in  fact  is  contained  any  bounded  set  of 
the  class  W(ri~l>r*~l} HQlQ^  of  functions  f(x9  y)  the  partial  moduli  of  con- 

ldri~lf         \  ldr*-lf         \ 

tinuity    of  which,  a)(-r-~;t,Q]  and  ^U-^-jO,  t\    respectively,    do 

not  exceed  the  given  moduli  of  continuity  Q^(t)  and  «Q2(0«  In  the  case  where 
•Qj(0  =  M1t*(Q<  a<  1)  and  Q2(f)  =  M2tp(0  <  ft  <  1),  this  class  is 
denoted  by  w^~l'r*~1^ H^'P MiM2.  In  the  periodic  case  classes  W^1'1"^ 
HQint(L^ViVQ  similarly  defined,  consisting  of  the  periodic  functions  /(x,  y} 

rjr\  f(x    lA  rf*  f(x    v) 

the  partial  derivatives  of  which  — r— ' —  and  — ^    '      belong  to  La 

ox  l  (7y  a 

(1  <  ^  <  oo)  on  the  rectangle  of  periods  G  and  possess  the  integral  moduli 

(lri  /*  \  /    ")ra  /*  \ 

-~— ;  t,  0  I     ,  co  I  -x— r- ;  0,  n    ,    which  respectively   do 
/  L^  \     ^  /  L^ 

not  exceed  the  moduli  of  continuity  Qi(f)  and  -Q2(0- 

Similar  classes  of  functions  of  a  greater  number  of  variables  are  defined 
similarly. 

In  some  cases  an  important  part  is  played  in  the  study  of  functions 
of  many  variables  by  the  classes  //^  Mk(Lq)  (1  <  q  <  oo,  rk  =  sk  +  ak9 
0<ajt^l»  sk  an  integer),  which  consist  of  the  periodic  functions 
/(xlv..,  xm)  possessing  for  almost  all  xl9...,  xk-^  xk+1, ...,  xm  (1  <  k  <  m) 

3s*""1/ 
an  absolutely  continuous  (with  respect  to  xk)  partial  derivative  — — j- , 

3s*/ 

a  partial  derivative — ,  belonging  to  Lq  on  an  m-dimensional  paral- 
lelepiped of  periods  G,  and  such  that 


{$ 


i 

i 

<Affc|/»r*.     (24) 


The  class  of  functions  which  belongs  simultaneously  to  all  the 
(k=l,...9m)  is  denoted  by  H^ r^Ml9...9  Mm(Lq). 
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3.5.81.  From  what  was  said  in  section  3.5.8  it  is  obvious  that  for  the 
classes  of  functions  W(ri>r^Ml9  M2(Lq)  (1  <  q  <  oo)  and  W(ri'r*}H0i0n 
(if  the  domain  G  is  bounded)  considered  there,  the  relations** 


,       (25) 

are  satisfied,  each  of  which  is  an  assertion  of  the  inclusion  of  one  of  these 
classes  in  another.  These  assertions  (see  also  section  3.5.3)  are  the  simplest 
theorems  of  inclusion  for  classes  of  functions.  Let  us  indicate  here  another, 
deeper,  inclusion  theorem  relating  to  the  classes  H^l"'"rm)  Ml9...,Mm(Lq) 
(1  ^  q  ^  oo)  of  functions  f(xl9...9  xm)  defined  on  the  whole  of  an 
/w-dimensional  space  Rm(—  oo  <  x^...,  xm  <  oo)  (see  section  3.5.8, 
C  =  1JJ*~//1<«<?X  oo,  r,>  0(i=l,.  ..,»!),  ft  =  Awri(/=l,...,/w), 
where 


(26) 


and  feH^l'""rm^  Ml9...9  Mn  then  for  some  finite  A/*,...,  M*9  we  have 
feH^'->Pm)M^...,M*(Lq^.  The  validity  of  this  assertion  follows  from 
the  results  of  Chaps.  V  and  VI  (see  section  6.4.4).  From  these  results, 
both  in  the  periodic  case  and  in  the  case  of  the  whole  of  Rm9  a  more 
general  theorem  follows*  (see  section  6.4.4).  If  l^#^#'^oo,rf>0 
(i=  l,...,m),  !<5<w  flwrf  ft(s)  =  Ajj)rI.(i=l,...,iw),  where 


(27) 


then  every  function  f(xl  ,  .  .  .  ,  xm 
xl9...,xs,   for    any   fixed    values 


r|M> 


•  •  •  >  ^m(^)  ^/  ^^  variables 
,...,  xm,    belongs    to    the    class 


3.5.82.  The  classes  of  functions  defined  in  section  3.5.8  are  char- 
acterised by  the  fact  that  the  functions  composing  them  possess  a  given 
number  of  simple  (not  mixed)  partial  derivatives  in  each  of  the  variables 
and  by  certain  properties  of  these  derivatives.  In  chap.  VI  (see  section 
6.3.51)  it  will  be  proved  that  such  functions  must  also  have  a  known  num- 
ber of  mixed  partial  derivatives.  Thus,  for  example,  if  the  function  f(x9y) 
defined  throughout  the  whole  of  the  plane  R2  (—  oo  <  x,y  <  oo)  belongs 


**  AW  denotes  a  set  of  functions  f(x)E\V  for  which  sup  \f(x,y)\  <  A. 
***  S.  M.  Nikol'skii  [13].  x'y 
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to  the  class  PF(ri'ra)Af1M2(Lgo)  (rx  >  0,  r2  >  0  integers),  then  for  any  two 
numbers  k^Q  and  l^Q,  which  satisfy  the  condition 


,    ,  Sk+lf(x,y) 

its  continuous  mixed  derivative   —  -  r^r~    exists. 

dxk  oy 


3.6.  Sets  of  functions  of  bounded  variation 

A  bounded  set  W,  consisting  of  functions  f(x)  defined  of  the  segment 
[a,  b]  and  having  there  a  finite  total  variation  K£(/),  is  not  always  compact. 
It  is  obvious  that  it  is  also  impossible  to  guarantee  compactness  of  W  in 
the  sense  of  uniform  convergence  if,  in  addition  to  the  condition 

supsup|/(X)j  <  °°>  (!) 


it  is  also  required  that 

supK*(/)<oo  (2) 

fr.W 

(see  the  example  at  the  end  of  section  3.5.2).  At  the  same  time,  it  will 
follow  from  what  is  given  below  that  conditions  3.6(1)  and  3.6(2),  though 
not  sufficient  for  the  compactness  of  W  in  a  uniform  metric,  nevertheless 
ensure  the  compactness  of  this  set  in  a  somewhat  wider  sense. 

3.6.1.  If  the  set  W  of  periodic  functions  f(x)  with  period  b—a  satisfies 
condition  3.6(2),  then  for  all  t  >  0 


sup  sup          -<  oo. 

t  * 


The  truth  of  3.6(3)  follows  the  relations 

b  b 

J  |/(*+A)-/(x)|  dx  <  j  F*+"(/)  dx 


b  +  h 


b+h  a+h 


=  S  v;(f)dx-  J  K;(/)d*<ji/|*i, 


where  the  constant  M  does  not  depend  on  /,  if  condition  3.6(2)  is  sat- 
isfied. 
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Thus  if  f(x)  is  of  bounded  variation  on  [a,  b],  then  co(/;  f)L  =  O(i). 

Hardy  and  Littlewood  [1]  have  mentioned  that  the  following  assertion, 
which  is  in  a  certain  sense  a  converse,  is  also  true.  If  a)(f;  t)L  =  O(t), 
then  almost  everywhere  on  [a,  b]  the  function  f(x)  is  identical  with  some 
function  of  bounded  variation. 

In  fact,  let  co(/;  t)L  =  Mt  and** 


/„(*)==  Ji 


Then 


i 

h  n 


1 

b    'n 


d.v 


S  J  \f(x+t-\-h)-f(x+t)\Attx 


a  0 


n  b 


=  /i  J  J 


0  a 

I 

"n  b 


=  «  J  J  | 


0  a 


If  [**,  xk+hk]  (k  =  1, ...,  w)  is  a  finite  system  of  pairs  of  non-intersecting 
intervals,  then 


IV  IV 

SI/.(**+A»)-/.(**)I  =  S   S  f" 


**  It  follows  by  Fubini's  theorem  from  the  inequality 

b       b 

\  dt  J  |/(jc+/)-/WI 


that  the  function  /(A:)  is  integrable  over  [a,b]. 
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Hence  from  the  inequality 

fn(x+h)-fn(x) 


h 
which  follows  from  Fatou's  lemma,  we  have 

m 

Let  us  now  make  use  of  the  fact  that  fn(x)  ->/(#)  at  all  points  x  of 
the  segment  [a,  b],  except  perhaps  for  those  of  some  set  Q  of  measure 
zero.  If  the  points  xk,  xk+hk  do  not  belong  to  Q,  then,  passing  to  the 
limit  as  n  -*  oo  in  3.6(4),  we  obtain 

The  last  inequality,  true  for  any  finite  system  of  pairs  of  non-intersecting 
intervals  (xk,  xk+hk)  with  ends  not  belonging  to  Q,  indicates  that  on 
the  complement  to  the  set  Q  the  function  f(x)  is  of  bounded  variation, 
and  hence  may  be  represented  there  as  the  difference  of  two  bounded, 
non-negative  and  non-decreasing  functions.  Hence  at  every  point  of  the 
set  Q  it  is  possible  to  define  it  as  the  limit  on  the  right  of  the  values  on  the 
complement. 

3.6.11.  Thus  the  inequality  3.6(3)  represents  an  exhaustive  structural 
description  of  the  class  of  functions  which  satisfy  the  condition  3.6(2) 
in  the  space  of  functions  integrable  on  [a,  b],  apart  from  their  values  on 
a  set  of  measure  zero.  In  virtue  of  theorem  3.1.2  there  follows  from  this 
the  compactness  of  any  bounded  set  of  functions  of  this  class  in  the  sense 
of  mean  convergence  (in  the  metric  L). 

3.6.12.  The  class  of  all  functions  f(x)  for  which  the  upper  bound  in 
3.6(2)  does  not  exceed  M  on  the  segment  considered,  will  be  denoted 
by  VM.  Let  us  note  that  in  the  inequality  3.6(3)  it  is  impossible  to  replace 
the  integral  modulus  of  continuity  a)(f;  f)L  by  o>(/;  t)L   when  q  >  1.  This 
is  easily  seen  if  in  the  class  VM  we  take,  for  example,  the  function 

f  0,     a  <  x  <  c,      .     ^          .  N 


The  inequalities 
similar  to  3.6(3)  for  values  of  q  greater  than  unity,  now  characterise 


... 

sup  sup  — —  <  oo,  (5) 

few     t  t 
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distinct  classes  W  consisting  of  absolutely  continuous  functions  (see 
3.12.13). 

3.6.2.  We  have  seen  that  the  bounded  set  of  classes  KM,  not  compact 
in  the  sense  of  uniform  convergence,  is  compact  in  the  sense  of  con- 
vergence in  the  metric  L. 

In  addition  to  this  it  should  be  noted  that  if  instead  of  uniform  con- 
vergence we  consider  only  convergence  at  each  point,  then,  as  Helly** 
showed,  any  set  W  of  the  class  VM  which  satisfies  condition  3.6(1)  is 
compact  in  this  sense.  From  every  uniformly  bounded  sequence  of  functions 
fn(x)eVM  it  is  possible  to  select  a  subsequence  fmk(x)  which  converges 
at  every  point  x  to  some  function  f(x)  of  bounded  variation. 

Since  the  proof  of  this  important  theorem  is  contained  in  many  text- 
books on  the  theory  of  functions***,  we  shall  not  derive  it  here.  It  is  not 
complicated  and  is  based  on  the  possibility  of  representing  any  function 
of  bounded  variation  on  [a,  b]  as  the  difference  of  two  non-negative, 
non-decreasing  functions,  and  also  on  the  application  of  the  well-known 
diagonal  process  of  Cantor. 

3.7.  Some  classes  of  functions  analytic  on  a  finite  segment 

3.7.1.  Let  W  be  a  set  of  functions  f(x)  analytic  on  the  given  segment 
[^r,  b].  Every  function  f(x)  which  occurs  in  W,  being  analytic  on  the  given 
segment,  is  also  analytic  in  some  plane  domain  G  containing  it  and,  con- 
sequently, within  a  certain  ellipse  with  foci  at  the  ends  of  this  segment. 
The  given  ellipse  can  always  be  chosen  so  that  there  is  located  on  it  at 
least  one  singularity  of  the  analytic  continuation  of  the  function  f(x). 
Such  an  ellipse  will  be  called  the  ellipse  of  analyticity  of  the  given  function. 
Thus,  for  every  function /(x)  e  W  there  exists  a  certain  number  r5  >  0  which 
possesses  the  property  that,  whatever  point  x  of  the  finite  segment  [a,  b] 
may  be  chosen,  the  function /(z)  is  analytic  within  a  circle  of  radius  d  with 
centre  at  this  point.  Consequently,  for  any  x  e  [a,  b]  the  radius  of  con- 
vergence of  the  Taylor  series 


fc-0 

is  not  less  than  d  and  hence 


lim     max  l  <  oo.  (1) 


**  Helly  [1]. 

***  See  I.  P.  Natanson  [3]. 

9  Theory  of  Approximation! 
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If  we  introduce  the  notation 

M,(/)-    max  |/<*>(x)  ] 

a  ^  x  ^  b 

and  use  Stirling's  formula 

k  I  -  kk  Q~k  l/2-xk  (1  +  ek)      (0  <ek-+0)  (2) 

we  find  that**,/0r  any  function  f(x)  analytic  on  the  finite  segment  [a,b]9 
there  exists  a  finite  positive  number  M(f)  such  that 


(3) 

for  all  natural  numbers  k.  Conversely,  if  the  function  f(x)  is  differ  entiable 
an  infinite  number  of  times  and  the  inequality  3.7(3),  holds,  where  M(f) 
is  a  finite  number,  then  it  is  analytic  on  [a,  b]. 

The  second  part  of  this  assertion  follows  from  the  consideration  of 
the  remainder  term  in  Taylor's  formula. 

It  follows  from  the  inequality  3.7(1)  that  an  infinitely  differentiate 
function  f(x)  is  analytic  and  can  be  continued  analytically  throughout  the 
whole  of  the  complex  plane,  i.e.  it  is  an  integral  function,  if  and  only  if 


Thus,  in  the  class  of  infinitely  differentiable  functions  the  inequality 
3.7(3)  can  be  taken  as  the  definition  of  analyticity  of  a  function  on  the 
given  segment***,  and  the  relation  3.7(4)  can  be  used  as  the  definition 
of  an  integral  function. 

3.7.2.  It  follows  from  the  definition  of  section  3.5.1,  that  if  the  bounded 
set  W  of  analytic  functions  f(x)  possesses  the  property 

sup     sup    ^K2L<oo,  (5) 

f^W     l^k<oo  & 

it  is  compact  in  the  sense  that  from  any  sequence  fn(x)  belonging  to  it  there 
can  be  selected  a  subsequence  fn.(x)  which,  together  with  all  its  derivatives 
fn*\x)  (k  =  0,  1,  2,  ...),  will  converge  uniformly  on  the  given  finite 
segment  [a,  b]. 

3.7.21.  Let  us  denote  by  AR(a,  b)  the  clase  of  all  functions  f(x)  defi- 
ned on  the  finite  segment  [a,  b]  which  are  analytic****  within  the  ellipse 


**  Pringsheim  [1], 
***  See  also  3.12.12. 

****  The  anaiytic  functions  considered  here  are  assumed  to  be  single-valued.  The 
same  remark  applies  also  to  section  3.8. 
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CR  with  foci  at  the  ends  of  this  segment  and  with  the  sum  of  its  semiaxes 
equal  to  R.  Using  Cauchy's  integral  formula 


c«-e 

it  is  easy  to  show  that  if  ARM(a,  b)  is  the  set  of  all  functions  f(x)<=AR(a,  b) 
for  which   ]/(z)  |  <  M  everywhere  within  CR,  then 


sup        sup  <  QO.  (6) 

f±ARM(a,  6)  Kfcco  K 

Hence,  as 

sup       sup    |/(*)|<M,  (7) 


the  class  ARM(a,b)  is  compact  in  the  sense  indicated  in  section  3.7.2. 
3.7.3.  It  is  well  known  that  in  investigations  connected  with  functions 
which  are  bounded  and  analytic  in  some  circle,  Cauchy's  classical  ine- 
quality for  the  coefficients  of  the  Taylor  series  is  of  great  importance. 
In  the  study  of  functions  which  are  analytic  and  bounded  in  an  ellipse 
with  foci  at  the  ends  of  the  given  finite  segment  of  the  real  axis,  i.e.  func- 
tions of  the  classes  ARM,  a  similar  place  is  occupied  by  the  estimates 
of  the  coefficients  of  the  corresponding  Chebyshev  series.  If  for  defini- 
teness  we  consider  the  segment  [—1,1],  these  coefficients  are  defined  by 
the  formula 

(*  =  0,1,2,...),  (8) 


,,,..., 

Jl  1/1—  *a 

where  Tk(x)  (k  =  0,  1,  2,  ...)  is  the  orthogonal  system  of  Chebyshev  poly- 
nomials, indicated  previously  in  section  2.8.22. 
For  all  k  =  Q,  I,  2,  ...  the  inequality** 

kJ<-.  (9) 


holds  in  the  class  ARM  of  functions  defined  on  the  segment  [—1,1].  In  fact, 
if  we  put  x  =  cos  t  and  make  the  change  of  variable  z  —  e'r,  then,  de- 
noting by  Fr  the  circumference  of  a  circle  of  radius  r  with  centre  at  the 
point  z  =  0,  we  obtain  for  k  >  1 


(10) 


**  S.N.  Bernstein  [15]. 
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We  note  that  Zhukovskii's  function 


W  =  -y 

is  analytic  in  the  annulus-~-<  |z|  <  7?  (or  /£<  |z|  <^l    and    maps 

R  \  RI 

it  into  the  interior  of  the  ellipse  CR.  Hence  in  virtue  of  Cauchy's  theorem, 
we  have 


2/1 


where  e>  0  and  the  sign+or— is  taken  according  as  R  <  1  or  R  >  1. 


Hence 


3.8.  Some  classes  of  functions  analytic  on  the  whole  real  axis 

Passing  to  the  consideration  of  real  functions  analytic  on  the  whole 
real  axis  —  oo  <  x  <  oo,  we  restrict  ourselves  to  the  classes  Aootd  of 
bounded  functions  f(x)  which  can  be  continued  analytically  in  some  strip 
of  values  of  the  complex  variable  z  —  x+iy  of  width  26 

(\y\  <  <5;  oo  <  *<  oo), 
and  those  for  which,  as  in  the  case  of  a  finite  segment, 


=       sup       |/ 

fc-400    K  O  ~00<X<00 

The  investigation  of  such  functions  is  connected  with  the  study  of 
functions  harmonic  in  the  unit  circle.  Hence  we  will  first  pause  for  some 
properties  of  harmonic  functions. 

3.8.1.  Let  u(r,  (p)  be  a  function  which  is  harmonic  in  the  unit  circle 
0  ^  r  <  1,  —  TC  ^  0  ^  TT,  i.e.  it  is  the  real  part  of  the  sum  of  a  power 
series 


fc-1 
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with  radius  of  convergence  not  less  than  unity.  It  is  well  known  that  if 
for  some  value  <£  =  <£0  the  series 

(2) 

converges,  then  as  r  -»  1  the  function  /(re^°)  has  a  finite  limit  equal  to 
the  sum  of  this  scries.  Without  this  supposition  that  the  series  3.8(2)  con- 
verges, it  is  impossible  to  guarantee  the  existence  of  a  finite  limit  of/(re'*B) 
as  r->  1.  Examples  are  known  of  such  functions  u(r,  0)  harmonic  in  the 
circle  \z\  <  1,  for  which  w(r,  </>)-»•  oo  as  r  ->  1  for  almost  all  values 
of  $**.  In  this  connection  the  following  assertion  is  true.  If  the  function 
w(r,  0),  harmonic  in  the  unit  circle,  is  such  that  as  r  ->  1 

(3) 

then  for  almost  all  values  of  $  u(r,  c/>)  tends  to  a  finite  limit  as  r  -»  1. 

3.8.2***.  In  order  to  prove  theorem  3.8.1  we  will  establish,  that  the 
class  of  functions  w(r,  0),  harmonic  in  the  unit  circle,  for  which  3.8(3)  holds 
is  identical  with  the  class  of  functions  which  can  be  represented  in  the  form 

2TT 


J  -i- 


where  F(t)  is  an  arbitrary  function  of  bounded  variation  on  [0,2^]. 

The  fact  that  every  function  u(r,(j>)  of  the  form  3.8(4)  is  harmonic 
in  the  unit  circle  follows  from  the  equality 


,  (5) 

in  which  the  sequences  of  coefficients 


are  bounded.  The  relation  3.8(3)  can  be  verified  directly  with  the  help 
of  3.8(4).  Conversely,  let  u(r,  </>)  be  a  function  harmonic  in  the  unit  circle 


**  The  existence  of  such  harmonic  functions  was  first  observed  by  1. 1.  Privalov 
and  N.  N.  Luzin  [1]. 

***  A.  Zygmund  [1]. 
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r 

which  satisfies  the  relation  3.8(3).  Then  the  function  y>(r9i)  —  \u(r,  </>)cU/> 

o 

is  absolutely  continuous  with  respect  to  t  and 


(7) 

0 

Moreover,  since 

27t  2rr 

- 


u(r,  0)e-"*d0  -=~y(r,  2*)  +  A  C  y(r,  r)e-«»dr,  (8) 

/TC  ZTU    t) 


- 

271    «) 

0  0 

and  w(r,  0)  is  the  real  part  of  the  sum  of  the  series  3.8(1)  i.e. 

«(',  0)  =  -     +        Ucosk^l-^sinfc^r*,  (9) 


*-=! 

we  obtain  after  substitution  in  3.8(8)  and  term  by  term  integration, 


ak-r  =  --V 

0 

On  account  of  3.8(7)  it  is  possible  to  make  use  of  Helly's  theorem  (see 
section  3.6.2)  and  choose  the  corresponding  sequence  rn  -»  1  in  such 
a  way  that  after  passing  to  the  limit  we  obtain 


where  F(f)  =  lira  y(rn»  0  ^s  some  function  of  bounded  variation.  Hence 

n->oo 

2:z  2n 


cos  kt  dF(i),      bk  =  -  -  \  sin  kt  dF(t)      (k  =  0,  1,  2, . . .).      (10) 

7U    J  TC    J 

0  0 

Substituting  the  values  obtained  for  the  number  ak,  bk  in  3.8(9)  and  mak- 
ing use  of  the  identity 

rrt 

1 r2  1 


already  employed,  we  arrive  at  the  representation  3.8(4).  We  note  that 
without  loss  of  generality  (apart  from  an  additive  constant  in  3.8(4))  it  is 
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possible  in  this  representation  to  put  F(2n)  =  F(0)  and  after  integration 
by  parts  to  replace  it  by  another: 


rr 

=  -  l-  \  p;(t- 

TT    J 


(12) 


It  is  also  obvious  from  the  proof  given  here  that  u(r,  0)  >  0  if  and 
only  if  F(t)  does  not  decrease  on  [0,  2-n]. 

3.8.3.  Theorem  3.8.1  is  easily  proved  by  the  use  of  formula  3.8(12). 
Let  us  take  a  value  of  (f>  for  which  the  derivative  F'(</>)  exists  and  is  finite. 
Then 


Since 


2rt 


1     f 

\  sintPr'(t)dt  =  r, 

7U    *' 


then  in  virtue  of  the  oddness  of  the  kernel  P'r(t) 

2 


2  sin 


Taking  account  of  3.8(13)  and  also  of  the  fact  that    max   sin  t  P'r(f)  ->  0 

d  <  t  ^  7T 

(/•  ->  1 )  for  any  f3  >  0,  we  obtain  (Fatou**) : 

w(r,0)->F(0)       (r->  1). 

From  the  proof  of  theorem  3.8.1  it  is  not  difficult  to  see  that  the  last 
relation  still  applies  if  the  points  (r,  4>)  tend  to  the  boundary  of  the  circle 
not  along  a  radius  but  along  any  curve  orthogonal  to  the  boundary. 

t 

3.8.4.  We  note  that  if  |  t/(r,  0)  |  <  M,  the  function  y(r,  t)  =  |j  u(r,  0)  d0, 

o 

and  together  with  it  the  function  F(f)  also,  satisfies  a  Lipschitz  condi- 


See  A.  Zygmund  [1]. 
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tion  of  the  first  order  with  constant  M  and,  consequently,  is  absolutely 
continuous.  Hence  if  g(t)  =  F'(t)  in  the  given  case  formula  3.8(4)  assumes 
the  form 

2rt 

«(r,  </>)  =  ~  jj  P,(*-0*(Od/.  (14) 

0 

Conversely,  if  g(t)  is  a  measurable  essentially  bounded  function,  then 
the  function  w(r,  0)  defined  by  3.8(14)  is  harmonic  and  bounded  in  the 
unit  circle.  Thus  u(r,  </>)  is  a  function  harmonic  and  bounded  in  the  unit  circle 
if  and  only  if  formula  3.8(14)  holds,  where  g(i)  is  a  measurable  essentially 
bounded  function.  Then  u(r,  t)  ->  g(t)  (r  ->  1)  for  almost  all  values  of  t. 
3.8.5.  If  /0(0  =  w0(r,  4>)+ivQ(r,  $)  is  some  function  which  is  anal- 
ytic and  bounded  in  the  unit  circle,  which  assumes  real  values  on  the 
interval  (—1,1)  of  the  real  axis  and  has  in  this  circle  a  bounded  real  part 
y  3.8(14)  Schwarz's  formula 


(15) 


is  satisfied,  in  which  g0(/)  =  lim  w0(r,  f)  is,  by  the  principle  of  symmetry, 

r-  *1 

an  even  function  of  period  2n.  By  the  transformation 

[=^1 

w+i 

the  unit  circle  of  the  t-plane  is  mapped  onto  the  upper  half-plane 
w  =  T  +  id(d  >  0),  the  segment  [—1,1]  of  the  real  axis  onto  the  imaginary 
semi-axis  i  =  0,  d  ^  0,  and  the  circumference  r  =  1,  —  TC<(/)<TC,  onto 
the  real  axis  5  =  0,  —  oo<r<oo.  On  the  imaginary  axis  r  =  0  formula 
3.8(15)  assumes  the  form 

-l\       1  w-i  /I         -. 

dr 


1  w-i  /I  ,    T-i\ 

^  J  -^S)0+^MTtaTH 

— 


00 
1    (' 

=  ¥  5 


/  \  / 

adr       /I       T-/\       2  f       a        /I      r-i 

«i^+5i 

0 


Thus  if  a  function  /(w)  =  w,  (r,  cr)+i^1(r,  a)  is  analytic  in  the  upper  half- 
plane  w  =  T+/<r,  has  there  a  bounded  real  part   t/x(r,  a)  and   assumes 
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real  values  on  the  imaginary  axis,  then  for  almost  all  r  the  finite  limit 
lira  WjCr,  a)  =  gt(r)  exists.  Also 

<7~>0 

CO 

*.  06, 


The  change  of  variable  w  =  /e2<5  maps  the  upper  half-plane  of  w  —  r+ia 
onto  the  strip  |  y  \  <  d  of  the  plane  z  =  :c  +  /y,  the  imaginary  semi-axis 
r  =  0,  o*  >  0  onto  the  real  axis  —  oo  <  X  <  oo,  j  —  0,  the  semi-axes 
a  =  0,  r  >  0  and  a  —  0,  T  <  0  respectively  onto  the  straight  lines  y  =  —  (5, 
—  oo  <  x  <  oo  and  j>  =  <5,  —  oo  <  jc  <  oo.  On  the  real  axis  y  =  0, 
formula  3.8(16)  then  assumes  the  form 


oo 

7$ 


Consequently*5^,  if  the  function  f(z)  =  u(x,  y)+iv(x,  y),  analytic  in  the 
strip  \y\  <d,  has  there  a  bounded  real  part  u(x,y)  and  assumes  real  values 
on  the  straight  line  y  —  0,— oo<^<  oo,  then  for  almost  all  x  the  finite 
limit  lim  U(x9 y)  =  lim  M(X,  y)  =  g(x)  exists;  and 


Conversely,  from  the  fact  that  the  function ; r^r    is  analytic   in 


the  strip  \y\  <  (5,  —  oo  <  x  <  oo, 
and 

Re        _^  ,  ,.A  >  0,      JL  \   Re 


it  follows  that  //*  vraisup  \g(t)\  ^  Af,  ?A^w  the  function 

—  oo  <  t  <  oo 


is  analytic  in  the  given  strip  and  |Re/(x+(y)  |  <  M. 


**  N.I.  Akhiezer  [3]. 
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3.8.6.  Let  us  denote  by  A^^UM  the  class  of  all  analytic  functions 
f(x)  defined  on  the  real  axis  —  oo  <  x  <  oo,  analytic  in  the  strip  of  values 
of  the  complex  variable  z  =  x+iy  of  width  2<5  >  0  (\y\  <  <5,  —  oo  < 
x  <  oo)  and  such  that  |Rc/(z)|  <  M  for  all  z  of  this  strip.  The  example 
of  the  function 


which  belongs  to  A^>SUM  but  is  not  bounded  in  the  strip  considered, 
shows  that  the  given  class  is  essentially  wider  than  the  class  A^^M  of  all 
functions  of  A^^ d UM for  which  \f(x+iy)\  ^Mfor\y\  <  d,—co  <  x<  oo. 
By  using  the  integral  formula  3.8(17),  it  is  easily  verified  that  the  class 
AoQt5UM  is  compact,  and  hence  also  that  the  class  A^>>dM  is  compact, 
in  the  sense  that  from  any  sequence  fn(x)  belonging  to  it  there  can 
be  selected  a  subsequence  fn.(x)  which,  together  with  all  its  deriv- 
atives f(nk\x)  (k  =  0,  1,  2,  ...),  converges  uniformly  on  any  finite  segment 
of  the  x-axis. 

For  this  it  is  sufficient  to  note,  by  theorem  3.1.1,  that  all  the  functions 
f(x)9  can  be  represented  in  the  form  of  the  integral  3.8(17),  in  which 
vrai  sup  \gt\  <  M,  uniformly  continuous  on  any  finite  segment  of  the 
real  axis,  and  that  the  given  integral  and  also  all  its  derivatives  with 
respect  to  x  converge  uniformly  on  every  such  segment. 

x 
As  is  shown  by  the  example  of  the  sequence  fn(x)  =  sin—,  in  the  as- 

TC 

scrtion  made  above  it  is  impossible  to  replace  uniform  convergence  on 
any  finite  segment  by  uniform  convergence  on  the  whole  real  x-axis. 

3.8.7.  It  is  obvious  that  any  real  periodic  function  /(x),  analytic  on 
the  real  axis,  can  always  be  continued  analytically  in  to  some  strip  con- 
taining it.  If  the  real  part  of  the  analytic  continuation  of  such  a  function 
is  bounded  in  the  strip,  then  f(x)  is  expressed  by  the  integral  3.8(17).  In 
addition,  in  this  case  it  is  possible  to  indicate  another  and  in  some  ways 
a  more  appropriate  representation  for  f(x)  (see  below  3.8(20)). 

The  function  £  ==  efz  maps  the  strip  considered  onto  the  circular 
annulus  Q~d  <  |  £|  <  ea.  On  account  of  the  periodicity  of  f(x)  the  function 

J--lnf)is  single-valued  and  analytic  in  the  given  annulus.  Expanding 
it  in  a  Laurent  scries  in  this  annulus,  we  have 

l 

&--OQ 
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where  for  \y\  <  d 


i.e. 


ck  -  --    f(x~-iy)Q~kyc-ikx  dx=^-.    f(x-\-iy)eky(Tik*  dx. 

2rc  J  .  2n  ,' 

o  o 

But  since  the  function  /(z)  assumes  real  values  on  the  jv-axis,  we  have 
f(x  —  iy)  —  f(x  +  /  »  .  Hence 


or,  passing  to  the  limit  as  y  -»  6  and  introducing  the  notation  q  —  e™"5, 
we  obtain 

27T 


Consequently  we  have 

^->  oo  , 

i  f  f       \n     ft  } 

:keikx --=  _—  \  n\4  y    -       ..  co$k(x—t)\g(t)dt.       (20) 
2n  .)   I          ^-rJ  H-fl1-*  I 

0     I  k=l  l  ) 

In  what  follows,  the  class  of  all  functions  f(x)  which  can  be  represented 
in  the  form  3.8(20),  where  q(f)  is  any  function  of  period  2?r  which  is  meas- 
urable, real,  and  the  upper  bound  of  the  modulus  of  which  does  not 
exceed  A/,  will  be  denoted  by  A*UM. 

It   can  be  proved**  that  for   \y\  <  d  and  0  <  q  =  e"5  <  1   the  real 
part  of  the  function 

00 
H(x+iy)  =  1+42,          °fc  cosk(x+iy)6  (21) 

fc^^:  1 

i.e.  the  sum  of  the  series 


Re  H(x+iy)  =  1  +4  ^  -~J-  cos/cx,  (22) 

is  positive.  Hence  if  f(x)  eA*UM,  the  function 

-  -— -  \  H(x+iy~f)g(f)At  (23) 

2i  J 
o 


**  See  N.  I.  Akhiezer  [3]. 
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is  analytic  in  the  strip  \y\  <  d,  —  oo  <  x  <  oo,  and  has  a  bounded  real 
part  there.  Thus  the  class  A*UM  is  identical  with  the  set  of  all  the  period- 
ic  functions  with  period  2n  of  A^,d  UM. 

3.8.8.  The  class  A*  UM  is  the  particular  case  (for  q  —  oo)  of  the  classes 
A*UM(Lq)  of  real  periodic  functions  /(x),  which  admit  an  analytic  con- 
tinuation f(x  +  iy)  =  u(x,  y)+iv(x,  y)  into  the  strip  |y|<<5  and  are 
such  that 

2n 

^M      (<?>!).  (24) 


By  commencing  with  3.8(19),  it  is  not  difficult  to  obtain  the  represen- 
tation of  all  functions  of  A*UM(Lq)  for  any  q  ^  1.  In  fact,  if 


0 

then  as  in  section  3.8.2  we  obtain  for  the  coefficients  ck  of  the  series  3.8(18) 

2n 


and  after  the  application  of  Kelly's  theorem  (see  section  3.6.2)  and  passing 
to  the  limit  with  respect  to  some  sequence  yn  -»  d  we  find 

27T 
1  If 

ck  =    ir  »  •  -^r-  \  e~'fc'  dF(0, 
chko     2-n  J 
o 

where  F(t)  is  a  function  of  bounded  variation.  Consequently, 

27t 

(25) 

If  now  the  function  f(x)  can  be  represented  by  formula  3.8(25),  then 
f(x+iy)  is  analytic  in  the  strip  |j>|  <  <5,  —  oo  <  x  <  oo,  and  as  a  result 
of  the  positiveness  of  the  sums  of  the  series  3.8(22)  has  a  real  part  U(x,  y) 
which  there  satisfies  the  condition  3.8(24)  for  q=l,M=  var  F(t). 


Therefore  the  class  of  real  periodic  functions  f(x)  of  period  2n  which  admit 
of  the  analytic  continuation  f(x+iy)  =  u(x,  y)+iv(x9  y)  in  the  strip  \  y\  <  d 
and  satisfy  the  condition  3.8(24)  for  q  =  1,  is  identical  with  the  class  of 
functions  having  the  representation  3.8(25). 
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In  the  case  when  q>  1,  in  virtue  of  the  inequality 

\  I  u(x9  y)  |  dx  <  (mes0~«   { \  |  u(x,  y)  \q  dx\^  <  .A/(mes0~<r 

«'  V   *J  ) 

Q  Q 

the  function  *P(t,  y)  is  absolutely  continuous  with  respect  to  /,  uniformly 
with  respect  to  y.  Hence  the  limit  function  F(t)  is  also  absolutely  contin- 
uous and  so  formula  3.8(25)  assumes  the  form 

/(*)  =  -^  J  H(x-t)g(t)  df ,  (26) 

o 

where  g(t)  —  F'(f)  =  lim  w(£,  jn).  By  the  well-known  lemma  of  Fatou 


(27) 


Since  Re//(x+?»  >  0  and 

27T 


4-  ( 

27T     .J 


we  see  also  that  conversely,  every  function  f(x)  which  can  be  represented 
by  the  integral  3.8(26),  in  which  3.8(27)  holds  for  g(0,  admits  of  the  anal- 
ytic continuation  f(x+iy)  =  u(x,  y)+iv(x,  y)  in  the  strip  |<y|<5,  and 
in  virtue  of  the  inequality 

TC  27t  2rc 

\\u(X,y)\«dx=^-\\\ 

J  Z7T     J      J 

0  00 


00  0 

satisfies  condition  3.8(24). 

3.9.  On  regularly  monotonic  functions 

As  is  shown  by  the  example 

/YvA o.~~~x7  n\ 

j(x)  —  e    x  (i) 

a  function  f(x)  may  be  infinitely  differentiable  in  a  given  range  without 
being  analytic.  However,  if  a  function  f(x)  is  such  that  each  of  its  deriva- 
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fives  on  [a,  b]  retains  its  sign,  then  it  is  analytic  within  this  segment**.  The 
proof  is  based  on  the  following  lemma***.  If  at  all  the  points  of  the  interval 
(a,b) 

(2) 


then  for  the  best  approximation  of  order  n  by  algebraic  polynomials  on 
[a,b\  (see  2.1(3))  the  inequality 

En(4>)  <  En(f)  (3) 

is  satisfied.  In  virtue  of  a  theorem  of  P.  L.  Chebyshev  (see  section  2.7.2) 
the  difference  f(x)—Pn(f;  x)  between  the  function  /(#)  and  the  polynomial 
Pn(f;x)  which  deviates  least  from  it  vanishes  at  least  at  n-\-\  points 
.TO,  *!,...,  xn  of  the  interval  (a,b).  If  the  polynomial  Qn(x)  satisfies  the 
condition 


then  the  function 
F(x,  0  =  lf(x)-P»(f;  x)]  W(f)-Qn(t)}-[f(f)--Pn(f-9  0]  [4>(x)-Qn(x)] 


has  zeros  with  respect  to  the  variable  t  at  t  =  x  and  t  =  xk  (k  =  0 ,  1 , . . . ,  n). 
Hence,  assuming  that  x  ^  xk(k  =  0,  !,...,«),  we  have  by  Rolle's  theorem 
at  some  point  ce(a,b) 

dt~~  t.e=Q> 

i.e. 

\4>(x)-Qn(x)\f<»+V(c)  -  \f(x)-Pn(f;  x)\  0<» 
But  this  is  compatible  with  3.9(2)  only  when 

Consequently  3.9(3)  holds. 


In  particular,  choosing  6(x)  —  — r-r— .  and  using  theorem  2.9  as  a  lem- 

(»+!)! 

ma,  we  find  that  if  on  [a,  b] 

\f(m}(x)\>M,  (4) 

then 

M0  =  max  \f(x)  |  >  £,„_.,(/)  >  ^  fc^ I" .  (5) 


**  See  S.  N.  Bernstein  [7],  where  this  theorem  is  proved  with  less  restrictive  con- 
ditions. 

***  S.  N.  Bernstein  [15].  The  proof  given  was  proposed  by  I.  V.  Tsenov  [1]. 
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It  is  now  not  difficult  to  prove  the  theorem.  Since  for  any  n  the  deriva- 
tive /(n+1)  (x)  retains  its  sign  on  [a,  b],  it  follows  that  the  inequality 


is  satisfied  on  one  of  the  two   segments   a,  —  ^  —   ,    —  -—  -  ,  b  I  .  Conse- 
quently 


MQ=    max    |/(.v)|> 


nl 
or 


;   2  \b-t 

Hence  we  conclude  that  on  every  segment  [al9  ftj  entirely  contained  within 
(a,  b)  we  have 

I       _, . 

lim  --  I/    max    \f^(x)\  <  oo. 

11      v  --"       -^ 

Hence  in  virtue  of  theorem  2.7.1  the  function  f(x)  is  analytic  on  any  seg- 
ment [ai9b1]d  (a,b\  i.e.  everywhere  within  (a,  b). 

3.9.1.  The  functions  f(x),  which  satisfy  the  condition  of  theorem  3.9, 
are  said  to  be  regularly  monotonic.  Among  them  a  special  place  is  occupied 
by  absolutely  monotonic  functions,  i.e.  those  which  are  such  that  all  their 
derivatives  have  the  same  constant  sign  on  [a,  b]. 

In  this  particular  case  the  validity  of  theorem  3.9  is  almost  obvious 
and  follows  directly  from  formula  3.5(5)  (see  also  3.5(7)).  Also,  since 


Jk-O 

(x-a)n+l  I 


nl 

o 


[tx+(l-t)a]dt  (6) 


it  follows  that  in  the  case  where  the  function  f(x)  >  0  is  absolutely  mono- 
tonic  for  a  <  x  <  b 
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i.e. 

/(*)  =  £^r  (*-«)*,  (7) 

and  the  radius  of  convergence  of  the  last  series  is  not  less  than  b— a. 

If  now  f(x)  is  any  function  analytic  in  the  range  [a,  b],  and  the  radius 
of  convergence  of  its  Taylor  series  3.9(7)  is  not  less  than  b— a,  then  on 
grouping  together  its  terms  with  the  same  signs  we  obtain 

where  fi(x)  and  f2(x)  are  functions  absolutely  monotonic  on  [a,  b}.  Con- 
sequently, in  order  that  the  function  f(x),  defined  on  [a,  b]9  can  be  expanded 
in  a  Taylor  series  in  powers  of  x~a  with  radius  of  convergence  not  less 
than  b — a,  it  is  necessary  and  sufficient  that  it  should  be  the  difference  of 
two  functions  which  are  absolutely  monotonic  on  this  segment**. 

Thus  we  see  that  in  the  theory  of  real  analytic  functions  absolutely 
monotonic  functions  play  a  similar  part  to  that  which  ordinary  mono- 
tonic  functions  play  for  functions  of  bounded  variation. 

3.9.2.  There  also  exists  a  direct  connection  between  absolutely  mono- 
tonic  functions  and  the  class  of  all  monotonic  functions.  This  is  obvious 
from  the  following  proposition***.  The  function  f(x)  defined  of  the  semi- 
axis  ( —  oo,  0],  is  absolutely  monotonic  there  if  and  only  if 


(8) 

0 

where  F(i)  is  a  function  which  is  non-decreasing  on  [0,  oo).  In  the  first  place 
we  note  that  if  f(x)  is  bounded  and  absolutely  monotonic  on  (  —  oo,  0], 
then  for  w  —  1,  2,  ...  we  have: 


(x->  —  oo), 
and  hence 


_ 
n\ 


o 


**  S.  N.  Bernstein  [3], 

***  S.  N.  Bernstein  [8].  The  proof  given  here  was  proposed  by  B.  I.  Korenblyum  [1]. 
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Also,  since 


on  putting 


we  have 


where 


0, 


n  <  «, 


It  is  obvious  that  Fn(t)   is   a  non  decreasing  function  on  (—  oo,  0],  and 

o 


«"/(B+1)(Odr</(0)-/(-oo). 


Moreover,  as  the  greatest  value  of  the  modulus  of  the  difference 
is  attained  at  the  point  un   (0  <  un  <  «)  at  which 


it  follows  that  for 


~  e~ 


10  Theory  of  Approximation 
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i.e.  <t>n(u)~*  Q~U  as  w-»  oo  uniformly  on  the  semi-axis  [0,  oo).  Applying 
Helly's  theorem  (see  section  3.6.2)  and  choosing  a  subsequence  nk  of  the 
natural  numbers,  after  passing  to  the  limit  we  obtain 


where  JF*(0  =  lim  Fn.(t\  or 
- 


where  F(t)  is  a  function  which  is  non-decreasing  and  bounded  on  [0,  oo). 
Conversely,  if  the  function  f(x)  is  given  by  formula  3.9(8)  on  the  semi- 
axis  (—  oo  ,  0]  ,  it  is  immediately  clear  that  it  is  infinitely  differentiate 
and  absolutely  monotonic  on  (—  oo  ,  0]  . 

3.9.3.  It  is  obvious  that  if  f(x)  is  absolutely  monotonic  on  (0,  b),  con- 
secutive derivatives  of  the  function  </>(*)  =  /(6—  x)  have  opposite  signs 
on  this  range,  and  conversely.  Thus,  the  class  of  functions  which  are  reg- 
ularly monotonic  on  (0,  Z>),  and  for  which  for  all  k  =  0,  1,  2,  ... 

/(fc)(x)/(fc+1)(*)<0,  (9) 

becomes,  if  we  replace  x  by  b—  x,  identical  with  the  class  of  functions 
absolutely  monotonic  in  this  range.  An  essentially  new  class,  in  a  certain 
sense  opposite  to  the  last,  is  formed  by  functions  regularly  monotonic 
on  the  given  segment,  the  successive  derivatives  of  which,  in  place  of  con- 
dition 3.9(9),  satisfy  the  condition 

/<*>(*)/<*+»>(jc)  <  0  (10) 

for  all  k  =  0,  1,  2,  ...  Such  functions  are  known  as  cyclically  monotonic. 
Any  function  cyclically  monotonic  in  the  range  (a,  b)  is  an  integral  function 
of  finite  order**.  Without  loss  of  generality  it  is  possible  to  put  a  =  0.  Since 


o 
we  have,  supposing  that  f(x)  ^  0  and  f'(x)  ^  0, 


JC 

I  S  /(2*+1)(0  dr  ^  x  \f«k+1\x)  |  .  (11) 


«*  S.  N.  Bernstein  [40]. 
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The  function  <p(x)  —  f(b—x)  is  also  cyclically  monotonic  in  (0,  b)  and 
<t>'(x)  <  0,  4>"(x)  <  0.  Hence  since 


it  follows  that 


(12) 


b  . 


Putting  x  =  -y  in  3.9(11)  and  3.9(12),  we  obtain  for  any  k  =  0,  1,  2, ... 


Consequently 


This  means  that  the  radius  of  convergence  of  the  Taylor  series 


(13) 


k=0  'v' 

is  infinite,  i.e.  f(x)  is  an  integral  function.  The  inequality  3.9(13)  shows 
that/(jc)  is  an  integral  function  of  exponential  type  of  degree  or  not  greater 

2 

- .  This  result  can  be  improved.  S.  N.  Bernstein  [40]  proved  that 

7 — a 


than 


in  fact  the  degree  a  of  a  function  cyclically  monotonic  in  the  range  (a,  b) 

n 


is  not  greater  than 


2(b-a) 


.  The  last  inequality  is  now  definitive.  For  the 


function  f(x)  =  sin  -—^ ~-  it  is  an  equality. 

As  is  obvious  from  the  inequality  3.9(13)  a  function /(x)  (which  is  not 
linear)  can  possess  the  property  of  cyclical  monotonicity  only  on  a  finite 
segment**. 

In  the  class  of  all  integral  functions  of  finite  degree,  cyclically  mono- 
tonic  functions  play  a  part  similar  to  that  played  by  absolutely  monotonic 
functions  in  the  study  of  all  analytic  functions  (see  section  3.9.1)  and  by 


**  In  virtue  of  3.9(13)  as  *->  oo  we  have  |/(fc)  (;c)|  =  O(jc~fc+1),  since  /(*)  >  0, 
/"(*)  <  0.  Consequently,/"^)  =  O  i -Lj  and  hence /"(*)  =  0. 


10* 
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ordinary  monotonic  functions  in  the  theory  of  functions  'of  bounded 
variation. 

On  any  segment  [a,  b]  of  length  less  than  -=—  any  integral  function  f(x)  of 

2cf 

degree  cr  is  the  difference  of  two  functions  cyclically  monotonic  on  this  seg- 

ment**. If  p  >  cr,  then  g(x)  =/(  —  I  is  an  integral  function  of  degree  —  <  1 

\PI  P 

and  consequently***  there  exists  a  finite  number  M  such  that,  for  all 


on  any  finite  segment  [a,  j8]e[a,  b]. 

If  we  take  e  >  0  and  choose  a  constant  A  such  that  M  <  A  sin  e, 
the    function    (t>(x)  —  A  sin  (x—a),    which   is    cyclically   monotonic  on 

«+£,«+  —  —  el,    will  possess   the   property  that  everywhere   on   this 
segment 


for  any  k  ^  0. 

Hence    the    function    ip(x)  =  </>  (x)—g(x)    is    cyclically    monotonic    on 

a+e,  a+  —  —  s  ,  and  hence  on  the  given  segment  g(x)  is  representable 
as  the  difference 

g(x)  =  tf  (*)-¥>(*). 
It  follows  that  the  function  f(x)  =  g(px)  is  representable  as  the  difference 

of  two  cyclically  monotonic  functions  in  the  range    -  >  --  h*^—  r 

L  P        P         2P\ 

It  is  obvious  from  the  example  of  absolutely  monotonic  and  cyclically 
monotonic  functions  that  changing  the  law  of  the  alternation  of  signs 
of  the  successive  derivatives  of  regularly  monotonic  functions  has  an 
effect  on  their  analytical  nature.  In  the  general  case  in  order  to  charac- 
terize the  type  of  regular  monotonicity  we  mayj  take  into  consideration 
the  frequency  *>(/;  n)  of  the  alternation  of  signs  in  the  series  f(x), 
/'(*)>•••»  fM(x).  Absolute  monotonicity  corresponds  to  the  frequencies 


**  S.  N.  Bernstein  [40]. 
***  By  the  inequality 


lim 
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K/;  w)  ^  0  and  v(f;  n)  =  n,  and  cyclical  monotonicity  to  the  frequency 
v(f'>  n)  —  I  ~y  I  •  Thus  in  a  certain  sense  the  two  cases  of  regular  mono- 
tonicity considered  are  extremes. 

3.10.  On  quasi-analytic  classes  of  functions 

One  of  the  mrst  important  properties  of  the  class  of  analytic  functions 
is  the  property  of  uniqueness.  A  function /(x)  which  is  analytic  on  a  given 
segment  is  completely  determined  there  by  its  values  in  any  interval  or 
by  its  value  and  the  values  of  all  its  derivatives  at  any  point. 

3.10.1.  However  it  is  easily  seen  that  for  the  validity  of  this  property 
of  the  function  f(x)  there  is  in  general  no  need  to  assume  its  analyticity 
on  the  given  segment,  i.e.  the  satisfaction  of  condition  3.7(3)  for  all  natural 
numbers  k.  Thus,  for  example,  it  is  sufficient  merely  to  assume  that 

i 

nr^f/f\^-  /i\ 

M/)<°°»  (I) 


and  it  can  then  be  asserted  that  if  at  some  point  ce(a,  b)  the  given  function 
and  all  its  derivatives  vanish,  then  f(x)  =  0  on  [a,  b].  In  fact,  as 


. 

we  see,  choosing  a  value  of  n  from  a  subsequence  nk  for  which 


that  for  some  M  >  0 

\f("k\c+Qnk(x-c)}\  ^  Mnk(f>  <  M"*nk\ 

and  consequently 

\f(x)\<(M\x-c\)n*. 

Hence  if  \x—  c\  <  —  it  follows  that  f(x)  —  0. 

Choosing  in  place  of  c  the  points  C±-^TT  and  once  more  repeating 

2M 

the  same  reasoning,  we  obtain  f(x)  =  0  on  the  whole  segment  [a,  b]. 
If  now  HJ  <  n2  <  «3<  ...  is  a  given  infinite  sequence  of  natural  num- 
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bers,  the  class  of  all  infinitely  differentiable  functions  f(x)9  defined  on 
[a,  b]  and  such  that 

M(f)nk      (M(f)  constant),  (2) 


exactly  as  in  the  case  nk  =  k  (analytic  functions)  possess  the  property 
that  any  two  functions  /i(.x:)  and  f2(x)  belonging  to  it  and  identical  in  an 
arbitrarily  small  interval  are  identical  over  the  whole  segment.  Classes 
of  functions  which  possess  this  property  are  called  quasi-analytic. 

3.10.2.  Thus  any  sequence  of  natural  numbers  nk  which  increases 
without  limit  defines  some  quasi-analytic  class  of  functions  which  satisfies 
condition  3.10(2)  on  a  given  range.  We  note  that  if  the  sequence  nk  is  such 


that  the  ratio  -^  remains  bounded  as   k  ->  oo  ,    then   the  corresponding 

nk 
quasi-analytic  class  contains  only  analytic  functions.  In  fact,  since 

n-l 

/(*)  =  XI  -nf(k}^  (*-*°)fc  + 

+^)[*+^^ 

where  xQe[a,  b],  we  have  for  the  polynomial 

n-l 


the  estimate 

0         t  /r  f  r\  f}\ 

— Mtt(f).  (3) 


From  this  it  immediately  follows  with  the  help  of  theorem  4.8.8  (see  4.8(48)) 
that  for  any  k  <  n 

k  (4) 


where  C  is  a  constant  which  does  not  depend  on/,  n  and  k.  Since  the  point 
XQ  is  arbitrary,  it  follows  that 


Consequently,  if  nk_x  <  n  <  nk,  then 

(5) 
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and  in  virtue  of  3.10(2)  with  the  condition^1  —  0(1)  it  follows  that 


for  all  natural  numbers  w,  i.e.  the  function  f(x)  is  analytic  on  [a,  b]  (see 
3.7(1)). 

In  order  to  verify  the  validity  of  the  given  assertion  in  the  case  where 
the  range  [a,  b]  is  not  bounded,  we  note  that  for  a  =  —  1,  6=1,  #0  =  0 
we  have  from  3.10(3),  thanks  to  theorem  2.9.12  (see  also  2.6(9)),  the 
inequality 


for  0  <  r  <  1.  Substituting  r  =    ^ff"'      if   M0(/)n!  <  Mn(f),    and 

L  Mn(J)  J 

if  Af0(/)n!  >  Mn(f),  we  obtain  (see  3.7(2))  the  estimate** 


(6) 
Similarly  for  a  =  —  1,  b  =  I,  x0  =  —  I,  0  <  r  <  1  we  obtain  from  3.10(4) 

!/<«(-  01  =  I^\(-I)K 


whence,  putting  r  =  \  ywm  I         M°^nl  ^  2"M«^  and   r 
otherwise,  we  find*: 


(7) 


where  C0  is  an  absolute  constant. 

If  now  F(x)  is  defined  on  the  whole  real  axis,  then,  considering  the 
function  f(x)  =  F(t+Ax)  (A  >  0,  —  oo  <  t  <  oo)  on  the  segment 
—  1  <  x  <  1,  we  have  by  the  inequality  3.10(6) 


(W 


**  Gorny  [1];  see  also  H.  Cartan  [1]. 
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and  in  consequence  of  the  arbitrariness  of  A 


Mk(f)  <  2ckM~"(F)M»(F)**.  (8) 

Similarly,  if  F(x)  is  defined  on  the  semi-axis  [0,  oo),  then  considering 
the  function  f(x)  —  F[t+A(x+l)]  and  using  the  inequality]  3.10(7)  we 
obtain  : 

Mk  (F)  <  (~^M\~  *  (F)M\  (F)  .  (9) 

On  account  of  the  inequalities  3.10(8)  and  3.10(9),  in  order  to  prove 
the  analyticity  of  F(x)  it  is  sufficient,  as  in  the  case  of  a  finite  segment, 


to  make  use  of  3.10(2)  and-1=  0(1). 

nk 

3.10.3.  Denjoy  and  Carleman  were  the  first  to  consider  the  problem 
of  the  conditions  which  must  be  satisfied  by  the  sequence  of  numbers 
Mn(n  =  0,  1,  2,  ...)  in  order  that  the  class  of  infinitely  differentiate  func- 
tions f(x)  determined  by  it  which  possess  the  property 


(10) 

should  be  quasi-analytic  in  the  sense  that  any  two  f  unctions  /^(x)  and/2(x) 
of  the^class,  which  together  with  all  their  derivatives  assume  identical 
values  at  some  single  point,  should  be  identically  equal  over  the  whole 
segment***.  It  turns  out****  that  the  class  of  all  infinitely  differentiable 
functions  f(x)  which  satisfy  condition  3.10(10)  is  quasi-analytic  in  the 
given  sense  if  and  only  if  the  series 

1 

<"> 


1 

where  M*  —  inf  Mj,  diverges.  Several  different  proofs  of  this  important 

k>n 

theorem  are  known*,  but  an  exposition  of  any  of  them   would  take 
us  outside  the  scope  of  the  present  chapter. 


**  This  inequality  can  be  improved.  For  functions  considered  on  the  whole  real 
axis  A.  N.  Kolmogorov  [4]  obtained  the  inequality  3.10(8)  with  an  exact  constant  which 

in  fact  is  always  less  than  -z-  .In  the  integral  metric  Lp  a  similar  inequality  was  obtained 

by  Stein  [1]. 

***  This  problem  was  stated  by  Hadamard  [1], 

****  Carleman  [1]. 

t  See,  for  example,  S.  Mandelbrojt  [2]. 
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The  criterion  for  the  function  f(x)  to  belong  to  the  quasi-analytic 
class  of  Denjoy  and  Carleman  is  the  condition 


-oo. 


In  particular,  every  infinitely  differentiable  function  f(x)  for  which 

j 

L^o,  (12) 


is  quasi-analytic  in  this  sense,  as  also  is  any  function  which  satisfies  the 
condition  3.10(1)**.  In  chapter  V  the  fundamental  constructive  property 
of  such  functions  is  established. 

The  set  of  all  functions  which  satisfy  condition  3.10(12),  as  was  discov- 
ered by  Mandelbrojt  [1],  plays  the  same  part  in  the  class  of  all  infinitely 
differentiable  functions  as  the  set  of  all  monotonic  functions  does  in  the 
class  of  functions  of  bounded  variation,  the  absolutely  monotonic  func- 
tions in  the  theory  of  analytic  functions  and  the  set  of  cyclically  monotonic 
functions  in  the  class  of  integral  functions  of  exponential  type.  Any  infi- 
nitely differentiable  function  is  the  difference  of  two  functions  which  are 
quasi-analytic  in  the  sense  of  Denjoy  (i.e.  they  satisfy  condition  3.10(12)). 

3.10.31.  The  set  W  of  infinitely  differentiable  functions  f(x)  defined 
on  the  finite  segment  [a,  b]  and  satisfying  the  conditions  sup  M0(/)  <  oo 

few 


**  The  fact  that  functions  satisfying  condition  3.10(1)  are  quasi-analytic  in  the 
sense  of  Denjoy  and  Carleman  follows  directly  from  the  following  simple  lemma.  // 

00 

the  terms  of  the  series  of  numbers  2_j  un  decrease  monotonically  and  an  infinite  sequence 

{nk\  exists  such  that  un.  >  — ,  then  the  given  series  diverges.  In  virtue  of  our  assumptions 

<-     >  k        rik 


It  may  be  assumed  that  as  k  ->  oo  the  limit  of  the  ratio exists  and  is  equal  to  unity. 

wfc+i 

Otherwise  the  divergence  of  the  series  on  the  right-hand  side  is  obvious.  With  this  con- 
dition, if   -^-  >  A  >  0  it  follows  that 
rtk+i 

00  00  °° 

y  ?*+!-**  >  A  y  ft+i-**  >  A 

£  **+!  &  »* 

OO 

i.e.  the  series  2.1  un  diverges. 
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and  3.10(10),  where  M „  <  oo  (n  =  1,2,...)  and  sup  M(/)<  oo,  is  by 

few 
section  3.51  compact  in  the  same  sense  as  in  theorem  3.7.2. 

3.10.4.  An  important  generalisation  in  another  direction  of  quasi- 
analytic  classes  of  functions  which  satisfy  condition  3. 10. (2)  was  indi- 
cated by  S.  N.  Bernstein  [7].  It  is  based  on  a  natural  constructive  property 
of  such  functions  (see  section  5.8.1).  It  consists  in  the  fact  that  for  any 
infinitely  differentiate  function  which  satisfies  condition  3.10(1)  we  al- 
ways have 

lim  "/£„(/;  a,b}<\.  (13) 

n— >oo 

In  chapter  VI  classes  of  functions  f(x)  are  considered  which  satisfy 
condition  3.10(13),  and  it  is  proved  that  whatever  may  be  the  sequence 
of  natural  numbers  n^  <  n2  <  n3  <  . . .  increasing  without  limit,  the  class 
of  all  continuous  functions  f(x)  for  which  for  some  Q  <  1 

Enk(f;a,b)^M(f)Qnk  (14) 

is  quasi-analytic**.  It  is  clear  that  the  differential  properties  of  the  functions 
composing  such  a  class  depend  on  the  nature  of  the  sequence  nk .  In  par- 
ticular, it  may  happen  that  functions  are  quasi-analytic  in  this  sense  which 
are  differentiate  only  a  finite  number  of  times  or  even  not  differentiable 
anywhere. 

We  also  note  that  the  set  of  all  continuous  functions  which  satisfy 
condition  3.10(13)  occupies  the  same  position  in  the  class  of  all  continuous 
functions  as  functions  quasi-analytic  in  the  sense  of  Denjoy  in  the  class 
of  all  infinitely  differentiable  functions.  It  will  be  proved  in  section  6.6.3, 
that  every  function  continuous  on  [a,  b]  is  the  difference  of  two  functions 
quasi-analytic  in  the  sense  of  S.  N.  Bernstein***. 

3.11.  Conjugate  classes  of  functions  defined  on  the  whole  real  axis 

Side  by  side  with  the  classes  W  of  functions  f(x)  defined  on  the  whole 
real  axis,  which  we  have  already  considered,  the  classes  W  conjugate  to 
them  are  also  frequently  studied. 

3.11.1.  In  the  case  where  W  is  the  corresponding  class  of  periodic 
functions,  the  class  W  conjugate  to  it  consists  of  the  functions  f(x) 
known  as  trigonometrically  conjugate  to  f(x)  and  defined  as  follows. 


**  The  classes  of  functions  which  satisfy  condition  3.10(14),  will  be  called  quasi- 
analytic  in  the  sense  of  S.  N.  Bernstein. 
***  A.  I.  Markushevich  [1]. 
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If  f(x)  is  a  Lebesgue-integrable  function  of  period  2n  with  Fourier 
series 

00  00 

ff\*\   ^^_  t  j  /*     f*lkX  —  .I.-,        >        1/7     f*r\Q  if  V  — I—  />     Q1T1  K""Vl  ll^ 

/  1  J\,  J   r^/          /  l/t  v>  — —       ^~  ^^      /        I  Mj^  V^V/3  A»^V     j^c/j^  O14-J. /V«\y  j  I  II 

*=«  — oo  fc=l 

then  in  the  case  where  the  conjugate  trigonometric  series 

00 


—  i   2_,  sig11  ^  *  ck  Qikx  =  2-j  fat  sin  kx—bk  cos  fcx)  (2) 

is  the  Fourier  series  of  some  function  f(x),  the  latter  is  said  to  be  trigo- 
nometrically  conjugate  to  /(#)**.  This  terminology  is  justified  by  the  fact 
that  if  the  series  3.1(1)  is  added  to  the  series  3.11(2)  multiplied  by  i,  we 
obtain  the  power  series 


for  |  z  1  =  1 ,  the  real  and  imaginary  parts  of  which  represent  a  pair  of 
conjugate  harmonic  functions  in  the  circle  \z\  <  1. 

There  also  exists  another,  wider,  definition  of  conjugate  functions  as 
the  limit 

/(*)  =  lim       *i  /(*+<)-/(*-0 


2tany 


=  - 1 C 
^J 


which  exists  and  is  finite  almost  everywhere  for  any  integrable  function 
/(*)***.  However,  a  function  f(x)  defined  in  this  way  is  not  necessarily 

**  By  the  Riesz-Fisher  theorem  a  function  f(x)  conjugate  in  the  given  sense  is 
uniquely  defined  for  any  function  /(x)  which  is  of  integrable  square.  It  must  also  be  borne 
in  mind  that  in  the  general  case,  a  trigonometric  series  conjugate  to  a  Fourier-Lebesgue 
series  need  not  be  a  Fourier-Lebesgue  series.  This  is  easily  seen  by  considering  the  ex- 
ample of  the  series 

oo 

i  COSKX 


which  converges  at  every  point  *e(0,  2n)  to  an  integrable  function  and  consequently 
is  the  Fourier  series  of  its  sum.  (See  A.  Zygmund  [1]). 

***  This  could  be  verified  by  using  theorem  3.8.1  (see  A.  Zygmund  [1]  section 
3.45). 
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Lebesgue-integrable**.  In  those  cases  where  it  is  integrable,  its  Fourier- 
Lebesgue  series  is  the  series  3.11(2),  and  hence  the  definition  3.11(3)  is 
identical  with  the  previous  one.  It  follows  from  this  that  in  those  cases 
where  the  function  f(x)  of  3.11(3)  is  integrable,  the  dual  of  3.11(3) 


2tanT 

holds.  These  facts  are  treated  in  the  fundamental  monograph  of  A.  Zyg- 
mund  [1],  where  the  reader  will  find  detailed  proofs  and  examples.  We 
will  give  another  important  statement  proved  there,  due  to  M.  Riesz. 
If  f(x)eL*(Kq<  oo),  thenf(x)eL$  also.  In  this  case  the  inequality 

r 

(5) 

holds,  in  which  the  constant  M*  does  not  depend  on  f. 

The  definition  of  the  conjugate  function /(x)  by  formula  3.11(3),  as 
is  not  difficult  to  prove  with  the  help  of  the  identity 


is  equivalent  to 

oo 

^).d,.  (7) 


7T 
0 


In  this  form  the  given  formula  can  be  taken  as  the  definition  of  a  conjugate 
function  for  every  function  f(x)  ,  which  belongs  to  the  class  Lq  (1  <  q  <  oo) 
on  (—00,  oo). 

For  arbitrary  functions  defined  on  the  whole  real  axis,  as  in  the  peri- 
odic case,  a  theorem  holds  which  is  similar  to  the  theorem  of  M.  Riesz 
mentioned  above**5*.  If  f(x)  belongs  to  the  class  Lq  (1  <  q  <  oo)  on 
the  whole  interval  (—00,  oo),  then  the  conjugate  function  f(x)  ,  defined  by 
formula  3.11(7),  belongs  to  the  same  class  and 


5   \Ax)]"dx.  (8) 


**  To  verify  this,  it  is  sufficient  to  take  the  periodic  function  /(*),  equal  to  zero  on 
[— TC,O]  and  equal  to   Ixln2-^-)       on  (0,7u). 

***  M.  Riesz  [1].  See  also  E.  C.  Titchmarsh  [2]. 
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Here  the  constant  Mq  does  not  depend  on  f.  We  note  also  that  for  functions 
f(x)  which  belong  to  the  class  Lq  (1  <  q  <  oo)  on  the  whole  interval 
(—  oo,  oo),  as  in  the  periodic  case,  the  formula** 


0 

dual  to  3.11(7),  holds. 

3.11.2.  In  the  consideration  of  arbitrary  functions  defined  on  the 
whole  real  axis,  it  is  sometimes  more  convenient  to  use  another  expression 
which  is  connected  with  the  Fourier  transform  of  the  function  f(x)  and 
is  similar  to  the  first  of  the  definitions  of  a  conjugate  function  in  terms 
of  a  sequence  of  Fourier  coefficients  given  in  section  3.11.1.  Let  us  con- 
sider the  case  of  functions  f(x)  belonging  on  (—00,  oo)  to  the  class  L2 , 
which  is  most  important  in  many  other  problems  also.  Let  f(x)  be  an 
arbitrary  complex  function  defined  on  the  whole  real  #-axis  and  such 
that 

oo 

"  |/(jc)|2dx<oo.  (10) 

> 

3.11.21.  The  following  fundamental  theorem  is  due  to  Plancherel***. 
For  any  function  f(x)  which  satisfies  condition  3.11(10)  the  integral 

1 


1/27U    J> 

has  almost  everywhere  a  finite  derivative 


for  which 

00  OO 

S   |F(*)|2dx=    J    |/(x)|2dx  (12) 

—  00  —CO 

and 


**  See  E.  C.  Titchmarsh  [2]. 

***  Plancherel  [1],  See  also  E.  C.  Titchmarsh  [2],  The  proof  given  here  is  due  to 
S.  Bochner  [1]. 
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Moreover,  as  A  -*  oo 

'  dx  ->  0, 


-A 


(14) 


j=r  \  F(t)eitxdt 

\/2n 


dx  ->• 0. 


The  function  F(x)  is  said  to  be  the  Fourier  transform  of  f(x). 

If/(x)  satisfies  condition  3.11(10),  then  from  theorem  1.4  there  follows 
the  existence  of  a  sequence  of  functions  fn(x),  each  of  which  vanishes 
outside  some  finite  interval,  such  that 

1  |  /(*)-/„(*)  |2  dx->0      (it  -+00) 

—  00 

and  co(fn;  t)  <  Mnt.  For  the  function 


and  arbitrary  A  >  0 


V  2?C 


A      oo 


(x)  |3  dx  =  /.  (0  e-to  df 


-A 


=  — C  f 

is   }  Jn 


fm(u+t) 


sinAw 
—  — 


But  as  co(/J,;  0  ^  Afnf,  it  is  not  difficult  to  prove  that  as  A  -^  oo 


uniformly  with  respect  to  all  /  of  any  finite  segment.  Passing  to  the  limit, 
we  obtain 


J   \Fn(x)\*dx=    J 


From  the  same  considerations  we  conclude  that 


=    J 
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Hence  in  virtue  of  the  completeness  of  the  space  of  functions  of  integrable 
square  there  follows  the  existence  of  a  function  F(x)  for  which  as  n  -*  oo 


and  hence  3.11(12)  holds  for  F(x). 

The  validity  of  3.11(11)  follows  from  the  fact  that 


1       ?  e-<M*-l 

n(w)e-'>d^-L=-  V  /,(«)  dii, 

1/27U       J  —  «< 


7U  1/27 

0  -oo  *  -oo 


after  passing  to  the  limit  and  differentiating  with  respect  to  x. 
We  note  that  3.11(12)  is  equivalent  to  the  equation 


J  f  (x)  *(x)  dx  =   J  /(x)  £(x)  d*  (15) 


for  any  two  functions  /(x)  and  <£(*)  which  satisfy  the  condition  3.11(10), 
and  their  Fourier  transforms  F(x)  and  ^(x).  Putting  here  (f)(x)  =  1  for 
Q  ^  x  ^u  and  $(x)  =  0  for  the  remaining  values  of  x,  we  have  by  for- 
mula 3.11(11) 

.  I 


—  it 
r  6 

i.e. 


and  after  differentiation  with  respect  to  u  we  obtain  3.11(13).  Putting 
<K*)  =/(*)  for  |  x  |  <  A  and  </>(x)  =  0  for  the  remaining  values  of  x,  we 
have  by  formula  3.11(11) 

1         H     £  P-"*__I  1 


Consequently,  if  we  take  account  of  the  equation 

00  00 

=   J  \f(X)-<t>( 


we  obtain  the  first  of  the  relations  3.11(14).  The  second  is  established 
in  a  similar  way. 
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3.11.22.  If  in  3.11(15)  we  replace  <£(*)  by  (j)(u—x)  and  note  that  the 
Fourier  transform  0(x)  is  then  replaced  by  3>(x)e-iux  ,  we  also  obtain 
the  following  formula  for  the  convolution  of  two  functions: 

00  00 

jj  /(/)  0  (jc-  t)  dt  -  jj  F(t)  0(t)  Qitx  dt.  (16) 

—  OO  —00 

In  the  case  where  the  function  /(x)  (F(x))  in  formula  3.11(11)  (formula 
3.11(13))  is  absolutely  integrable  on  (—  oo,  oo),  the  differentiation  can  be 
carried  out  under  the  integral  sign,  and  then  the  Fourier  transform  3.11(11) 
(the  transform  3.11(13))  assumes  the  form 

1      °° 

(17) 


I/27C 


(  or  /(*)  =  -=•  \  F(t)e"*dt,  respectively  . 

\  |/27U  ^  I 

Formula  3.11(17)  defines  the  Fourier  transform  for  all  functions  abso- 
lutely integrable  on  (—00,  bo).  It  follows  from  3.11(16)  that  the  Fourier 
transform  of  the  convolution  of  two  functions  is  identical  with  the  product 
of  their  Fourier  transforms. 
Similarly,  applying  3.11(15),  we  obtain: 

e~0  dt,  (18) 

i.e.  the  Fourier  transform  of  the  product  of  two  functions  of  integrable 
square  is  identical  with  the  convolution  of  their  Fourier  transforms. 

3.11.23.  In  the  case  where  the  function  f(x)  is  even  (odd),  the  Fourier 
transform  3.11(11)  and  the  inverse  transform  3.11(13)  are  of  the  form 


,  _  o 

_  /  2    d  (' 

-^d£ 


sin  tx 

— 

— 

2    d  f  _,  N  sin  tx 


.  _          oo 
/  A-      i       ^/   ^         Ti/2     ^    C  y/  x  I"  COS  f# 

(correspondingly  F(x)  -  y  -  ^  J/(0  -  -  -  dr, 


— 
2    d 

o 
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The  corresponding  form  of  Plancherel's  theorem  for  the  class  of  functions 
of  integrable  square  on  the  semiaxis  is  formulated  as  in  theorem  3.11.2. 
3.11.24.  The  result  of  the  formal  operations 

CO  OO        CO 

i   e  /we--*  =  __  U  e  c  fo+t^fw  dtfe-*,d, 

1/27U    J  7T1/27U    J       J  W 

r  -  — 


7UI/27CJ 

0  — 

1    °°  H 

=   --  Lf   _(e*«--e-|''*)F(jc) 

7T    J      W 


2i  _,  .  fsiniflc  ,  ._,  ,    . 

— F(x)  \  —  --ait  =  —  iF(x)  sign x 

7T  ,J         # 

0 

indicates  the  connection  between  the  Fourier  transforms  of  two  conjugate 
functions.  In  what  follows  we  shall  use  this  relation  as  the  basis  of  the 
definition  of  the  function  f(x)  conjugate  to  the  function  f(x),  satisfying 
the  condition  3.11(10).  Thus  in  the  class  L29  by  definition, 


f(x)  =-?——  (  sign  t-F(t)l—^-df.  (19) 

l/2ir  dx  J  ( 


—  00 


The  given  definition  of  a  conjugate  function  is  easily  generalized  to  a 
wider  class  of  functions,  defined  on  the  whole  real  axis,  including,  in  par- 
ticular, all  periodic  functions**  of  integrable  square.  This  class  (Wiener's 

class)  consists  of  all  integrable  functions  f(x)  for  which  the  function  — ' 


is  integrable  on  (—  oo ,  oo) .  If  f(x)  is  such  a  function  and  for  certain  values 
of  the  numbers  a,  b  (in  general  complex)  the  modulus  of  the  quotient 

—  -         is  of  integrable  square  on  (— •  00,00),  and  F*(x)  is  the  Fourier 
transform  of  this  function,  then  by  formula  3.11(13) 


**  See  N.  I.  Akhiezer  [3]. 
11  Theory  of  Approximation 
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From  this,  by  analogy  with  3.11(19),  the  conjugate  function  is  defined  by 
the  formula 


(20) 


It  would  be  possible  to  prove5**  that  as  for  periodic  functions  of  integrable 
square,  so  also  for  functions  the  square  of  the  modulus  of  which  is  in- 
tegrable on  (—  oo,  oo),  the  conjugate  function  defined  by  equation  3.11(20), 
differs  only  by  a  constant  from  the  corresponding  conjugate  function 
defined  at  the  beginning  of  section  3.11.1  or  by  equation  3.11(19). 
3.11.3.  The  example 

oo         .      , 

(21) 


show  that  the  function  conjugate  to  a  bounded  function  need  not  be 
bounded.  Another  example 

^oo         .      , 

_ 

(22) 


shows  that  a  function  conjugate  to  a  continuous  (even  absolutely  conti- 
nuous) function  may  be  discontinuous  and  unbounded.  Moreover,  start- 
ing from  3.11(7),  it  can  be  verified  immediately  that  in  those  cases  where 
the  continuous  function/(x)  is  periodic  or  belongs  to  the  class  Lq(l  <  q  <  oo) 
on  (—  oo  ,  oo)  and 


(23) 


the  conjugate  function  f(x)  is  always  continuous.  Moreover,  the  results 
of  chap.  V  (section  5.1.32)  and  chap.  VI  (sections  6.7.1  to  6.7.5)  give  the 
following  theorem.  If  the  function  f(x)  is  periodic  and  for  />  r  (r  an  in- 
teger) 


dw  <  oo ,  (24) 


**  See  N.  1.  Akhiezer  [3], 
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then  f(x)  has  a  continuous  derivative  of  order  r  and 


(25) 

0 

where  Cktftl  is  a  constant  which  does  not  depend  on  /**.  In  particular,  putting 
/  =  r+l  and  cor+1(/;  0  =  0(fr+a)  (0  <  a  <  1),  we  obtain  from  this 
that  iff(x)eW^H(a)M(Q<a<  1),  then  f(x)eW^H(a)M^\  Thus,  for  r 
an  integer  and  0  <  a  <  1  r/w?  c/ossss  W^r)H(a)M  and  W^H^M^  are 
identical  apart  from  the  values  of  the  constants  M  and  Ml  .  As  is  shown  by 
the  example 

co     COSI/T.X  +  -—  -1 

J  (26) 


this  assertion  would  no  longer  be  true  for  a  =  0  or  a  =  1. 

It  follows  directly  from  the  last  theorem  that  if  the  periodic  function 
f(x)  of  period  2n  is  infinitely  differentiate,  then  the  same  property  is 
possessed  by  f(x)  also. 

3.12.  Various  problems  and  theorems 

1  .  Let  /(;c)  be  an  integrable  periodic  function  of  period  2rc  and 

1    *t* 
/A.rC*)--^   ^   /*.r-i(/)d/f      /a.  o  (*)-/(*)  (1) 

JC-fl 

be  its  r-th  Steklov  function  with  increment  /2.  i 

(1)  As  h~^0  we  have  for  almost  all  x 

(2) 


(2)  If     XI    cfce1**  is  the  Fourier  series  of  the  function  /(x),  then  for  any  integer  r  >  1 


/*.,(*)=       ~si 

(3)  The  following  inequalities  hold: 


(2/1) 


(4) 


**  A.  Zygmund  [51  in  the  case  r  ==  0,  k  =  1,  /  =  1  .  N.  K.  Bari  and  S.  V.  Stechkin 
[1]  in  the  general  case. 

***  For  r  =  0  this  was  first  established  by  1.  1.  Privalov  [1]. 
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(4)  If  the  function  /(*)  is  differentiable  and  |/'(*)  |  <  1,  then  for  0  <  h  <  — 

\fM-fh,rM\  <-7=ri^r+)A  (5) 

where 

f—  f 

V  m  ,  n>  1). 


'  \ 
(~DV(n  }(n- 

j  \V 

v  =  o 

The  inequality  3.12(5)  is  precise. 


(5)  If  the  function  /(;c)  is  differentiable  twice  and  |/"(*)|  <  1,  then  for  0  <  h  <  ^  , 

l/W-/*.rW|<iM«.  (6) 

The  inequality  3.12(6)  is  precise. 

(6)  If  the  function  f(x)  is  such  that 

max  |  /(jc)  -//,,  r  (*)|  =  o(hz)      (r  >  0) 

JC 

as  h->  0,  then  /(;c)  SEE  constant. 

(7)  The  function  f(x)  is  convex  on  [a,  b]  if  and  only  if  for  h  >  0  and  af^x—h< 
<x+h<b 

fM<fk,iM.  (7) 

(8)  If  /  (x)  eL*(l<g<  oo),  then 


{  I  \f(x)-fh>l(x)\qtx^<ia>2(f;h)L*q. 
o 

27T  £ 

{  J  I  /W  -/».  •  W  I*  dr  }  «  <  4«>2  (/;  2/Oj*  , 


(8) 


The  relations  3.12.1,(l)-(3)  can  be  verified  directly;  for  3.12.1(4)-(6)  see  A.  F.  Timan 
[10];  for  3.12.1(7)  see  Hardy,  Littlewood  and  P61ya  [1]. 

2.  The  following  proposition  is  similar  to  theorem  3.1.2.  A  bounded  set  W  of  pe- 
riodic functions  with  period  b—  a,  belonging  to  Lq  on  [a,  b}9  is  compact  in  this  space 
if  and  only  if  as  /r->  0 

b 
sup  J|A*)-/*.rM|dr->0.  (9) 

f*w  a 

A.N.  Kolmogorov  [1],  q>  1,  r  =  1;  A.N.  Tulaikov  [1],  <?  =  1,  r  =  1.  See  also 
L.  A.  Lyusternik  and  V.  I.  Sobolev  [1]. 
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3.  If  the  function  f(f)  is  defined  on  (—00,  oo)  and 


or 


then  in  the  first  case  for  all  jc,  and  in  the  second  case  for  almost  all, 


where  F(t)  is  the  Fourier  transform  of  the  function  /(/)• 
Make  use  of  the  proposition  of  3.11.22. 
4.  If  for  some  q(l  <^q  <  oo) 


then 


i         , 
{  jj  I  //,(,r'  to  I"  dx  j  «  <  —  wr  (/;  2/Ot,  , 


—  00 
00 


—  OO  —CO 

5.  If  for  some  q  >  1  we  have  o>(/;  t)^  =  0,  then  f(x)  is  constant  almost  everywhere. 
The  inequality 

is  satisfied  for  any  A>  0. 

If  <Wfc(/;  0, ... ,  0,  «v>  0, ... ,  O)L  is  the  partial  integral  modulus  of  smoothness  on 
the  cube  of  periods  of  the  function  f(xi , . . . ,  xm)  c  Lq(q~>  1)  which  is  periodic  (of 
period  2n)  in  each  of  the  variables,  i.e. 


2TC          2TT 

=     SUP    I  J  -  J 

v        o          o 

then  for  any  natural  number  n 

">*(/;  0, ...  0,  nuV9  0, ...,  0)L    <  /i*wk(/;  0, ... ,  0,  «v,  0, ... ,  0V  . 
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For  other  values  of  A  >  0 

«)*(/;  Oj... ,0,^,0,...,  0)<  (A+ !)%(/;  O^.-.O.^^....^)^. 
The  estimate  3.12(12)  follows  directly  from  3.3(2).  Make  use  of  the  identity  3.3(4). 
6.  If  the  function  f(x)  defined  on  [—1,1]  satisfied  the  conditions 


-1,1], 

then  |  f(x)  |  <  j.  With  the  supplementary  condition  f(—x)  =  f(x)  the  precise  inequality 
max     \f(x)\  <T  is  satisfied. 

If  the  function  f(x)  is  periodic  and  cos(/;  /)  <J  /,  then  as  /->  0 


I.  E.  Gopengauz  and  A.  F.  Timan  [1].  See  also  Yu.  A.  Brudnyi  [1]. 

7.  For  any  function  f(x,y)  the  total  modulus  of  smoothness  a>2(/;  «>  v)  and  the 
mixed  modulus  of  smoothness  COI(I(/;M,  ^)  satisfy  the  inequality 

Jwi.i(/;  M,  u)  <  o>2(/;  M,  T;).  (13) 

This  obvious  inequality  for  k  =  2  supplements  the  estimate  3.4(7). 

8.  If  <t>(x)  is  a  function  of  bounded  variation  on  the  whole  real  axis  (—  00,00)  and 
at  every  point  x 


then 

f;     *(*)-      f]       S    ^U)e27Tl'VJC  djc,  (14) 


—oo 


subject  to  the  condition  that  the  series  on  the  left  converges. 

Formula  3.12(4),  which  is  known  as  Poisson's  formula,  is  obtained  from  the  ex- 

oo 

pansion  in  a  Fourier  series  of  the  function  &(x)  =     X    <K&+*)  f°r  x  =  0. 

9.  If  F(x)  is  an  integrable  periodic  function  of  period  2n  and  D(Qr\t)  is  the  sum 

2TC 

of  the  series  3.5(16),  then,  subject  to  the  conditions  J  F(t)  dr  =  0  and  0  <  r  <  1 ,  the 

0 

i  dentity 

2^  X 

—  (  F(t)D(0r\x-t)  dt  =  -p^-    (    F(t)  (Jt-iy-1  dr  (15) 

7T     J  1  (/")       J 

0  —00 

is  satisfied. 

Using  formula  3.12(4),  it  has  to  be  verified  that  for  0  <  r  <  1  and  0  <  x  <  2rc 
we  have 

-1~(27r)p-1-^).     (16) 


SOME   COMPACT   CLASSES    OF    FUNCTIONS  167 

10.  The  following  finite  difference  analogue  of  Rolle's  theorem  holds.  If  the  con- 
tinuous function  f(x)  has  k+1  zeros  on  the  segment  [a,  b],  then  for  a  sufficiently  small 
increment  h  its  &-th  difference  A\f(x)  has  at  least  one  zero  on  this  segment. 

S.  N.  Bernstein  [3]. 

11.  The  following  formula  of  Newton 


holds  for  any  real  continuous  function,  where  the  remainder  term  Kn+l  (x)  is  of  the  form 

-  (0<  *  <  A); 


it  is  the  finite  difference  analogue  of  Taylor's  formula. 

S.  N.  Bernstein  [3].  Make  use  of  the  proposition  3.12.10. 

12.  The  continuous  real  function  f(x)  is  analytic  on  the  segment  [a,  b]  if  and  only 
if  for  all  integral  k>  0 


where  M  is  a  constant  independent  of  k  and  /. 

S.  N.  Bernstein  [3].  Use  formula  3.12.(17).  See  section  3.7.1. 

13.  The  function  f(x)  of  the  class  Lq(l  <  q  <  oo)  satisfies  the  condition  a>(f;tLq 
=  O(t)  if  and  only  if  it  is  almost  everywhere  equal  to  the  indefinite  integral  of  alfunc- 
tion  of  the  same  class. 

G.  H.  Hardy  and  J.  E.  Littlewood  [1]. 

14.  If  the  function  f(x)  satisfies  the  condition]  of  the  preceding  theorem  (1  <  q 
<  <x>),  then  almost  everywhere  it  is  equal  to  a  function  <t>(x)  which  satisfies  the  con- 


dition  a>(<t>;  t)  =  o  \t  q  /  as  /  ->  0. 

15.  If  the  periodic  function  /(z)  of  period  2rc  is  analytic  in  the  strip  llmz|  <5  and 


are  its  Fourier  coefficients,  then  for  all  k  =  0,  ±1,  ±2,  ... 

|c*|<Me-fc<5,  (19) 

where  M  is  a  constant  independent  of  k. 

Apply  Cauchy's  theorem  on  the  integral  round  a  closed  contour  to  the  function 
/(z)elfcz,  considered  in  the  two  rectangles  cut  off  from  the  strip  by  the  axis  Imz  =  0  and 
the  straight  lines  Rez  =  0,  RQZ  —  2ju. 

16.  If  the  sequence  of  numbers  ck  satisfies  the  condition  3.12(19),  then  the  func- 
tion 

/G0=      2    c*e'te 

fc=-00 

is  analytic  within  the  strip  |Imz|  <  6. 
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It  immediately  follows  from  theorems  3.12.15  and  3.12.16,  that  if  the  periodic  func- 
tion f(x)  is  analytic  or  integral,  then  /(*)  also  possesses  the  same  property. 

17.  Theorem  3.8.4  can  be  supplemented  as  follows.  The  function  u(r,  4>\  harmonic 
in  the  unit  circle  0  <  r  <  1,  satisfies  the  condition 


jj  \u(r,  *)  I'd*-  0(1) 

o 

for  q>  1  and  r->  1  if  and  only  if  it  is  the  integral  3.8(14),  in  which  #0)  is  a  measurable 
function  of  period  2?r  belonging  to  the  class  Lq. 

See  A.  Zygmund  [1]. 

18.  If  the  function  /(A:)  is  cyclically  monotonic  on  [a,  b]  and  for  any  non-negative 
integer  k  the  derivative  /  \x)  vanishes  at  some  point  Xk  £[#>  b],  then  either 

f,  .         .  —  a) 

or 


Prove  the  periodicity  of  the  function  f(x)  and  consider  its  Fourier  series. 
S.  N.  Bernstein  [40]. 

19.  For  the  function  /(*),  defined  on  the  semi-axis  [0,  oo],  to  be  representable  in 
the  form 


where  F(t)  is  a  function  of  bounded  variation  on  [0,  oo],  it  is  necessary  and  sufficient 
that  it  should  be  infinitely  differentiable  and  satisfy  the  condition 


uniformly  for  all  n  —  0,  1,  2,  ... 

Widder  [1].  See  the  proof  of  theorem  3.9.2. 

20.  Let  <i>(x)  be  a  periodic  function  of  bounded  variation  over  the  period  [0,  2n]. 
For  any  integrable  function  /(*)  of  period  2iu  the  equality 


is  satisfied,  where  the  numbers  Ck  and  <4  are  respectively  the  complex  Fourier  coef- 
ficients of  the  functions  f(x)  and  <p(x). 

Young  [1],  Make  use  of  the  fact  that  the  partial  sums  of  the  Fourier  series  of  func- 
tions of  bounded  variation  are  uniformly  bounded,  and  apply  the  theorem  on  passage 
to  the  limit  within  a  Lebesgue  integral. 

21.  If  the  function  <t>(x)  is  of  bounded  variation  on  (—00,  oo)  and 
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then  for  any  integrable  function  f(x)  of  period  2Tu  the  equality 

b  n          oo 

lim         f  /(*)*(*)  dx  =  lim      £    Ck   \    We^d*, 

a-»  —  oo,  b~  >oo  ^  n~^ook==_n        jj^ 

holds,  where  the  numbers  c&  are  the  complex  Fourier  coefficients  of  /(*). 

oo 

G.  H.  Hardy  [1].  Consider  the  function     X    <t>(x+2kx)  and  make  use  of  the- 

fc=  -00 

orem  3.12.20. 

22.  If  1  <  q  <  oo  and  Sn(f\  x)  is  the  partial  sum  of  order  n  of  the  Fourier  series 
of  the  periodic  function  f(x)  of  period  2n  of  the  class  Lq>  then 

27T  271 

J  I  Sn(f;  x)\qdx<Mq  jj  |/(jc)  |"  d*  (20) 

0  0 

where  Mq  is  a  constant  depending  only  on  q. 
A.  Zygmund  [1].  Use  the  inequality  3.11(5). 

23.  If  the  periodic  function  f(x)  e  W  *  M  (r  an  integer)  of  period  2?r  possesses 
the  property  that 


then  max  \f(x)\  <  MKr,  where  the  constant  #ris  defined  in  section  2.11.3  (see  2.11(10)). 

X 

The  example  of  the  function  2.11(9)  shows  that  this  estimate  is  percise. 
S.N.  Bernstein  [14].  Use  formula  3.5(15). 

24.  If  the  periodic  function  f(x)  e  W*}M(r  an  integer)  of  period  2nr  possesses  the 
property,  that  /(O)  —  0,  then  max  \f(x)\  <^2MKr.  This  inequality  is  precise. 

X 

A.  F.  Timan  [3]. 

25.  If  K(t)  is  an  integrable  function  of  period  2rc  and 


<lf 

0  0 

then 

27C    27T 

J  |  J#(*-0/(0(I/|  dA:<|  max 


27T 


0 


The  constant  1/2  in  this  inequality  cannot  be  decreased. 
S.  M.  Nikol'skii  [3]. 
26.  Let  1  <  q  <  oo  and  fq(x)  be  a  periodic  function  of  period  2n,  which  is  equal 


to  |*|  «   for  |jc|<  TT  if  ^>  1  and  to  In  |  *|  if  q  =  1.  Show  that  coa(/^;  /)I9  =  O(r)and 

<*>(fq  ;  OL>  C/|  In  r|  «  when  1  <  q  <  2,  and  w(/9;  /)!  >  Ct\  ln/|*  when  2  <  ?  <  oo 
(0  0.).  * 

A.  Zygmund  [4]. 


CHAPTER    IV 

SOME  PROPERTIES 

OF  ALGEBRAIC  POLYNOMIALS  AND 

TRANSCENDENTAL   INTEGRAL   FUNCTIONS 

OF  EXPONENTIAL  TYPE 

4.1.  Interpolation  formulae  for  algebraic  polynomials 

One  of  the  most  important  properties  of  ordinary  polynomials  is  that 
any  such  polynomial 

A  (*)  =  !>***  0) 

fc=0 

of  degree  n  is  uniquely  determined  by  its  values  at  an  arbitrarily  given 
system  of  w+1  distinct  points  xQ9  x19...9  xn.  Hence 


is  the  only  algebraic  polynomial  of  degree  n  which  possesses  the  property 

fO,      i^k 

/  =  fc,       (i,fc  =  0,l,. ..,w),  (3) 

and  the  formula  for  the  determination  of  Pn(x)  can  be  written  in  the  follow- 
ing form: 

The  identity  4.1(4)  is  known  as  Lagrange's  interpolation  formula. 

Among  all  possible  distributions  of  the  points  x09xl9...9xn  (interpo- 
lation points)  the  following  two  cases  are  important  in  various  types  of 
investigation.  The  first  of  these  is  the  case  where  the  interpolation  points 
are  equidistant,  and  the  second  is  the  case  where  on  some  segment  [a,  b] 
containing  them  they  are  coincident  with  the  zeros  of  the  Chebyshev 
polynomial  2.9(7)  which  deviates  least  from  zero  (see  section  2.9.1).  We 
will  deal  with  each  of  these  two  cases  separately. 

[170] 
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4.1.1.  In  the  first  of  these  cases,  using  a  method  which  originated 
with  Newton,  formula  4.1(4)  is  put  into  a  different  and  in  some  respects 
more  Convenient  form.  Putting 

n 

Pn  (*)  ==  «0  +  S  ak  (*-*o)  .  .  .  (X-X^)  ,  .  (5) 

*-l 

it  is  possible  to  express  a0,  #19  ...,#„  successively  in  terms  of  the  values  of 
the  polynomial  Pn(x)  at  the  interpolation  points.  If  it  is  noted  that  an  is 
identical  with  the  coefficient  of  the  highest  power  of  the  polynomial  Pn(x^ 
and  that 


is  the  polynomial  of  degree  v  which  assumes  at  the  points  x0,  XL,  ...,  xv 
the  same  values  as  Pn(x),  we  find  directly  from  4.1(4)  that 


But  as 


then,  taking  the  interpolation  points  to  be  equidistant,  we  have  *v  =  xQ+vh 

(h  >  0,  v  -  0,  !,...,«)  and,  consequently  / 

Thus, 


k~^     '      hkH(k-i)l 
and 

_i*-.  *.<*L^ 


i=0 


Denoting  by  zJJPn(A:0)  the  fc-th  difference  with  increment  h  for  the  poly- 
nomial Pn(x)  at  the  point  ^:0,  i.e. 


v=0 

we  obtain 


pn(x)  =  2^A\  ^y  (X-XQ)  (x-xQ-h)...  [x-xQ(k-l)h]. 
This  is  Newton's  interpolation  formula  for  the  determination  of  a  polynomial 
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in  terms  of  its  values  at  equidistant  points,  similar  to  Taylor's  formula, 
which  is  obtained  from  it  in  the  limit  as  h  -»  0. 

In  the  general  case  (for  any  set  of  points)  formula  4.1(5),  with  coef- 
ficients ak  determined  from  4.1(6),  frequently  called  the  finite  difference 
interpolation  formula,  is  more  convenient  for  calculation  than  4. 1(4)  if  the 
degree  of  the  polynomials  considered  is  increased  by  the  addition  of  new 
points. 

4.1.2.  In  the  second  of  the  cases  indicated  in  section  4.1  let  us  suppose 
for  definiteness  that  the  interpolation  points  are  coincident  with  the  zeros 
of  the  Chebyshev  polynomial  which  corresponds  to  the  segment  [—1,  1], 
i.e. 

OZ-_L_1 

',1,2,. ..,72).  (7) 

Since  in  this  case  ln+i(x)  =  ^cos(n+l)arccosA:  (see  section  2.9.1). 
it  follows  that 

i+l          (-1)* 


2"       •   _2fe+1 
and  consequently 


Sin  "•"._  ..       :     "~r     TC 

(8) 


*-cos 

This  formula  can  be  written  in  a  somewhat  different  form  for  values 
of  x  lying  on  the  segment  [—1,  1].  Let  us  put 

M       2k+l 
t  =  arccos*,      t\n)  =  —  -  —  TT 

and  make  use  of  the  identity 


(-l)*+1cos(H+l)/sin4n+1)  =  sin(2w+3)-^-^ sin-^-^ |- 

2  2 


— j sm- 

We  then  obtain 

(—  l)*cos  (n+ 1)  arc  cos  x  •  sin : 


(9) 
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where 

.   2n  +  \ 
sin  —  —-t  n 

Dn(f)  =  -  —  =  y  +  2  cos  *  (10> 

2  Silly  v  =  l 

is  known  as  DiricWet's  kernel.  Thus  for  the  Chebyshev  interpolation  points 
on  [  —  1,1]  we  have  the  formula 


In  particular,  putting  t  =  0  and  Pn(x)  =  1  in  this,  we  have  for  the  Di- 
richlet  kernel  the  identity 

"~1 

-iCi10)-!.  (12) 

4.1.3.  In  the  case  where  some  of  the  points  are  coincident,  i.e.  their 
number  w+1  is  really  less  than  n+l,  there  are  an  infinite  number  of 
polynomials  4.1(1),  which  assume  the  given  values  at  the  points  XQ,  xl9 
...,  xm.  However  the  given  problem  immediately  becomes  definite  if  in 
addition  we  are  given  the  values  of  the  derivatives  P^(xk)  (fc  =  1,  1,  ..., 
m;  0  <  i  <  vk—  1)  of  the  polynomial  Pn(x)  and  ^0+ri+  •••  +  vm  = 
In  this  case,  proceeding  as  in  section  4.1.1  and  putting 


1  =  0 

and 


all  the  coefficients 

fl{»(i  =  0,l,...,^-l;    A:  =  0,1,...,  m) 

can  be  successively  expressed  in  terms  of  the  values  of  the  polynomial 
Pn(x)  and  of  its  derivatives  P£°(X)  (0  ^  /  <  vk—  1)  at  the  interpolation 
points.  This  formula  for  the  determination  of  the  polynomial  Pn(x)  is  known 
as  Hermite's  interpolation  formula.  Of  the  various  cases  which  are  possible 
here  it  is  especially  necessary  to  note  two  which  in  a  certain  sense  are  oppo- 
sites.  The  first  of  these,  which  has  already  been  considered  in  sections 
4.1  and  4.1.1,  is  that  where  m  =  n;  the  second  is  the  case  where  m  =  0; 
it  gives  Taylor's  formula  for  the  polynomial  Pn(x). 
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Here  let  us  also  note  the  case  which  possesses  a  simple  geometrical 
treatment,  where  n  —  2m  +  1,  vk  =  2  (k  —  0,  1,  ...  ,  m).  It  is  left  to  the 
reader  to  verify  the  identity 

P  /Vl  —  V1  ^m-J-lC*)  Jp  x      x      |          lm+l(Xk)  fv 

2w+l(  }  ~  £jaifo57^^  L1  -  /;+7^(x~ 


to  which  Hermite's  formula  reduces  in  the  given  case. 

4.1.4.  In  addition  to  the  methods  of  specifying  an  algebraic  polyno- 
mials considered  above,  it  is  also  necessary  to  note  an  interpolation  for- 
mula of  a  somewhat  different  type  which  permits  the  definition  of  the 
polynomial  4.1(1)  in  terms  its  successive  derivatives  at  the  points  A:O,  xl9 
...  ,  xn,  i.e.  in  terms  of  P(nk\xn)  (k  =  0,  1,  ...  ,  n).  It  is  obvious  that  whatever 
these  points  may  be,  on  repeatedly  integrating  the  identity 


we  obtain: 

*  'i      '*-i 

or 

n 

P    (y\    p    (y   \     I        V*     POOfY   }{T    (*}  (}*)} 

•*-  n\"^'  ~~~~  x  /iV>A'0/    l^    /  i  -*  n     V^Jk/oKV1^/ >  Vi*'/ 

where  gk(x)  denotes  the  polynomial 

x     t-^  tfc j 

ft(*)  =  S  J...  5  d^.-.d^.  06) 

The  identity  4.1(5)  is  known  as  the  Abel-Goncharov  interpolation  for- 
mula for  polynomials.  It  represents  a  generalisation  of  Taylor's  formula 


which  corresponds  to  the  case  XQ  =  xl  = ...  =  xn. 

4.2.  Interpolation  formulae  for  trigonometric  polynomials 

On  writing  the  trigonometric  polynomial 


Tn (x)  =  -     +        (at  cosfoc+ftt  sinfc^)  ^  0  (1) 
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of  order  n  in  the  complex  form 


ck_nz" 


it  is  obvious  that  the  number  of  its  zeros  on  any  half-open  interval  of  length 
2:r  does  not  exceed  2n .  Hence,  as  in  the  case  of  algebraic  polynomials,  it 
follows  that  any  trigonometric  polynomial  of  order  n  is  uniquely  determined 
by  its  values  at  an  arbitrarily  given  system  of  2n+l  distinct  points  x0, 
xl9  ...,  x2n,  lying  on  some  half-open  interval  of  length  2n.  Hence 

/*%(*) 

CITI cm  ——-——'-         QITI cin QiTi    . 

aJJl  _  olJLl          ^^       «  »  «    oljll  ~ —      — ~  oJJl  ~r~ — " ...    oljll 

^22  2  2  2 

. —      -  .  ...  .  .  ..  .  .      .  ._.  ^£j 

sin  — ^— — -  sin  _A_^ — L      sjn  ._*_     fcrL  s jn  _J     JLi1,      sin ;.  *     _^ 

is  the  only  trigonometric  polynomial  of  order  w  which  possesses  the  prop- 
erty 

0,      i^f=-k 


and  we  have  everywhere 

Tn(*)^  S  Tn(Xk)l£n(x).  (4) 

fc-O 

T7//5  w  Lagrange's  interpolation  formula  for  trigonometric  polynomials, 
similar  to  formula  4.1(4)  in  the  algebraic  case.  When  the  polynomial  4.2(1) 
is  even  (odd),  it  can  be  replaced  by  another  involving  the  values  of  Tn(x) 
at  only  the  n+l  distinct  points  XQ,  xly  ...,  xn  of  the  segment  [0,  IT]  (at 
the  n  distinct  points  xi9  ...,  xn  of  the  interval  (0,  TT)). 
In  particular 

!*%(*) 

__        (COSJC~COS;C0)  ...  (COS*— 


...  (cos.x;k—  cosxfc_t)  (cosxk—  cosx^^j)  ...  (cosxk— 

(5) 

is  the  unique  even  trigonometric  polynomial  of  order  n  possessing  the 
property  4.2(3)  for  /,  k  =  0,  1  ,  ...,  n  and  correspondingly 


sn* 


(cosx—  cos^i)...  (cosx—  cosXk^fcosx—  cosxfc+1)...(cosx—  cosxn) 


—  cos^)...  (cosxk—  cosx^Xcosjtfc—  COSA:^!)...  (cosxk—cosxn) 

(6) 
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is  the  unique  odd  trigonometric  polynomial  of  order  n  possessing  the 
property  4.2(3)  for  /,  k  —  1,  2,  ...,  n. 

The  given  interpolation  formulae  are  materially  simplified  for  certain 
sets  of  equidistant  points.  We  note  the  most  important  cases  which  are 
possible. 

4.2.1.  Let 

(*  =  0,1,...,2»).  (7) 

The  Dirichlet  kernel  4.1(10)  is  the  unique  trigonometric  polynomial  of 
order  n  which  possesses  the  property 

0,  &7^0, 


and  for  any  trigonometric  polynomial  4.2(1)  the  formula 

2" 

Tn  (x)  =      TT        r-O*10)  Dn(x~y(^  (9) 

is  satisfied. 

Hence  it  follows  that 


if  the  polynomial  Tn(x)  is  even,  and 

2 


//  the  polynomial  Tn(x)  is  odd. 
4.2.2.  As  in  4.1.2,  let 


_  ^.^))^^  (11) 


0,l,...,2«-l).  (12) 

Since  the  trigonometric  polynomial  of  order  n 

rk>n(x)  =  sinn(x-4n))cot  ^^-  (1 3) 

possesses  the  property 

°>        ***'  (14) 

2n,      i  =  k, 
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it  follows  that  for  any  polynomial  4.2(1)  the  difference 

2n-l 


has  the  same  zeros  as  cosnx.  Consequently, 

20-1 

Tn(x)  -  CGOS/IX+—  2]  rn(4n))rfc,n(x),  (15) 

where  C  is  some  constant  which  can  be  determined  if  the  value  of 
the  polynomial  Tn(x)  is  known  at  an  additional  (2n+l)-th  point.  Since 
r*,«(JC+4ll))  is  an  even  polynomial,  the  polynomial  rktn(x)  does  not  contain 
the  term  in  sin  n(x — 4n))>  i-e-  it  does  not  contain  the  term  in  cos  nx. 
Therefore  if  in  the  identity  4.2(5)  the  polynomial  Tn(x)  is  of  order  less  than 
«,  in  that  case  C  =  0. 

Thus,  for  every  polynomial  of  order  n  the  following  interpolation  formula 
of  M.  Riesz**  holds: 

2n+l 

k=0 

We  note  that,  as  is  immediately  obvious  from  4.1(11),  when  the  polynomial 
Tn(x)  is  even  the  formula  4.2(16)  can  be  written  in  the  form 


which  is  similar  to  4.2(10). 

4.2.3.  It  follows  from  the  formula  of  M.  Riesz  that  for  any  a 

2»l 


Putting  x+a  -  /,  4w+1)+a  -  fli"+1),  rfcpll+1(/-a)  =  e*,n+i(0>  we  have 
the  formula 


for  the  determination  of  the  polynomial  Tn(t)  from  its  values  at  the  equi- 

distant points  0£n+i).  In  particular,  choosing  a  =  -^  —  —  —  ,  we  obtain  the 

2(Ji+l) 

interpolation  formula  of  M.  Riesz  for  the  system  of  equidistant  points 
_Z_  =,.      +iu      (*  =  0,  1,  ...,  2«).       (19) 


**  M.  Riesz  [2]. 
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In  those  cases  where  the  polynomial  Tn(x)  is  odd,  formula  4.2(18)  with  the 
points  4.2(19)  can  be  written  in  a  somewhat  different  form,  similar  to 
4.2(11).  For  this  purpose  let  us  take  the  polynomial 


and  note  that  it  is  the  unique  odd  trigonometric  polynomial  of  order  n 
which  possesses  the  property 

//        (ffin+'ti\  _  J0>  i^ky      a   k  —  .  o   1          *     \\ 

ak,n  +  l\ui         )  —  \  -  .          .  \19  K  —  u>  A  >  •••  j  W  —  A;- 

(n+l,      i  =  k 

Consequently,  //  Tn(x)  is  any  odd  trigonometric  polynomial  of  order  <  n, 
then 

n-l 

(20) 


n 

""        fc=0 

4.2.4.  Formulae  4.2(4),  4.2(9)-(ll),  4.2(16)-(18)  and  4.2(20)  can  be 
used  for  the  determination  of  the  conjugate  trigonometric  polynomial 
fn(x)  (see  section  3.11.1)  from  the  values  of  the  polynomial  Tn(x)  at  the 
corresponding  system  of  points.  For  this  purpose  it  is  only  necessary  to 
replace  the  fundamental  polynomials  /*  M(x),  rk>n(x)  and  the  Dirichlet  kernel 
Dn(x±xk)  on  their  right-hand  sides  by  the  conjugate  trigonometric  poly- 
nomials /*„(*),  fktn(x)  and  D 


4.3.  Interpolation  formulae  for  some    classes    of   transcendental   integral 
functions  of  exponential  type 


The  integral  functions 


/(*)  =  Z  <*** 

fc-0 


with  coefficients  satisfying  the  condition 

lim  }/  k  !  |  ck  |  ~  a  <  oo  , 

fc->00 

possess  the  property,  as  is  obvious  from  the  inequality 


fc-0        ' 

that  for  any  e  >  0 

|/OOKe(*+">"i.  (1) 

for  all  values  of  z  of  sufficiently  great  modulus. 
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Hence  they  have  been  given  the  name  of  integral  functions  of  exponential 
type  or  integral  functions  of  finite  degree.  By  the  degree  of  the  function 
f(x)  is  understood  the  number 


a  =  fcTl  cj  =  BE  ,  (2) 

k~~  >oo  r—  >oo          f 

where  M(r)  =  max  \f(z)\  . 

kl-r 

For  certain  classes  of  these  functions  interpolation  formulae  hold 
which  are  similar  to  those  given  for  algebraic  and  trigonometric  poly- 
nomials. Such  formulae  can  be  obtained  on  the  model  of  Lagrange's 
formula  (see  sections  4.1  and  4.2),  Newton's  formula  (see  section  4.1.1) 
and  the  Abel-Goncharov  formula  (see  section  4.1.4).  However,  a  number 
of  important  new  problems  arise  here.  Among  these  a  fundamental  position 
is  occupied  by  the  question  of  the  uniqueness  of  the  integral  function 
f(x)  which  assumes  the  given  values  (or  has  given  values  of  derivatives) 
at  the  points  of  the  given  sequence  of  points  xk(k  =  0,  1,2,  ...),  and 
also  the  question  of  the  convergence  of  the  interpolation  series 


/'(**)(*-**) 


£/<"<**)**(*) 

k=o 
of  Lagrange,  Newton  and  Abel-Goncharov. 

Without  stopping  here  for  the  consideration  of  these  questions  in  all 
their  generality**,  we  will  only  touch  upon  the  single  case  of  equidistant 
points,  which  is  important  in  the  theory  of  approximation  of  functions. 

4.3.1.  A  natural  generalisation  of  trigonometric  functions  is  given  by 
the  integral  functions  G(x)  considered  in  section  1.7,  which  satisfy  the 
condition  1.7(1)  and  are  integral  functions  of  exponential  type,  bounded 
on  the  real  axis.  The  class  of  all  integral  functions  Ga(x)  of  finite  degree 
<  a  and  bounded  on  the  real  axis  is  denoted  by  Ba .  We  note  that  every 
function  Ga(x)eBa  satisfies  the  inequality  1.7(1).  In  fact,  since  for  any 
s  >  0  we  have  |G$(z)|  <  ^4(e)e(<T+e)iz',  where  A(e)  is  a  constant  depending 


**  For  information  on  these  questions  the  reader  can  refer  to  the  works  of  A.  O.  Gel' 
fond  [1,  2],  1. 1.  Ibramov  and  M.  V.  Keldysh  [1],  1. 1.  Ibramov  [1]  and  the  monographs 
of  M.  A.  Evgrafov  and  B.  Ya.  Levin  [1]. 


13* 
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only  on  e,  the  function  0(z)  =  <jra(z)el'(ff+e)z  satisfies  for^y  >  0  the  condition 
\0(iy)\  ^  A(s).  In  addition,  |<P(#)|  <  sup  \Gff(x)\  on  the  real  axis. 

—  OO<JC<OO 

Considering  the  two  angles  into  which  the  imaginary  axis  divides  the 
upper  half-plane,  and  applying  the  Phragmen-Lindelof  theorem  to  the 
function  <?(-?),  we  find  that  for  any  y  ^  0 

|0(*+i»|  <  M(e)  =  max  [A(e)9     sup     \G.(x)\}. 

—  oo<x<oo 

The  application  of  the  Phragmen-Lindelof  theorem  to  the  function 
0(x),  considered  in  the  whole  of  the  upper  half-plane,  shows  that 
Jl/(fi)=  sup  \G0(x)\.  Hence  \G.(x+iy)\^  sup  |G,(jc)|e<»+«>*O>0) 

—  oo<x<oo  —  oo<x<oo 

for  any  e  >  0.  From  the  same  considerations  it  follows  that  \G0(x—iy)\ 
<  sup  \Ga(x)\e(<T+e)y(y  >  0).  On  passing  to  the  limit  as  £->0,  we 

—  00<X<OO 

find  that  Gff(x)  satisfies  the  inequality  1.7(1). 

It  follows  from  Taylor's  theorem  that  if  the  function  Ga(x)  of  Ba  has 

zeros  at  the  set  of  equidistant  points \-a(k  =  0,  ±1  >  ±2,  ...)  then 

Gff(x)  =  Csino*^— a).  It  is  sufficient  merely  to  note  that  the  quotient 

*(Z)  =       ™*>^  (4) 

smcr(z— a) 

i 

is  an  integral  function,  which  in  virtue  of  the  inequality  1.7(1)  and  the 
formula 


i 


2ni  J  f-z 

|r_   *L_J_J!L 


df 


kn 

z a 

(T 


is  bounded  throughout  the  whole  plane  of  the  complex  variable  and  is 
consequently  identically  equal  to  some  constant.  It  follows  from  this 
remark  that  any  integral  function  Ga(x)  which  satisfies  condition  1.7(1) 

is  uniquely  determined  by  its  values  at  the  equidistant  points  xk  = h« 

cf 

(k  =  0,  ±1,  ...)  and  by  the  value  of  the  derivative  G'a(a)  at  the  point  a. 
The  last  assertion  remains  valid  if  in  place  of  Ba  we  consider  the  wider 
class  of  integral  functions  Ga(x)  which  for  some  natural  number  m  satisfy 
the  condition 

(5) 
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and  for  which  on  the  real  axis 

Urn   ^  =  0.  (6) 

x~ >  ±00       X 

In  fact,  if  such  a  function  has  zeros  at  the  equidistant  points  xk  = \-a 

Cf 

(fc  =  0,  ±1,  ±2,  ...)>  the  ratio  4.3(4)  is  an  integral  function  which  is 
<9(|z|m)  as  \z  -»  oo.  In  virtue  of  the  generalisation  of  Liouville's  theorem 
this  ratio  is  identically  equal  to  some  polynomial  Pm(z)  =  #0+0i.z+  ... 
+  amzm,  i.e.  Gff(z)  =  Pm(z)sincr(z— a). 

It  follows  from  4.3(6)  that  ak  =  0  for  k  ^  1  and  hence,  as  in  the  case 
of  the  class  Bff,  we  have  Ga(z)  —  aQ  sincr(z--a). 

4.3.11.  Let  us  denote  by  B™  the  class  of  all  integral  functions  which 
besides  conditions  4.3(5)  and  4.3(6)  also  satisfy  the  condition 


**.!.  \ 
-+«)  = 


0(1)       (fc  =  0,  ±1,±2,  ...).  (7) 

This  class  of  functions  contains  Bff  as  a  proper  part.  In  order  to  verify 
this  it  is  sufficient  to  put  a  =  0  and  consider  the  function 


V*     ax  sin  ax 

2 


For  this  function  /(—I  =  (-1)*  when  k  >  0,  /(— 1  -  0  when 

\  *  /  \  <*  I 

and 


00 

l  /    --,-.  —    r 
*«-fc 


If  kx  =  A:(x)  is  an  integer,  for  which  |crx—  fc^Tr]  <  —  ,  then 

2* 


where  the  prime  following  the  summation  sign  indicates  that  the  term  with 
index  k(x)  is  omitted.  Now  from 

V'   _  1  _    ^     rin(2+|x|)1 
Zj   k\ax-kK\          [    1  +  |*|    J 
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we  obtain 

1*1 


I/CO  I 


-{ 


•ln(2+|*l)e'w}- 


(9) 


Thus  the  function  /(*)  satisfies  the  conditions  4.3(5)-(7)  and  hence 
belongs  to  B^.  In  addition  it  is  immediately  obvious  that  it  is  bounded  on 
the  real  axis,  as  for  n  >  1 


, 
J 


2a 


\ 
"/ 


, 


Passing  to  the  construction  of  an  interpolation  formula  for  the  functions 
of  the  class  B£\  it  has  first  of  all  to  be  noted  that  in  virtue  of  section  4.3.1 


a(z — a)  sin[cr(z— a) — kn] 


Ar7i[<r(z-a)-fc7t]        '          ^    ' 

riMz-a)  °0) 

a(z— a)     '  "" 

sis  the  only  integral  function  of  this  class  which  satisfies  the  condition 
fO,  t^k, 


If 


,  then  by  the  condition  4,3(7)  the  series 


(11) 


(12) 


converges  absolutely  for  every  z  and  its  partial  sums  are  uniformly  bounded 
in  any  finite  part  of  the  plane.  Hence  it  follows  from  Vitali's  theorem  that 
its  sum  represents  an  integral  function  F(x).  Moreover,  since  in  virtue 
of  4.3(7) 


{00 
|siner(z-a)|    V 
*--o 


1 


a(z— a)— 


_1_ 

"fau 


we  find  on  using  the  estimate  4.3(9)  that  F(z)  satisfies  conditions  4.3(5) 
and  4.3(6).  Since  the  difference  G0(z)—F(z)  becomes  zero  at  all  the  points 
xk,  we  conclude  from  the  discussion  in  section  4.3.1  that  Gff(z)—F(z) 
=  C  sin  a  (z—a). 
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Taking  account  of  the  fact  that  C  =  —  G'ff(a),  we  obtain  the  formula** 


for  the  function  Ga(x)  eB™  in  terms  of  G'a(a)  and  its  values  at  the  points 

kn 
*»=—  +a. 

4.3.12.  For  a  —  0  this  interpolation  formula  assumes  the  form 


;<O),    (14) 


which  in  the  case  where  the  function  Ga(x)  is  even  can  be  written 


4.3.13.  For  a  =  —  ~  formula  4.3(13)  assumes  the  form 
2cr 


ax- 


(15) 


X 


ax— 


COS  (TX       ,  /  TC 


(T  ^    2(7 


If  the  function  Ga(x)  is  odd  then,  putting  x  =  0,  we  obtain  the  identity 


**  S.N.  Bernstein  [15].  As  was  shown  by  S.  N.  Bernstein  [25],  formula  4.3(13) 
remains  valid  if  instead  of  4.3(7)  we  assume  the  weaker  condition 


184     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

Using  this  identity,  and  observing  that  in  virtue  of  4.3(16) 


—  cos  ax  7    ( — 


ax— 


—  cos  ax  >    (  — 


'\ 


cos  ax    , 


we  obtain  an  interpolation  formula  for  the  determination  of  an  odd  integral 


function  Ga(x)EB^  from  its  values  at  the  points  xk  =  —  —  TU  (A;  =  0,  ±  1  ,  .  .  .)*• 

2a 


-  2cr*cos 


r\¥""'"2a 

y     7U2         ^ 


4.3.2.  Formula  4.3(13)  can  be  simplified  by  imposing  other  limitations 
on  the  function  Gff(x).  Thus,  for  example,  //  the  integral  function  G(x) 
is  of  degree  p  <  a  and 


<  00 


then 


=  sn  crx- 


(-1)* 


(19) 


(20) 


Without  loss  of  generality  it  is  possible  to  put  a  =  0  and  a  =  1 .  In 
viitue  of  condition  4.3(19)  the  series 


smz 


00 

y  (-1 

Zj  TZz 


converges  absolutely  and  its  partial  sums  are  uniformly  bounded  in  any 
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finite  part  of  the  plane.  Consequently  the  sum  of  the  given  series  is  some 
integral  function  /(z)  .  If  z  =  re1'*,  then  for  any  6 


|/(re«»)K|sinz|    f  _= 
i^oo  V(r 


cos  O-knY+r*  sin20 


smzl     >     __ 

^  | r  cos Q—k-n \  +r\ sin ( 


fc«~oo' 


v  |G(fac)| 

>  |rcos0— fc7t|+r|sin0|    "^ 


,  ,  . 
|S 


=  0{min([|cot0|+l]eri8lnfl|,  [r+l]er}.  (21) 

By  hypothesis,  for  sufficiently  small  d  >  0 


If  a  value  0  ^  ±-?  is  chosen  such  that  er(1-d)  =  O(er|8ln0|)5  then  for  the 

difference  <^(z)  =  G(z)—f(z)  we  have  the  estimate 

4>(rd°)  =  <9(er'8ln^).  (22) 

Since  0(z)  vanishes  at  all  the  points  xk  =  kn,  the  ratio 


smz 
is  an  integral  function.  Moreover,  as  for  any  e  >  0 

/(z)  =  0(reO  =  0(e'1+8)       (r^oo), 
it  follows  that  0(z)  =  O(erl+£),  and  consequently,  also 

').  (23) 


Let  us  choose  £<~~1  if  |0|<,  and  e<  if     <  l°l  <  7r' 


The  function  y(z)  satisfies  condition  4.3(23)  and  in  virtue  of  4.3(22) 
is  bounded  on  the  rays  ±0,  7r±0.  Hence  by  the  well-known  theorem  of 
Phragm£n  and  Lindelof,  and  Liouville's  theorem,  we  conclude  that  ^(z) 
is  constant.  In  consequence  of  the  fact  that  the  degree  p  of  the  function 
G(z)  is  less  than  a  —  1  and  as  f(iy)  =  o(ey)  as  y  ~>  oo  ,  we  have  y(/y)  ->  0 
as  j  ->  oo  .  Hence  y(z)  ===  0,  i.e.  G(z)  =/(z).  This  proves  the  interpolation 
formula  4.3(20). 
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4.3.3.  The  proposition  of  section  4.3.2  enables  us  easily  to  obtain 
remarkable  theorem  due  to  M.  L.  Cartwright  [1].  If  the  integral  function 
F(x)  of  finite  degree  p  <  a  satisfies  the  condition 


then  it  is  bounded  on  the  whole  real  axis.  To  prove  this  it  is  sufficient  to 
select  any  Q  <.  cr—p  and  for  an  arbitrary  value  of  w  to  consider  the  function 


which  is  of  finite  degree  p+Q  <  a  and  satisfies  the  condition  4.3(19)  for 
a  =  0.  Consequently  the  theorem  of  section  4.3.2  is  applicable  to  G(x)9 


.e. 


— w) 


=  sn  or* 


00 


lkn        W        i   \ 
>  I w  I  (ax— kn) 


Putting  w  —  x,  we  see  that  for  any  integral  function  F(x)  of  degree 
p  <  a  the  formula 


sin  <TX 


(24) 


holds  for  any  positive  number  Q  <  a— p. 
We  conclude  from  4.3(24)  that 
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i 

smgl 
I  sinew  I          V1 

+M 


(\ 
x~*ir) 


ffQ  ^-J  /  KTt  \2 


(25) 

The  example  of  4.3(8)  shows  that  M.  L.  Cartwright's  theorem  no 
longer  applies  for  p  =  a.  This  is  connected  with  the  fact  that  the  constant 
B(cf,p)  in  the  inequality  4.3(25)  increases  without  limit  when  p-+a. 
S.  N.  Bernstein  [39]  proved,  that  as  p  ->  a  the  asymptotic  equality 

holds  for  B(a,p). 

4.4.  On  the  phenomenon  of  interference  in  the  behaviour  of  integral  func- 
tions of  finite  degree. 

As  is  shown  by  the  example  of  4.3(8),  in  the  general  case,  from  the 
boundedness  of  the  sequence  of  values  of  the  integral  function  F(x)  of 

degree  a  at  the  points  —  it  does  not  follow  that  it  is  uniformly  bounded 
o 

on  the  whole  real  axis.  In  this  connection  it  appears  that  for  certain  classes 
of  integral  functions  of  degree  cr,  bounded  at  the  sequence  of  points  — 
(*  =  0,  ±1,  d=2,  ...),  the  sum 


is  uniformly  bounded  on  the  real  axis  for  special  values  of  ak  ^  0  and 
rh(k=  1,  ...  w). 

This  property,  which  it  is  natural  to  call  the  phenomenon  of  interference, 
is,  as  will  be  seen  later,  possessed  by  all  functions  of  the  class  !#•>. 

4.4.1.  Let  Q(X)  be  a  real  function  defined  on  the  whole  real  axis  and 
satisfying  for  some  or0  >  a  the  condition 


l<  oo.  0) 

which  characterises  its  behaviour  at  infinity  and  the  finiteness  of  its  total 
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variation  in  the  whole  of  its  interval  of  definition.  The  condition  4.4(1) 
ensures  the  existence  of  the  operator 

f(z+f)dQ(t)  (2) 

on  the  class  of  all  integral  functions  of  degree  ^  <r,  which  puts  into  cor- 
respondence with  any  such  function  f(z)  a  certain  other  function  R(z) 
=  R(f;z)  of  degree  not  higher  than  a.  We  shall  say  that  Q(X)  gives  rise  to 
interference  on  the  class  B™,  if  for  any  function  F(z)  e  B™  the  function 
R(Z)  =  R(F;z)  is  bounded  on  the  real  axis. 

In  order  that  the  function  Q(X)  should  give  rise  to  interference  on  the 
class  B£\  it  is  necessary  and  sufficient  that** 


(3) 


In  particular,  considering,  for  example,  the  functions 
0, 
1          ......  _  Q> 


"  « 


which  satisfy  the  condition  4.4(3),  we  observe  interference  of  the  type 

F\x~^-]+F\x+-^-}  and  F(x)-F\x+  —  |,  first    observed    by    S.  N. 
\        2cr/        \        2(7  /  \         o-/ 

Bernstein  [39]. 

Using  the  condition  4.4(3)  it  is  possible  to  indicate  a  series  of  other 
interference  phenomena,  for  example,  for 


o, 


w, 


o, 
1 

y 

2 

2 

(3r-l) 

2(3r- 

o    ^ 

TT    *          V    <^" 

3cr 
0<x 

^  2(3j+l) 

3' 
1, 

3(7 

(35+1) 

X  *" 

3(7 

o, 
1 

X  < 

(6, 

„  (6r-l 

)w 

"       3<r 

:x<c 

'+l)n: 

3' 

o, 

i 
T' 

0$ 

X  ; 

3<T          ~" 

*X<       3a 

^  (65+l)7T 

'"       3<r 

' 

**  A.  F.  Timan  [11].  This  theorem  also  admits  of  generalisation  to  certain  other 
classes  of  unbounded  functions.  It  has  received  further  development  in  the  work  of 
Boas  [1,  3], 
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(r,  s  integers,  r  <  s)  or  in  the  more  general  case  for 


v=0 

when  xk  <  x  <  xk+l  (k  =  0,  1,  ...,  ri),    XQ  =  —  oo,  xn+l  =  oo    and 

n 

*,./=! 
In  order  to  prove  the  theorem  formulated,  let  us  consider  the  functions 

1  ,         ,    ,  ^   TC 


ax— k-K  ' 
0, 


TC 


If  Q(X)  satisfies  condition  4.4(3),  then 


y(F;  x)sma(x+t)dQ(t)  s  0. 


Hence,  using  formula  4.3(14),  we  find 


V   (-l)W—  )sin<r(*+/)X 
ff 


Consequently,  if 


M,  then 


_"oo  *— oo 


1 


a(x+t)— 


•|de(OI- 


7U 


Now  denoting  by  kx  =  k(x)  the  integer  for  which  \ax— kxii\  <  y,  we 
have 
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where  the  prime  indicates  that  the  indices  k(x)  and  k(x+i)  are  omitted 
from  the  summation  inside  the  integral,  and  C(x)  is  a  function  which  is 
bounded  on  the  whole  real  axis.  But  as  the  function 

V2"  1 


is  uniformly  bounded  for  all  possible  values  of  x  and  t,  it  follows  that 
in  virtue  of  the  condition  at  infinity  which  Q(X)  satisfies,  the  function 
R(z)  =  R(F;z)  is  bounded  on  the  real  axis. 

If  condition  4.4(3)  is  not  satisfied,  there  is  a  sequence  of  real  values 
{xn}  (n  =  1,  2,  ...)  increasing  to  infinity  such  that 


In  this  case  we  consider  the  function  4.3(8).  For  this 


and  hence 


It  follows  that 


Thus  as  n  ->  oo 


and  consequently  in  this  case  there  is  no  interference. 

4.4.2.  We  have  the  simplest  type  of  interference  when  for  some  r  the 
sum  f(x)+f(x+r)  or  the  difference  /(*)—  f(x+r)  is  bounded. 

It  follows  immediately  from  theorem  4.4.1  that  the  sum  f(x)+f(x+r) 
(the  difference  f(x)—  f(x+r)}  is  bounded  on  the  whole  real  axis  for  any 

function  f(x)eB^  if  and  only  if  r  =  7^  =  -^ 


some  integer. 

Thus  for  any  fixed  odd  m  the  sum/I  x—  ^~-\+f\ 

\         2or  /       \ 


x-\ 


2or 


where  p  is 


is  bounded 


on  the  interval  —  oo  <  x  <  oo  whatever  the  function  f(x)  e  B™  may  be. 
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The  following  more  precise  assertion  is  valid.  For  every  function /(x)  e 
and  any  odd  m  the  inequality 


1       J  W7T 

___          v 


holds,  where  M  =  sup 


mn 


. 
rcm 


8mM 


m-l 
2 


TT     ^~-"   m1—  4vz 


(5) 


(k  =  0,  ±1,  ±2,  ...)•    For   any  such  m 


there  exists  a  function  /(*)  e  5a  for  which  the  left-hand  side  of  4.4(5)  is 
exactly  equal  to  the  right  for  x  =  0. 
It  follows  from  4.3(14)  that 


cosorx 


\~i 


Z-J 
fc=  —  oo 


"  /.     "m\ 

rx—  \k — —   TC       ax 

\        2j  x        ~, 

Let  us  suppose  that  cos  ax  ^  0  and  that  kx  is  an  integer  for  which 


crx- 


Using  the  inequality 


< 


oo 

£ 


and  observing  that  the  difference 

1  1 


/7  m\  /7 

— IA:— -ylrc       ox  —  l 


ax  — 


^       «-(*-p-ljic 


is  positive  for   —  oo  <  k  <  kx— p~l ,  kx+p+l  <  fc  <  oo   and  negative 
for  fc*— p  <  k  ^  A:x+p,  we  obtain 


1 


k+p+       TU 
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kx+p 


kx-k-p 


1 


1 


ax 


ax—  (k—  p—-~\n 
\  *•  I     - 


uw 

k*=>kx+p+l\ 


ax- 


But  as 


1 


ax- 


ax-  \k-p--z-\-K 


-t 


1 


—  Ifc+r+yJTu        ax~-\k+v—  —  ITT 


it  follows  that 


M  cosdn: 


1 


1 


p 

-z 


X-lk+V+j-JK          0X-\k+V--]K 

1  1 


:  —  l 


whence 
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or 


Using  the  inequality 


sin/ 


t 


it  is  easily  verified  that  for  any  a  ^  1  and  1 6  \ 

a  cos  £71! 


Hence  since 


m 


L.  _\ 


m~2v  m-\-2v 

— ---—  —        — | f""~' 


we  obtain  from  4.4(6)  the  inequality 


8M      16M 

— ~-| 


(6) 


i.e.  4.4(5)  is  satisfied. 

In  order  to  verify  that  the  inequality  4.4(5)  is  precise,  let  us  consider  the 

function 

m-l 

S2         sin  crx 
ax-vn~~cosax' 


which  obviously  belongs  to  the  class  Ba;  here  M  =  1.  For  this  function 


m 


8         16m 

urn         TC 


m-l 

2 


Theory  of  Approximation 


194     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

4.4.3.  Putting  m  =  1  in  the  theorem  which  has  just  been  proved,  we 
obtain  the  inequality 


4 


M,  (7) 


J_ 

"2 

first  discovered  by  S.  N.  Bernstein  [39]  for  functions  of  the  class 

From  the  inequality  4.4(7)  there  immediately  follows  the  following 
proposition,  which  supplements  the  theorem  of  M.  L.  Cartwright  (see 
section  4.3.4).  If  the  function  f(x)  belongs  to  the  class  B^  and  is  non-negative, 
then  it  is  bounded  on  the  whole  real  axis  and 

I        4\ 

f(x)<    1  +        M,  (8) 

\        7T/ 

where  M  =  sup/(  — )(fc  =  0,  ±1,  ±2,...). 

k        \   a   I 

In  order  to  verify  this  it  is  sufficient  to  apply  the  inequality  4.4(7)  to 
the  function  2f(x)—M.  We  note  that  the  application  of  the  more  general 
inequality  4.4(5)  would  lead  to  a  rougher  estimate  than  4.4(8).  It  follows 
from  theorem  4.4.2  that  for  a  given  value  of  M  and  for  m  =  2p+l  increasing 
without  limit  the  asymptotic  equality** 


1 

~  sup 

2         > 


£M  *  .    ~,.^  ,^\ 


71 


is  satisfied,  showing  to  what  extent  the  displacement  of  the  argument 
affects  the  qualitative  deterioration  of  the  interference  in  the  class 


4.5.  Some   integral   representations    for   algebraic   polynomials   and   trig- 
onometric polynomials 

There  exist  simple  integral  analogues  of  some  of  the  interpolation 
formulae  considered  in  sections  4.1  and  4.2. 

4.5.1.  For  any  function  /(;c)  integrable  over  [0,  2jc],  the  integral 

2TC 

(1) 


represents  the  trigonometric  polynomial  4.2(1),  which  is  identical  with  the 
partial  sum  Sn(f\x)  of  the  Fourier  series  of  f(x).  The  coefficients  ak  and 


**  A.  F.  Timan  [1J. 
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bk(k  =  0,  1,  ...,«)  of  this  polynomial  are  connected  with  the  function 
f(x)  by  the  formula 


(2) 

0 

The  operator  4.5(1),  which  maps  the  space  of  all  the  functions  integrable 
in  [0,  2n]  onto  its  (2w+l)-dimensional  space  of  all  trigonometric  poly- 
nomials of  order  ^  «,  possesses  the  property  that  for  every  such  polynomial 
Tn(x)  the  identity 

271 

Tn(x)  =  ~~  \  Tn(t)Dn(x-t)dt,  (3) 

0 

similar  to  4.2(9),  is  satisfied.  The  operator 

9n 

2 
2n  +  \ 


(4) 


where  y^  is  the  set  of  points  4.2(7),  possesses  the  same  property.  The 
integral  4.5(1)  and  the  sum  4.5(4)  are  the  two  most  important  cases  of 
the  Dirichlet—  Stieltjes  integral 


27T 


in  the  theory  of  approximation  of  functions.  In  the  study  of  the  behaviour 
of  the  sequence  of  integrals  4.5(1)  and  the  sum  4.5(4),  when  n  increases 
without  limit,  an  essential  part  is  played  by  the  upper  bounds 

2TC  2TC 

L*=    sup    —\f(t)Dm(x-t)dt  =  —  \\DM\dt,  (5) 

|/f)<l   K    J  7C    J 

L*(x)=    sup 


called  respectively  Lebesgue's  constant  and  the  interpolation  function  of 
Lebesgue  for  the  system  of  points  4.2(7).  It  will  be  seen  in  what  follows 
that  there  exists  a  close  connection  between  these  quantities  (see  4.12(5), 
4.12(8)). 
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4.5.2.  For  any  function  <£(/)  integrable  over  [0,  2Tc],  the  integral 

7t 

—  L(«)[D.(f+«)+0.(f-«)]d«  (7) 

TC   J 
0 

represents  the  even  trigonometric  polynomial 


the  coefficients  of  which  are  connected  with  <j>(f)  by  the  formula 

7T 

2  f 
cfc  =  —  \  0(w)  cos  few  dw. 

TC    J 
0 

If  the  function  /(x)  is  defined  on  the  segment  [—  1,  1],  then,  considering 
0(0  =/(cosO»  we  note  that 

IT 

^  J/Ccos  «)[A,(/+«)+D.(f-ifl]  du 

0 

is  the  algebraic  polynomial 


Pn(x)  =  Tn(arccos  A:)  =  —  -  +        cfc  cos  fc  arccos 


1 

k"  /(Ocos  fcarccosf 


where 


The  operator  4.5(7),  which  maps  the  space  of  all  functions  integrable 
on  [0,  TC]  onto  the  (n+l)-dimensional  space  of  all  even  trigonometric 
polynomials  of  the  «-th  order  (algebraic  polynomials  of  degree  ^w), 
possesses  the  property  that  for  every  such  polynomial  Pn(x)  the  identity 

K 

P.  (cos/)  =  —  \  Pa(cosu)[Dn(t+u)+Dn(t-u)]du,  (8) 

TC      J 
0 

similar  to  4.1(11),  holds. 
The  operator 

(9) 


possesses  the  same  property,  where  4*+")  ^s  the  system  of  Chebyshev  points 
(see  section  4.1.2). 
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As  in  section  4.5.1,  the  integral  4.5(7)  and  the  sum  4.5(9)  are  connected 
with  their  Lebesgue  functions 

TC 

Lm(t)=-\\  Dn(t+u)+Dn(t-u)  |  d«  (10) 

fl    t" 
0 

and 


which  here  play  the  same  part  as  the  quantities  4.5(5)  and  4.5(6)  do  in 
the  periodic  case. 

4.6.  An  integral  representation  for  some  classes  of  transcendental  integral 
functions  of  exponential  type.  The  Wiener— Paley  theorem 

In  a  number  of  important  cases  transcendental  integral  functions  of 
exponential  type  admit  of  a  representation  similar  to  the  expression 

Tn(x)  =    ^]  ckeikx  (1) 

k--n 

for  the  simplest  of  them,  the  trigonometric  polynomials. 

4.6.1.  Let  us  consider  the  class  of  all  integral  functions  of  degree 
<  a  for  which 

00 

5   |G(x)l2dx<oo.  (2) 

—  oo 

The  following  fundamental  theorem,  established  by  Wiener  and  Paley**, 
holds.  The  integral  function  G(x)  is  of  finite  degree  <  a  and  satisfies  con- 
dition  4.6(2)  if  and  only  if  it  can  be  represented  in  the  form 


(3) 


where  g(t)  is  some  function  of  integrable  square  on  the  segment  —a^t^a. 
If  the  function  G(x)  admits  the  representation  4.6(3),  then  it  is  an  in- 
tegral function  since  the  integral 


**  Paley  and  Wiener  [1]. 


1     cr(i\pitz  t\t 

/•'•••••    •"      A    5VVC        u' 

^  i 
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where  z  =  x+iy  is  an  integral  function  identical  with  G(x)  on  the  real 
axis.  Moreover, 


- 

J/27T 

—  a  —a 

Consequently  G(x)  is  of  finite  degree  not  greater  than  cr.  Since  G(x)  is  the 
Fourier  transform  of  a  function  which  is  equal  to  g(t)  on  the  segment 
[—  cr,  cr]  and  to  zero  for  |  t  \  >  or,  then  in  virtue  of  theorem  3.11.21 

f  (4) 

—  a 

and  G(x)  satisfies  condition  4.6(2). 

In  order  to  prove  the  second  part  of  the  theorem  it  is  necessary  to 
establish  that  if  the  function  G(x)  which  satisfies  the  condition  4.6(2)  is  an 
integral  function  of  finite  degree^  cr,  then  its  Fourier  transform 


is  equal  to  zero  for  almost  all  x  for  which  \x\>  cr**. 
4.6.11.  Since 


is  an  integral  function  of  degree  <  o*,  it  follows  that  lim   Y\ak\  <  <r. 

fc—  >oo 

Therefore  the  function*** 


is  analytic  everywhere  outside  the  circle  \z\  ^  cr.  We  shall  show,  that 
in  any  open  half-plane  D  which  does  not  contain  this  circle  the  function 
F(z)  is  expressed  in  terms  of  G(z)  by  the  formula 


F(z)  =     G(C)e-?zdC,  (6) 

0 

in  which  the  integration  is  carried  out  along  the  ray  which  emerges  from 
the  point  £  =  0  in  a  direction  perpendicular  to  the  boundary  of  D. 


**  The  proof  given  is  due  to  P61ya  and  Plancherel  [1]. 

***  The  function  4.6(5)  is  called  the  Borel  transform  of  G(z). 
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If  —  6  is  the  angle  which  the  given  ray  makes  with  the  positive  direction 
of  the  real  axis,  and  if  z  =  x+iy  belongs  to  some  closed  region  Q  c  D, 
then  for  sufficiently  small  <5  >  0  we  have  for  the  integrand  in  4.6(6)  the 
estimate 


Hence  we  conclude  that  the  integral  4.6(6)  converges  absolutely  and  uni- 
formly in  any  closed  region  Q  which  lies  within  D,  and  consequently  rep- 
resents a  function  analytic  in  D.  Let  us  expand  the  integrand  in  the  series 

oo 

G(C)e-^]T^t*e^.  (7) 

*^o  /CI 

If  z  =  x+iy  lies  within  the  half-plane  Z),  then  for  some  d  >  0  we  have 
xcosd+ysmO  >  a+2d.    Moreover,    a  C>0    can  be  found  such  that 


Hence 


k\ 


and  consequently  the  series  4.6(7)  can  be  integrated  term  by  term  along 
the  ray  f  —  |f  |e~"/d,  whereupon  we  obtain  4.6(6). 

Thus  the  integral  on  the  right-hand  side  of  4.6(6)  can  be  continued 
analytically  throughout  the  whole  of  the  domain  \z\>  a.  By  the  uni- 
queness theorem  this  analytic  continuation  is  the  function  F(z). 

4.6.12.  Using  formula  4.6(6),  we  will  now  show  that  if  G(x)  is  an 
integral  function  of  finite  degree  ^  cr  satisfying  condition  4.6(2),  then  the 
actual  domain  of  analyticity  of  the  function  F(z)  is  the  whole  of  the  z-plane 
with  the  exclusion  of  the  segment  of  the  imaginary  axis  from  —ia  to  +/cr. 

By  what  was  proved  in  section  4.6.11,  in  the  half-planes  x>  a  and 
x  <  —  a  the  function  F(x)  is  representable  by  formula  4.6(6),  i.e.  for 
x>  a 

oo 

F(x+iy)  =  S  G(0e-'(x+wdf  (8) 

0 

and  for  x  <  —a 

o 
F(x+iy)  =  -       G(t)Q~t(x+ly)dt.  (9) 
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But  since  for  any  e  >  0  the  integrals  4.6(8)  and  4.6(9),  in  virtue  of 
condition  4.6(2),  converge  absolutely  and  uniformly  for  x  ^  s  and  x  <  —  s 
respectively,  it  follows  that  as  functions  of  z  =  x-{-iy  they  are  analytic 
throughout  the  whole  of  the  plane,  with  the  exception  of  the  imaginary 
axis  x  =  0.  Thus  they  serve  as  the  analytic  continuations  of  the  function 
F(z)  within  the  circle  |  z  \  <  a  with  a  cut  along  the  diameter  from  the 
point  —io  to  the  point  +ia. 

4.6.13.  For  any  x  >  0,  as  is  obvious  from  4.6(8),  F(x+iy)  is  the  Fourier 
transform  of  a  function  equal  to  zero  for  t  <  0  and  to  fonGtyer**  for 
/  >  0,  and  correspondingly  from  4.6(9)  F(—  x+iy)  is  the  Fourier  transform 
of  a  function  equal  to  zero  for  t>0  and  to  —  ^2nG(t)&*  for  /<0. 

Considering  the  Fourier  transforms 


0  ~oo 

we  see  by  Plancherel's  theorem  (see  3.11.21)  that  for  any  x  >  0 


\F(x+iy)-g+(y)\*dy  =     |  l- 


—  oo 


_L  J  |fX- 

—  oo  —  oo 

Hence  it  follows  that  these  integrals  tend  to  zero  with  x.  But  for  |  y  \  >  a 
lim  jF(x+iy)  -  lim  F(-JC+/^)  -  F(iy)      (x  >  0). 

x->0  jc-»0 

Hence  for  almost  all  \y\  >  a 

F(*y)  =  g+(y)  =  g-(y) 

and  for  the  Fourier  transform  of  the  function  G(t)  we  have 


0 

'     "     *  —it 


This  proves  the  last  proposition  of  section  4.6.1,  i.e.  the  Second  part  of 
the  Wiener-Paley  theorem. 
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4.6.2.  Let  us  now  consider  the  set  of  all  integral  functions  G(x)  of 
degree  <  a  which  belong  to  Wiener's  class  (see  section  3.11.24),  i.e.  those 
for  which 

CO 

\  __ _    (J^    <^      QQ    ^ 


It  follows  immediately  from  theorem  4.6.1  that  for  such  functions 

^""--^l**-*- 

— & 

In  particular,  any  integral  function  G(x)  of  degree  <  a  which  is  bounded 
on  the  whole  real  axis  is  representable  in  the  form 


G(x)  =  G(0)  +  — =-  \  g(t)eitx  At,  (10) 

J/2TU       J 

g(f)  is  some  function  of  integrable  square  on  [ — a,  or].  In  virtue  of 
the  definition  of  the  conjugate  function  G(x)  given  in  3.11.2,  it  follows 
from  this  that  for  any  integral  function  G(x)  of  Wiener's  class  of  degree 
^  or 

a 

G(*)^y^=   JsCOsignf-e'^d/.  (11) 

It  follows  from  4.6(11)  that  if  the  integral  function  G(x)  of  degree  <  a 
belongs  to  Wiener's  class,  then  G  also  is  an  integral  function  of  degree 

<  or  belonging  to  the  same  class,  and >  0  as   x  -+  ^  oo . 


4.7.  Some  interpolation  and  integral  identities  for  the  derivatives  of 
algebraic  polynomials  and  transcendental  integral  functions  of  expo- 
nential type 

Commencing  with  the  known  integral  and  interpolation  representations 
of  the  integral  functions  studied  here,  it  is  possible  to  obtain  a  series  of 
similar  formulae  for  their  derivatives  which  are  useful  in  the  theory  of 
approximation  of  functions. 

4.7.1.  Thus,  for  example,  on  differentiating  both  sides  of  4.1(4)  we 
obtain  the  formula 

P'nW  =   S    Pn(xM.kW,  (1) 
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which  expresses  the  derivative  of  any  algebraic  polynomial  Pn(x)  of  order 
<  n  in  terms  of  its  values  at  a  system  of  n+\  distinct  points  xk. 

Of  the  similar  interpolation  identities  for  an  arbitrary  trigonometric 
polynomial  it  is  necessary  first  of  all  to  note  those  which  correspond  to 
the  systems  of  equidistant  points  4.2(7)  and  4.2(12).  The  first  follows 
from  4.2(9)  and  is  of  the  form 


(2) 


the  second  (M.  Riesz's  identity) 


Z 

*=°  sin2-— 


is  obtained  if  in  4.2(15)  instead  of  the  polynomial  Tn(x)  we  considei  the 
polynomial  Tn(n+t)9  differentiate  both  sides  with  respect  to  x,  and 
then  put  x  =  0. 

4.7.2.  The  identity  similar  to  4.7(3)  for  any  integral  function  Ga(x) 
of  .the  class  Ba  is  of  the  form 


This  follows  from  4.3(14)  if  instead  of  the  function  G0(x)  we  consider 
the  function  G0(x+t),  differentiate  both  sides  with  respect  to*'*  x  and 

7T 

then  put  x  =  —  —  — 

2(T 

4.7.3.  In  order  to  obtain  a  formula  similar  to  4.7(4)  for  the  derivative 
of  the  conjugate  function  Ga(x),  it  is  convenient  to  use  the  integral  repre- 
sentation 4.6(11),  from  which  it  follows  that 


a  a 

G'a(x)  -  -J=-  \  g(t)  sign  t  -  e**  dt+~^-  \  g(t)  \  t  \  e" 
iV2n  J  1/27C   J 


dt 


lV27C_J 


**  Term-by-term  differentiation  is  possible  here  since  the  series  4.3(12)  converges 
absolutely  and  uniformly  in  any  finite  part  of  the  complex  plane. 
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But  as  for  1  1  \  <  a 

m  ="--??  V  -J— 

2       TT  \^  (2A;+1)2 
and  consequently 


it  follows  that 


' 


Taking  into  account  the  fact  that  in  virtue  of  4.6(10) 

<T 

G.(x)  -  G,(0)+  — -L- 

IJ/27U-ff 

we  thus  obtain 


Since 

V^ 


we  arrive  at  the  result  that  for  any  integral  function  Ga(x)  of  degree  <  a 
of  Wiener's  class  the  identity 


k  —  •"  o 

is  satisfied**. 

In  a  similar  way  it  would  be  possible  to  obtain  also  the  identity  4.7(4)**. 


**  N.  I.  Akhiezer  [3]. 
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4.7.4.  Let  us  note  two  integral  analogues  of  the  interpolation  iden- 
tities for  trigonometric  polynomials  derived  above.  If  we   differentiate 
4.5(3)  we  obtain  the  integral  analogue  of  4.7(2): 

2TT 

K(x)=  —  \Tn(t)D'n(x-t)dt.  (7) 

TC     t) 
0 

Writing  this  identity  in  the  form  (see  4.1(10)) 

T'n(x)  -  i  J  Tn(t)  J  k  s\nk(t-x}  dt 

0  fc=t 

and  noting  that 

r        v,1 

]  Ttt(x+ t)  £  k  sin  (2/i-fc)  t  At  =  0, 
o  fc==1 

we  have 

T'n(x)  =  —  \  Tn  ( 

i.e.  we  obtain  the  integral  analogue  of  4.7(3)**: 

/•        '\2 

i  T                     lsmwT\ 
T*(x)  -  -  \  Tn(x  +  t)  sin  «/ — -     At.  (8) 

7T  J  1        .       t       ] 

\  sinT  / 

4.7.5.  The  identities  4.7(7)  and  4.7(8)  are  particular  cases  of  a  more 
general  integral  representation  of  the  derivative  of  a  trigonometric  poly- 
nomial. For  any  trigonometric  polynomial  Tn(x)  of  order  ^  n, 

•*>?' 
•  •     w 


for  any  integer  r^o,  where  Hr>n(t)  is  a  trigonometric  polynomial  which 
possesses  the  property***  \Hftn(t)\  <  1. 

Since  in  the  case  r  =  0,  for  Jy0>n  =  --  ^^(0»  4.7(9)  is  identical  with 

4.7(7),  it  is  sufficient  to  prove  that  if  this  identity  is  true  for  r  =  k  then 
it  is  true  also  for  r  =  k+\.    Suppose  4.7(9)  true  for  a  given  r.   Let  us 


**  A.  Zygmund  [1], 
***  Yu.  A.  Brudnyi  [2]. 
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consider  the  arbitrary  trigonometric  polynomial  Tn+l(x)  of  order  ^  n  +  1 
and  the  trigonometric  polynomial 

—  V 
,.(*)  =  Ttt+l(x)  I ^     -  —  Tn+l(x)  |]  Dk(x)  (10) 

rsinT/ 

(see  4.1(10)),  the  order  of  which  does  not  exceed  2n.  By  supposition, 

27T 

sin  nt 


TC  v  •    _        .       * 

o  \  2n  sin  -^r 


and  consequently 

22r-r-2  .  ^2    £ 

7T  J 

0 

But  as  #an(0)  =  7^(0),   we   obtain,   on  putting   Hr+lin(t)  =  Hft2n(t) 


Applying  the  last  identity  to  the  polynomial  Tn+l(x+t)9  we  find  that 
for  any  trigonometric  polynomial  of  order  <  n+l 


This  proves  4.7(9)  for  any  integer  r  >  0. 

4.7.6.  An  identity  similar  to  4.7(9)  can  be  obtained  for  any  integral 
function  of  exponential  type  which  is  bounded  on  the  whole  real  axis*5*. 
For  any  integral  function  Gff(x)  of  degree  <  or,  bounded  on  the  whole  real 
axis,  we  have  for  any  integer  r  >  0 

\2r+2 

j       dt,  (11) 

where  \hft0(t)\  ^  1,  and  the  constant  Cr  depends  only  on  r. 
**  Yu.  A.  Brudnyi  [2J. 
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Since  the  function 


is  of  degree  ^  (2r+3)<r  and  satisfies  condition  4.6(2),   it  follows  that 
in  virtue  of  theorem  4.6.1 

(2r4  3)<r 


*"(*)=v^r   S 


-(2H  3)(T 

where  g(t)  is  some  function  of  integrable  square  on  [ — -(2r+3)  cr,  (2r+  3)  a] . 
Moreover,  since  the  Fourier  transform  of  the  function  — is  equal  to 

J]/27c  for  —  A  <  t  <  A   and   to   zero  for  ]f|>A,   we  have  by  formula 
3.11(16) 

1     f   r  \  sin(2r+3)ot  1 

—  oo  —  (2r+3)<7 

If  follows  from  this  that 

If  d    (sin(2r+3)crM 

~oo 

Consequently,  if  we  take  account  of  the  fact  that  (7^r(0)  =  G'atr(Q) ,  and 
— — < >  ^  A2  (see,  for  example,  section  4.8.2),  we  obtain  the  equality 


2r+2 


r+3)*os 


where   |Arf<T(u)|  <  1.  Replacing  here  the  function  Ga(f)  by  Gff(t+x),  we 
obtain  the  identity  4.7(11)**. 

4.8.  Some  extremal  properties  of  algebraic  polynomials  and  transcendental 
integral  functions  of  finite  degree 

Rational  integral  functions  (algebraic  polynomials)  and  transcendental 
integral  functions  of  exponential  type  possess  important  extremal  proper- 
ties, which  can  be  discovered  by  considering  the  interpolation  and  integral 
representations  obtained  for  them  above. 

**  The  identity  4.7(9)  can  be  obtained  in  a  similar  manner  directly  from  4.7(8). 
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4.8.1.  Let  us  first  of  all  consider  a  problem  for  transcendental  integral 
functions  of  finite  degree,  which  is  similar  to  the  question  of  the  algebraic 
polynomial  which  deviates  least  from  zero  (see  section  2.19.12),  and  let 
us  prove**,  that  if 

G(x)  =  C0+c1x+c^+c3x3+  ...  (1) 

is  an  integral  function  of  degree  <  a  then 

sup      |G(*)|>-!^-  (2) 

—  oo<x<oo  u 

In  the  class  of  all  such  functions  G(x)  the  inequality  4.8(2)  cannot 

\c  I 

be  improved,  as  for  the  function  —  ^-sincr*  it  becomes  an  equality. 

a 

Thus  among  all  integral  functions  G(x)  of  degree  <  a  for  which  (j'(0)  =  1  , 
the  function  —^  —  deviates  least  from  zero  on  the  whole  real  axis**. 

Let  us  consider  the  class  of  all  integral  functions  of  degree  <  a  for 
which  G'(0)  =  1.  Supposing  that  the  function  G(x)  is  bounded,  let  us 
apply  to  it  the  identity  4.7(4),  in  virtue  of  which 


If  we  make  use  of  the  condition  G'(0)  =  1  and  take  account  of  4.7(5), 
we  obtain 

<>* 


From  the  last  relation  we  conclude  that    either     sup  \G(x)  >  —  ,  or  for 

-oo<x<oo  G 

all  fc  =  0,  ±1,±2,... 

-- 


But  subject  to  the  condition  G'(Q)  =  1  the  system  of  equations  4.8(4) 
is  possible  only  when  G(x)  ==  --  (see  4.3.1).  Hence  we  arrive  at  the 
result  that 

sup       \G(x)\  ^—. 

—  oo  <  x  <  oo  ^ 

This  shows  that  the  function  G(x)  =  —  ---  is  the  unique  integral  func- 


**  S.  N.  Bernstein  [15]. 
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tion  4.8(1)  of  degree  <  a  for  which  the  inequality  4.8(2)  becomes  an 
equality. 

4.8.2.  From  theorem  4.8.1  there  immediately  follows  a  remarkable 
inequality  for  integral  functions  of  finite  degree,  established  by  S.  N. 
Bernstein  [15],  If  the  integral  function  G(x)  of  degree  <  a  does  not  exceed 
the  constant  M  in  modulus  on  the  whole  real  axis,  then  its  derivative  of  any 
order  satisfies  the  inequality 

sup      |  <?<*>](*)  |  <M(r*      (k  -0,1,2,...).  (5) 

—  00<  JC<00 

It  is  sufficient  to  verify  the  validity  of  the  inequality  4.8(5)  only  for 
k  =  1.  If  for  some  function  G(x)  of  degree  ^.  a  it  should  happen  that 
at  some  point  x0 


the   considering   the   function  &(x)  =  —  —  G(x+x0)    we    should    have 

crM 


>  1.  But  then  by  theorem  4.8.1 

1 
sup       1 0(x)  |  >  — 

—  oo  <  x  <  oo  G 

i.e.       sup       |G(x)|>Af.    Consequently   the   inequality    4.8(5)    follows 

-00  <  JC<00 

from  the  condition       sup       |  G(x)  \  ^  M. 

—  00  <  jc<00 

4.8.21.  Let  us  note  that  Bernstein's  inequality  4.8(5)  could  have  been 
obtained  directly  from  the  identity  4.7(4). 

From  the  similar  identity  4.7(6)  for  the  conjugate  function  it  follows 
that 

[OO  n 

T"1 — r   S    oi^.na        SUP      IG(*)I- 
^     k  ==  —  oo   \         i    *J"  J  —  oo<  x  <  oo 

i.e.  for  any  integral  function  Ga(x)  of  the  class  Ba  the  inequality 

sup      |  G'  (x)  \^a     sup      |  Ga  (x)  \ .  (6) 

—  oo<x<oo  —  oo<x<cx> 

holds**. 

4.8.22.  Special  attention  should  be  paid  to  the  particular  case  where 
the  function  G(x)  is  the  trigonometric  polynomial  4.2(1).  The  inequali- 
ties*** 

(a)  max  |  T'n(x)  |  <  n  •  max  |  rn(x)  | , 

*      -  (7) 

(b)  max  |  T'n(x)  |<  « •  max  |  Tn(x)  \ , 

X  X 

are  satisfied  for  any  trigonometric  polynomial  Tn(x)  of  order  ^  n. 

»*  N.  iTAkhiezer  [3]. 

***  The  inequality  (7a)is  due  to  S.  N.  Bernstein  [1],  the  inequality  (7b)  to  Szego  [1]. 
For  later  generalisations  see  S.  N.  Bernstein  [34],  N.  I.  Akhiezer  [3]  and  Rogosinski  [2], 
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4.8.3.  Let  us  note  that  the  inequalities  4.8(5)  characterise  the  class 
of  integral  functions  of  degree  <  a  which  do  not  exceed  the  number  M  in 
modulus  on  the  real  axis.  If  the  function  G(x),  defined  on  ( —  oo,  oo),  is 
infinitely  diffenentiable  and  satisfies  condition  4.8(5),  then  it  is  an  integral 
function  of  degree  <  a  and 

\G(x+iy)\  <  A/e'i'l.  (8) 

It  is  not  difficult  to  confirm  the  validity  of  this  assertion  by  considering 
the  Maclaurin  series 


and  the  Taylor  series 


the  radius  of  convergence  of  which  is  infinite  and  which  for  y  =  0  has 
G(x)  as  its  sum. 

4.8.31.  The  assertion  that  a  function  G(x)  infinitely  differentiate  on 
( — oo,  oo)  which  satisfies  the  inequality  4.8(5)  is  an  integral  function  of 
finite  degree  can  be  strengthened  by  assuming  that  this  inequality  is  sa- 
tisfied only  for  some  unbounded  subsequence  of  values  of**  k.  In  fact, 
let  G(x)  be  a  function  which  is  infinitely  differentiate  on  the  real  axis 
and  for  some  sequence  of  natural  numbers  nk 

sup    \G(n*\x)\  <M(fk.  (9) 

—  oo<x«x> 

If  nk  <  n  <  nk+l9  then  by  the  inequalities  3.10(8) 


sup     |G(">(je)|<2e"-"*{     sup     |G*"*>(*)|}      "*+l   "*  X 

—  oo<x<oo  —  oo<x<oo 

n~nk 

X  {     sup     \G("k+l\x)  |  "k+l~"k 


Hence  in  virtue  of  theorem  4.8.3  it  follows  that  G(x)  is  an  integral 
function  of  degree  <  eor.  If  instead  of  the  inequality  3.10(8)  use  is  made 
of  the  more  precise  inequality  of  A.  N.  Kolmogorov***,  it  is  possible  to 


**  S.  N.  Bernstein  [44]. 

***  See  the  footnote  **  on  page  152. 

14  Theory  of  Approximation 
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show  that  the  degree  of  the  function  G(x)  which  satisfies  condition  4.8(9) 
in  fact  never  exceeds  a. 

4.8.4.  It  is  obvious  from  the  identities  4.7(4)  and  4.7(6),  that  if  for 
some  trigonometric  polynomial  Tn(x)  the  inequality  4.8(7a)  or  the  ine- 
quality 4.8(7b)  becomes  an  equality  and  if  /0  is  the  value  for  which 
|^(/o)l=  sup  IT; (0|  or  if^/o))  =  sup  \f'n(i)\  respectively,  then 

— oo<r<oo  —  oo<r<oo 

Tn(x)  =  Msinw(x— f0).     In    the    first   case    we    consider    the    function 
-.  Since  <P'(0)  =  I   and      sup     \&(x)\  =—,    then     by 


—  oo<:c<oo 


I 


what  was  proved  in  section  4.8.  \<I>(x)  =  —  sin  nx,  i.e.  Tn(x+t^  ~  Msinnx; 

n 

similarly  in  the  second  case. 

4.8.5.  In  connection  with  the  inequality  4.8(7a)  let  us  note  another 
useful  estimate  for  the  derivative  of  a  trigonometric  polynomial,  which 
although  less  precise  as  regards  the  constant  is  nevertheless  of  a  somewhat 
different  character  and  shows  that  the  order  of  increase  of  the  modulus 
of  the  derivative  of  a  trigonometric  polynomial  Tn(x)  at  a  given  point 
as  n  -»  oo  is  majorised  by  a  quantity  which  in  a  certain  sense  depends 
only  on  its  value  in  the  neighbourhood  of  this  point.  Let  <j)(x)  >  0  be 
an  arbitrary  continuous  periodic  function  of  period  2?u,  and** 


2n 


sin- 


nt 


2r+4 


- 


\nsin~ 


dr 


(10) 


where 


L\ 

n  «J 


sm- 


nt 


For  any  integral  r  >  0, 


n  sin  y 


2r-f  4 


2r+4 


dt. 


(11) 


i.e.  ^Mr)  (<t>;  x)  tends  to  zero  uniformly  as 
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n  satisfies   the  ine- 


If  the  trigonometric  polynomial  Tn(x)  of  order 
quality  |  Tn(x)\  <  <l>(x)9  then  for  any  integral  r  >  0 


(12) 


where 


The  truth  of  this  assertion  follows  from  the  identity  4.7(9),  in  virtue  of 
which 

2r+4 

sin 

'j    i 

dt. 


TC 


\  n  sin  — 


From  this  there  immediately  follows  the  inequality 

It  only  remains  to  take  into  account  the  fact  that 

IA  i  * 
nt 

2 


(r)         1    C 
^  =  ^\ 


sm 


.     t 
n  sm  — 


f    /7tsinii\ 

J  HH 


Cr 


Let  us  note  that  an  inequality  of  the  type  4.8(12)  holds  for  any  integral 
function  of  the  class  Ba.  It  follows  directly  from  the  identity  4.7(11)  that 
if  for  any  real  values  of  x  the  integral  function  Ga(x)  of  degree  ^  a  satisfies 
the  inequality  \Ga(x)\  <  <HX),  where  (j)(x)  is  some  function  which  is  non- 
negative,  measurable  and  bounded  on  the  whole  real  axis  —  oo  <  x  <  oo^ 
then  for  any  integral  r  >  0 


where  C*  is  a  constant  depending  only  on  r,  and** 

,  x  cr 


\ 


at 


2r+2 


At 


**  The  relation  *}¥(<!>;  x)  =  0  co2U;— j     holds  for  any  integer  r>  0,  and 

sequently,  if  the  function  <t>(x)  is  uniformly  continuous  on  (—00,  oo),  then  vjj  ( 
tends  to  zero  uniformly  as  a  ->  oo. 


con- 
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4.8.6.  From  the  inequalities  4.8(7)  for  an  arbitrary  trigonometric 
polynomial  there  follows,  with  the  help  of  elementary  considerations* 
a  series  of  similar  inequalities.  Let  us  consider  the  set  of  all  functions  f(x) 
which  satisfy  the  conditions: 

(a)  f(x)  is  real  and  analytic  on  the  real  axis; 

(b)  A  point  XQ  and  a  number  o  >  0  exist  such  that  for  any  integer 
fc>0 

|/(2ft+1)(x0)K^|/'(x0)|;  (13) 

(c)  The  inequality  4.8(13)  can  become  an  equality  only  for  all  k  >  0 
simultaneously,  and  in  this  case  /(2*+1)  (x0)  =  (—1)*  or2*/'  (*<,)• 

As  follows  from  4.8(7)  and  section  4.8.1,  any  trigonometric  polynomial 
of  order  <  a  satisfies  these  three  conditions.  Moreover,  it  is  obvious 
that  such  properties  may  also  be  possessed  by  certain  integral  functions 
which  are  not  of  finite  degree. 

If  we  make  use  of  the  expansion 

y  {/( 

which  holds  for  sufficiently  small  h,  and  consider  also  the  expansion  of 
sin  ah  in  powers  of  h,  we  obtain: 

(f(x0+h)-f(x0-h)}  =/'(*<,)  sin  <7/j  + 


In  virtue  of  conditions  (b)  and  (c)  it  follows  from  this  that  there  exists 
^a  certain  <5  >  0,  such  that  for  0  <  h  <  d 

/(*o-/0  1  .  (14) 


Taking  a  to  be  an  integer,  it  is  easily  seen  that  in  the  case  where  f(x)  is  a 
trigonometric  polynomial  of  order  ^  o1,  and  XQ  is  the  point  at  which  its 
derivative  attains  the  maximum  of  its  modulus,  the  inequality  4.8(14) 

holds  for  all  h  <  —  and  becomes  an  equality  only  for/(x)  =  M  COS(T(X—TO). 


In  fact,  if  for  some  0  <  h  <  —  it  happened  that 


SOME    PROPERTIES    OF    ALGEBRAIC    POLYNOMIALS  213 

i.e. 


n 

}  f'(x0)cosatdt 


-h  -ft 


then  a  value  /0  10  <  |f0|  <  —  I  could  be  found  for  which 

/'(*o+'o)  =f'(xQ)cosat0. 

Hence,  since  \f'(x0+t)\  <  l/'(*o)l>  it  would  follow  that  the  polynomial 
ff(xQ+t)—ff(xQ)cosat  of  order  <  a  had,  besides  a  zero  of  multiplicity 

two  at  the  point  t  =  0,  also  a  zero  on  each  of  the  segments    —  ,  -  - 

L  cr  a       J 

(v  =  1,...,  2<r—  -1  ),  i.e.  /'(Jt0+0  =f'(x<dcosot.    Similarly  it  is  possible 
to  obtain  the  inequality 

\f'(xo)  I  >  \f(x0+h)-f(x0-h)  |  ,  (15) 


contrary  to  4.8(14)  which  holds  for  any  integral  function  satisfying  con- 
dition (b)  and  reduces  to  an  equality  for  f(x)  =  eax. 

If  instead  of  condition  (b)  it  is  required  that  at  the  point  XQ 


\f(2k+l)(x0)\  <  a*+i  |/(x«)  |       (k  =  0,  1,  2,  ...), 
then  from  the  same  considerations  we  obtain  the  inequality 

/(x0-/0|  <  2sinaA|/(x0)|       (h  >  0).  (16) 


For  integral  or  in  the  case  where  f(x)  is  a  trigonometric  polynomial 
of  order  <  cr,  and  XQ  is  the  point  at  which  it  attains  its  maximum  modulus, 
it  is  easily  seen  as  in  the  previous  case  that  this  inequality  holds  for  all 

x  and  h  ^  —  —  if  on  the  left-hand  side  XQ  is  replaced  by  x. 
2cr 

Thus,  for  any  trigonometric  polynomial  Tn(x)  of  order  <  n  the  ine- 
qualities 

h)\  <  nmax  \Tm(x)\      (17) 


hold  respectively  for  all  h<—  and  for  all  h  <  -r—  .    If  we    consider 

n  2n 

differences  of  higher  orders 
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then  by  induction  with  respect  to  r  there  follow  directly  from  4.8(17) 
the  more  general  inequalities** 


max  \T?(x)\  <      -max  \A^TH(x)\  <  ifm**\TH(x)\,          (18) 

which  hold  for  the  same  ranges  of  variation  of  h. 

4.8.61.  Similar  considerations  lead  to  similar  inequalities  for  any 
integral  functions  of  the  class  /?„.  However,  these  inequalities  can  also 
be  obtained  by  starting  from  other  considerations***. 

Let  Q(J)  be  an  arbitrary  function  of  bounded  variation  on  [—  tf,  or], 
on  the  same  segment  let  p(i)  be  the  sum  of  the  uniformly  convergent 

oo  inTtf 

series    J]    cne  °    where  (~l)ncrt>0,  let  <j)(i)  be  continuous  on  [—  tf,  a], 

n=-oo 

and  let 

<T 

(19) 


F(x)=     /i(OW)etode(0.  (20) 

G 

On  replacing  the  function  ^(f)  by  its  Fourier  series  and  integrating  term 
by  term,  we  obtain  for  F(x)  the  representation 


(21) 

«=-00  \  ' 

from  which  follows**** 

oo 

sup|F(x)|<    ^    I  c.  |  sup  |  /(*)|=/i(<»)  sup  |  /(*)  |  .  (22) 

x  n^—oo  x  x 

x'rom  4.8(21)  with  the  help  of  Minkowski's  inequality  it  follows  also 
that  if  for  some  q  >  1 

oo 

J   \f(x)\<dx«x>,  (23) 

-   oo 

then 

00  1  °°  1 

.  (24) 


**  For  the  first  of  these  ses  S.  V.  Stechkin  [1J,  and  also  S.  M.  Nikol'skii  [10]  in 
the  case  h  =  n/2n.  For  the  second  when  r  =  1  see  S.  N.  Bernstein  [38]. 
***  Boas  [2]. 
****  Civin  [IJ.  See  also  M.  G.  Krein  [3]. 
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Similarly,  if  the  function  f(x)  is  periodic  (for  example,  of  period  27c) 
and 

2* 

|/(*)|«  dx<  co. 


then  * 

27t  1  27T  J^ 

{  J  |fX*)|«  dxp  <  M")  j  J  |/(x)  |«  dx}7.  (25 

0  0 

In  order  to  obtain  from  this  inequalities  similar  to  those  which  were  given 
in  section  4.8.6  for  trigonometric  polynomials,  it  must  be  noted  that  on 

account  of  the  identity 

a 

hut  ,  o*    p        nut  \^  ,     .,,.    A    ,   ka 

(-l)V  H  -- 


0  nn  J  sin    <r      -i  /i 

o  o  *=o 

it  is  poossible  to  take  as  ^(i)  any  non-negative  even  function  which  is 
convex  on  [—a,  a]. 

Let  0  <  h  <  —  ,  0(/)  =  (2i  sinAOr(^  =1,2,...)  and 

(7 


Then  by  4.8(19)    and  4.8(20)   we   have  f(x)  =  Arh&(x)9   and   for 

(t      \r 
—  —  —    we  have  HJC)  =  0(r)(x)  .  In  tliis  particular  case,  for  &(x)  =  Tn(x) 
2smht  I 

the  inequality  4.8(22)  includes  the  first  of  the  inequalities  4.8(18).  The 
second  can  be  obtained  in  a  similar  way. 

Considering  the  same  particular  case  and  using  the  estimate  t.8(25), 
we  also  find**  that  for  any  trigonometric  polynomial  Tn(x)  of  order  ^  n, 

for  every  q(l  ^  q  ^  oo)  and  0  <  h  <  —  . 


0 

In  particular, 

2TT  1^  2?t 

"<n'(5  |r.(x)|«dx}\  (26) 

0 


**  S.  M.  Nikol'skii  [10],  the  case  h  = 
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If  now  G(x)  is  a  certain  integral  function  of  the  class  B9>  then  for  any 


e  >  0  the  function  <7(e;  x)  =  G(x)  -  is  an  integral  function  of  degree 

GX 

^  cr+e  which  satisfies  the  condition 


—  oo 

Consequently,  by  the  Wiener-Paley  theorem  (see  section  4.6.1)  it  can 
be  represented  in  the  form 

<r+e 

G(e;x)=     jj    g(e;t)eixtdt. 

—  a— e 

From  this 

<r-r  K 

0(e;  x)  =  zlj-r)G(£;  x)  =     j[     (2i  siii/tf)rg(e,  Oe'*r  ^?- 

—  <r— e 

If,  in  addition,  for  sufficiently  small  s  >  0  the  function  fj,(t)  is  non-negative, 
even  and  convex  on  [—a— s,  cr+e],  then  by  what  was  proved  above 
the  inequality 


is  satisfied  for 


For  0  <  A  <  —  let  us  put  ii(r)  =  I-    \  ,   }  (r  =  1,  2,  ...).  Then  weobtain 
o*  \2sinnt  / 

F(e;  x)  =  G(r)(e;  x),  and  thus 


Passing    to    the    limit    as    e-»0,     and    taking    into    account    that 
=  O(e),   we  finally  have  that  for   any   integral 


sup 

— oo  <  x  <  oo 

function  G(x)  e  Bff  the  inequality** 


(27) 


holds  for  O</I<Y. 


*  *  S.  N.  Bernstein  [38]  for  the  case  r  =  1 .  S.  M.  Nikol'skii  [10]  for  the  case  h  • 
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With  the  condition  4.8(23)  for  G(x)  (if  the  estimate  4.8(24)  is  used 
instead  of  4.8(22))  we  arrive  at  a  similar  inequality  in  the  metric  Lq  (1  ^  q 
<  co). 

If  G(x)  is  an  integral  function  of  degree  <  a  which  belongs  to  the  class 
Lq  (q^  1)  on  (—00,  co), 


In  particular, 


(28) 


4.8.62.  The  inequalities  derived  in  section  4.8.61  also  extend  to  the 
case  of  trigonometric  polynomials  and  other  integral  functions  of  finite 
degree  of  several  variables.  Thus,  for  example,  if  Tmn  (x,  y)  is  a  trigonom- 
etric polynomial  of  order  <  m  with  respect  to  x  and  of  order  <  n  with 


respect  to  y,  then  for  any  q(l  <  q 

we  have 

i 


co)  and  Q<h<  — ,  Q<d  <  — 
m  « 


2rc 


dk+'Tmtt(x,y) 


dx*  dy1 


\  2sinmh 


dxdy 


f 


27T       2 

•  s^s 


dy1 


!_ 

4        |  4 
d*>     : 


2Tt    2TC 


In  particular, 

f  27t  : 


0      0 


dxkdyl 


l\Tmn(x,y-)\"dXdy^ .      (30) 


4.8.7.  It  follows  from  theorem  4.8.22  (inequality  4.8(7a)),  that  if  Pn(x) 
is  an  algebraic  polynomial  of  order  <  n,  then 

|  P'n(cos  0  sin  1 1  <  max  |  Pn(cos  u)  \ , 


**  S.  M.  Nikol'skii  [10]  for  the  case  h  =  -^- .  The  inequality  4.8(22)  can  also  be 

2cr 

obtained  from  the  identity  4.7(4)  if  account  is  taken  of  the  fact  that  in  the  case  con- 
sidered G(x)eBff  (see  4.9.53). 
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i.e.  for  all**  xe[-l,  1] 

|p;(x)|<_JL=-    max    IP.GOI.  (31) 

* 


The  inequality  4.8(31)  becomes  weak  near  the  ends  of  the  segment  [—  1  ,  1]. 
Hence  another  inequality  due  to  A.  A.  Markov  [1]  is  also  of  interest. 
For  all  xe[-l,  1] 

|Pi(x)|</ia    max    \PH(y)\.  (32) 


In  order  to  prove  4.8(32),  we  consider***  the  interpolation  formula  4.1(4) 
for  P'n(x)  with  the  set  of  points  :4n)  at  the  zeros  of  a  Chebyshev  polynomial 
(see  4.1(7)): 


Hence  in  virtue  of  4.8(31)  we  obtain 

«-l 


|P;(*)|<|cos/iarccosx|    max    |  Pn(y)  \ 

-!<>'<!  jTo          "* 

If  x^  <  |  x  |  <  1,    then  all  the  differences  x—  x(kn)  (k  =  0,  1,  ...,  n-l) 
have  the  same  sign.  Consequently,  in  this  case 


max 


n-l 


w  sin  w  arc  cos  x  .  __  ,  , .    .    0  .  r>  /  \i 

max     |  Pn(j)  |  <  n*    max    |  Pn(j)  | . 


If,    however,    x  <  xln)  =  cos  —  ,    then   4.8  (32)   follows   directly   from 

2n 

4.8(31),  as  n  sin  —  ^  1.  Thus  the  inequality 

max    |P^)|  (33) 


I  y   1—  X2 

is  always  satisfied  on  the  segment  —  1  <  x  <  1  . 

4.8.71.  Let  us  note  an  additional  estimate  for  the  derivative  of  an 
algebraic  polynomial  which  follows  directly  from  theorem  4.8.5.  If  the 


**  S.  N.  Bernstein  [1]. 
***  Following  I.  Schur  [1]. 
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function  (f)(x)  \  >  0  is  continuous  on  the  segment   [—  1,  1]  and  \Pn(x)\ 
9  everywhere  on  this  segment,  then  for  any**  r^O 

=. 


where  x  =  cos  t,  f(t)  =  ^(cosO,  and  <5<r)(/;  r)  and  Cr  are  defined  as  in 
section  4.8.5. 

4.8.72.  Later  on  (see  section  6.2)  an  essential  part  is  played  by  the 
particular  case  for  which 


where  co(w)  is  a  certain  modulus  of  continuity  (see  section  3.2).  The  follow- 
ing statement  holds  for  this  case.  If  everywhere  on  the  segment  —  1  <  x  <  1 
the  algebraic  polynomial  Pn(x)  satisfies  the  inequality 


(35) 

for  integral  r  ^  0,  then 

-  (36) 


where  C  is  a  constant  independent  ofx  and  #***.  To  prove  this  let  us  evaluate 
the  quantity  d(nr)(fi  t)  which  occurs  in  4.8(34).  Since 


21-1 


<3- 
then,  by  4.8(10), 

3  •  2r~ 


>(/;  0 


nr 


sin/ 


**  Yu.  A.  Brudnyi  [12].  An  inequality  of  the  type  4.8(34)  was  first  established  by 
S.  N.  Bernstein  [11].  The  fundamental  result  of  this  note  of  S.  N.  Bernstein  was  later 
developed  in  a  series  of  papers  by  V.  C.  Videnskii  [1-5]. 

***  It  will  be  seen  from  the  proof  that  for  the  validity  of  the  inequality  4. 8 (36)  it 
is  sufficient  that  the  function  co(0  should  be  non-decreasing  and  satisfy  the  condition 
w(/i-f-/2)  <M{o>(/1Hco(/2)}.  For  the  particular  case  co(/)  =  ta(Q2a  <  1)  the  inequality 
4.8(36)  was  proved  in  a  different  way  by  V.  K.  Dzyadyk  [3]. 
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2r-r4 


Moreover, 


du 


+ 


• 
|sin(/+«)|        &m  2 


Let  us  note  also  that 
i 


2r  +  4 


du. 


and  since  for  0  <  w  <  TU  we  have  sin—  ^  —  ,  it  follows  from  3.2(6)  that 

2  7T 


1         f      _       U   I 
T^T-  \  t/rft>  — 

7uy<r>   J          n  1 


.    ntf 
sin— 

.    u 
n  sin— 


d« 


Since 


„   /   .    nu\2f+t  « 

w    J  c  I  sm"2"     ^     4  e  /  sin««  Vp+4^ 

yip)  =  —  \     I       dw  =  —  \    — : — I       du 

TtJI          .Ml  7tJ\«  SinU/ 

*r     I     «<    Ci'M  I  yx       »  ' 


> 


-«  \ «  sm-y 
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the  last  inequality  gives  the  estimate 


Thus 


On  substituting  in  4.8(34)  we  obtain  the  inequality 


where  M  is  a  constant  independent  of  x  and  «. 

The  validity  of  4.8(36)  on  the  segment  \x\  ^  1  --  ~  follows  directly 

from  4.8(37).  In  order  to  extend  this  inequality  to  the  remaining  part  of 
the  segment  [—1,  1]  it  is  sufficient  to  consider  the  function 


wliich  conformally  maps  the  z-plane  with  a  slit  along  the  segment  I  —  1  +  — ^-> 

I  n* 

[ 1  of  the  real  axis  onto  the  exterior  of  the  unit  circle.  The  quotient 

H2J 


analytic  throughout  the  whole  of  the  z-plane  outside  this  segment,  attains 
on  it  the  maximum  of  its  modulus,  which  in  virtue  of  4.8(37)  and  3.2(6) 
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is     O   -  5-  co  I  —  I    •    In    addition,    for    1  --  -  <  |  x  \  <  1    the   relation 
L  w    2     \  n  j  ]  J  «2 

|  Wn(x)\n  =  0(1)   is   satisfied.   Hence 


uniformly  for  all  x  for  which  1  --  -  <  |  x  \  <  1  . 

Thus  the  inequality  4.8(36)  holds  on  the  whole  segment   [—1,  1]. 

The  last  part  of  the  proof  can  be  carried  through  without  the  assistance 
of  the  methods  of  the  theory  of  functions  of  a  complex  variable.  If  r  =  0, 
then  on  account  of  3.2(6)  we  conclude  from  4.8(37)  that  on  the  segment 


Let  us  now  apply  theorem  2.9.11  (see  the  inequality  2.9(9)).  Since  (see 
2.13.8) 

2x-a-b        I/  1 


COSH  arccos  —  , 

b—  a  2  \          Rn 

/  .    r 

where  for  h  —  %(b—a)  and  y  =  x  --  -  —  we  have 


xit  follows  that  outside  the  given  segment  [a,  b]  the  inequality  2.9(9)  assumes 
the  form 


I  Pn(x)  I  <       max  |  Pn  (u)  |  -      -  (39) 


In  our  case  a  —  —  1 H  -—- ,  b  =  1 ,  1 ^\x\  <  1 ,    and    con- 

nL  n2  n2 

sequently,  R  =  1+01— - 1 .  Hence  there  exists  a  constant  M2  independent 
of  n  and  such  that 

max       |  />„(*)  |  <  M2  max  |  Pn(x)  \ .  (40) 


Since  the  estimate  4.8(38)  has  already  been  established  for  the  segment 
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I  —  1  +  —  ,  1  --  -I,  it  is  true  for  all  xe  [—1,  1]  apart  from  the  value 

of  the  constant  Ml.  From  it  and  from  4.8(37)  the  inequality  4.8(36)  for 
r  =  0  follows  directly.  Now  suppose  the  theorem  formulated  to  be  true 
for  all  r  <  k  and  put  r  =  k+l  .  From  4.8(37)  the  validity  of  the  inequality 

4.8(36)  for  r  =  k+l  and  |jc|  <  1-  ^  follows.  In  4.8(36)  for  r  =  jfc+1 
let  us  put  x  =  (l~yTl  u-  Then  for  all  \u\  ^  1 


or 


P'n 


< 


By  supposition,  for  any  v  (0  <  v  <  k)  and  |  u 

3(.v+D  1 1 L.IH 

L\     2«2/ 

c: 


<: 


nk-v 


Putting  v  =  k  in  this  and  applying  the  inequality  4.8(36)  in  the  case  r  —  0  , 
we  obtain 


(42) 


uniformly  with  respect  to  all  u  e  [—  1 ,  1] .  In  consequence  of  the  inequality 
4.8(39)  we  see  as  before  that  this  estimate  remains  valid  over  the  wider 

segment  — 1 $-  ^  «  ^  H — *  •  Consequently,  integrating  the  relation 

/I  JT 

4.8(42)  k+l  times  with  respect  to  u  between  the  limits  ±1,  we  find  that, 


subject  to  the  condition  1  < 

P'  h__._L.)tf 


1  + 
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Thus  4.8(41)  with  appropriate  choice  cf  the  constant  C*  is  valid  for  all 


|  f/|  <  l  +     >  i.e.  for  all  *e[-l,  1] 


This  proves  the  validity  of  the  inequality  4.8(36)  for  the  whole  segment 
[-1,  1]  and  for  r  =  fc+1. 

4.8.73.  Theorem  4.8.72  also  remains  valid  for  all  negative  integral 
values  of  r.  If  r  is  negative,  then  it  follows  from  4.8(35)  that 


n'\Pn(x)\  <  |r 

[—  r+ll 
—  -  —  I  ,  we  have 


1)]. 


Putting  m 

L       L      J 

,  / .         r  i  /  . i  \i 

«'|PB(*)(i-*TI  <(,/!-**  r'4-(l/l-*2  +  -)J. 

Here  we  already  have  r+2w>0,  and  in  virtue  of  4.8(36) 


i  V+2--1  r  i  /  / i  \i 

^-  +-  a, LL  I/I-**  +-L  I 

n]  \_n\  nl\ 


Hence 
nr  P'( 


+Cn 


It  follows  from  this  that  for  values  of  x  on  the  segment  \-\-\ ,  1 1 

[  H2'        n2} 


we  have 


and 


M* 
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Thanks  to  the  inequality  4.8(39),  the  second  of  these  estimates  is  true 
on  the  whole  of  the  segment  —  1  <  n  <  1  .  Consequently  the  first  also 
holds  for  any  XE  [—  1,  1],  i.e.  4.8(36)  is  satisfied. 

4.8.8.  From  A.  A.  Markov's  inequality  (see  4.8(32))  for  the  derivatives 
of  any  order  of  the  polynomial  Pn(x)  it  is  possible  to  obtain  the  following 
estimate: 

|/t>(x)|  <  n2'    max    \PH(u)\.  (43) 

-Ku<l 

However,  this  estimate,  precise  as  regards  order  (when  n  ->  oo)  for  every 
fixed  value  of  r,  loses  significance  if  r  increases  without  limit.  Using  the 
interpolation  formula  4.  1  (4),  it  is  not  difficult  to  show  that  for  any  integral 
r>0 

\P('\x)\  <  2'I*>(1)    max    |PB(K)|,  (44) 

—  Ku<l 

Tn(x)  =  cos  ware  cos  x.  In  fact,  from  formula  4.1(4)  it  follows 


that 


Let  us  put  xk  =  cos  --  .   Since   xk  <  1   for  any  k,  it  follows  from  the 

definition  of  the  polynomials  lktn(x)  (see  4.1(2))    that   (—  !)*/£>,  (1)  >  0. 
Hence 

\Pn(u)\  £  (-!)*/£>  (1). 

l  fc=0 

But  since  Tn(xk)  =  cos  ware  cos  xk  =  (1)^,  then  in  virtue  of  the  identity 
4.8(45)  we  have  for  the  system  of  points  considered 


Consequently,  for  any  polynomial  Pn(x)  of  degree  <  n 

l^r)(l)l  <  ^r)(D    max    |PB(u)|.  (46) 


**  The  idea  of  the  given  proof  of  the  inequality  4.  8  (44)  is  due  to  S.  N.  Bernstein 
[31].  Later  it  was  again  proposed  by  Wang  (see  Mandelbrojt  [2],  page  212).  In  fact, 
as  was  shown  by  V.  A.  Markov  [1],  the  inequality  4.8(44)  also  remains  valid  without 
the  factor  2r  on  the  right-hand  side.  The  original  proof  was  extremely  complicated, 
only  45  years  later  were  two  simple  proofs  of  V.  A.  Markov's  inequality  found  by 
S.  N.  Bernstein  [19]  and  Schaeffer  and  Duffin  [1].  This  inequality  was  generalised  in 
two  different  directions  by  Schaeffer  and  Duffin  [2]  and  by  V.  S.  Videnskii  [4]. 

15  Theory  of  Approximation 
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For  the  polynomial 


we  obtain  from  this 

T<'\l)   max   \Pn(t)\. 


This  proves  the  inequality  4.8(44)  for  all  x  e  [—  1,  1]. 
From  the  identity 

(&-l)T<'+»(x)+(2r-l)xT<'\x)  -  [^-(r-l^r^x)         (47) 

satisfied  by  the  Chebyshev  polynomials**,  there  follows  the  recurrence 
relation 


This  shows  that  for  1 


Thus  the  inequality  obtained  indicates  that 

\P?\x)\<4'-£-r?P    max    \Pn(u)\, 

(Zl)\  -!<„<! 

i.e.  the  estimate 

\PnW\,  (48) 


2 
which  as  regards  order  is  better  than  4.8(43),  is  satisfied. 

4.8.81.  In  the  general  case  the  inequality  4.8(46)  cannot  be  improved, 

since  for  the  polynomials  Pn  (x)  =  Tn  (x)  it  becomes  an  equality.  It  is 

'useful  to  compare  this  estimate  for  the  derivatives  of  the  algebraic  poly- 

nomial Pn  (x)  at  an  end  of  the  segment  with  the  inequality  obtained  in 

section  2.9.12  for  its  coefficients,  i.e.  for  the  derivatives  at  the  centre  of 

the  given  segment,  and  this  shows  that  for  any  polynomial  Pn(x)  of  degree 

<n 

I  ^r)(0)  |  <  nr  -    max    |  Pn  (x)  \  (49) 

-Kx<l 

for  any  r^O.  (For  r  =  1  this  estimate  is  a  consequence  of  the  inequality 

4.8(31).)  By  the  substitution  x  ~  —  ,-  --  —  -  the  segment  a  <  /  <  b  is  trans- 

b~  a 


**  For  r  =  1  it  can  be  verified  directly  (see  2.13.16),  and  for  the  remaining  values 
of  r  it  can  be  obtained  by  successive  differentiation. 
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formed  into  —  1  <  x  <  1,  and  its  centre  t0  =  I ?  (a+b)  into  the  point 
x  =  0.  Hence  when  applied  to  any  finite  segment  [a,  b]  the  inequality 
4.8(49)  assumes  the  form 

.h\        /    ?M    V 

(50) 


p(r)|  a  \~b  \   ^  |     2n    \ 
n   \ — 2 — /        \~b^al   r?x'^n^l' 


Since  every  interior  point  x  of  the  interval  [—1,1]  can  be  considered  as 
the  centre  of  some  part  of  it,  the  inequality  4.8(50)  enables  us  to  assert 
that  when  the  degree  n  of  the  polynomial  Pn(x)  increases  without  limit 
the  order  of  increase  of  the  modulus  of  its  r-th  derivative  at  any  fixed 
interior  point  is  not  higher  than  nr.  In  addition  to  this,  as  has  already 
been  mentioned,  at  the  ends  of  the  segment  this  upper  bound  is  a  quantity 
of  the  order  O(«2r).  The  two  given  estimates  of  the  order  of  increase  of 
the  modulus  of  the  derivative  of  a  polynomial  within  and  at  the  ends  of 
a  segment  are  contained  in  the  inequality 

~-       max  I^C")! 


(Ck  constant),  which  follows  from  the  proposition  of  section  4.8.73  if  we 
consider  there  the  sequence  r  =  —  1,  —2,  —3,  ...,  —k;  co(t)  —  t    max 


4.9.  Integral  and  interpolation  norms  of  integral  functions  of  finite  degree 
in  various  metrics 

The  upper  bounds  L*  and  sup  L*(x)  (Lebesgue's  constants),  defined 

X 

in  section  4.5.1  (see  4.5(5)  and  4.5(6))  are,  apart  from  the  factor  —  ,  the 

7T 

integral  and  interpolation  norms 


,  =  sup 

x 

of  the  trigonometric  polynomial  Dn(f)  (Dirichler's  kernel)  in  the  metric 
Lq  for  q  =  1.  In  this  section  we  will  consider  some  relations  between 
such  norms  for  any  trigonometric  polynomials  and  other  integral  functions 
of  exponential  type. 

15* 
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4,9.1.  Let  Tn(x)  be  an  arbitrary  trigonometric  polynomial  of  order 
t^.n,N  some  positive  integer,  xk  —  ~~-=-  and 


)\<At\  (1) 

i  9      7V~1  )  1 

n)\  =  sup  -£][]  ir.(*-**)|«  T-  (2) 

x      I  <<Y    Jt_0  J 

#(1  <  q  <  oo)  /Ae  relation** 

rJI||f  (3) 


holds  between  the  norms  4.9(1)  and  4.9(2). 

The  first  inequality  follows  from  the  relations 


Also,  we  have 


S 


V*-M 

J    |r» 


where  ^rk  <  j k  <  jcfc+1(A:  =  0,  1,  ..., N-—  1).   In  virtue  of  the  inequalities 
of  Minkowski  and  Holder, 


fc-O 


lv    Iv^  \q 

'     -  >,  |rn(^)«     < 

I  I      "   '  I 

'  Vfc-0  ' 

1  Xfc.Li  1 

IT 


q-I 


2^ 


Then  applying  the  inequality  4.8(26),  we  obtain  from  4.9(4)  and  4.9(5) 


S.  M.  Nikol'skii  [13].  For  the  case  AT-  2/j+l,  q  -  1,  see  S.  M.  Lozinskii  [1] 
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Replacing  here  the  polynomial  Tn(f)  by  Tn(x — i),  we  obtain,  since 
||  Tn(x—i)  \\q  =  ||  Tn(t)  ||,,  the  second  of  the  relations  4.9(3). 

4.9.2.  The  norms  of  trigonometric  polynomials  in  different  metrics 
Lq  (1  <  q  ^  oo)  are  connected  with  one  another  by  simple  inequalities. 
If  1  <  q^q'  ^  co,  then  by  Holder's  inequality 

II  Tn\\q^  (27c)T~T  ||  T; II,,.  (6) 

On  the  other  hand,  there  exists  an  inequality  in  a  certain  sense  converse 
to  4.9(6).  For  any  positive  q  and  q'  <  q^  we  have  for  every  trigonometric 
polynomial  Tn(x)  of  order  <  n 

!*o±lV    ''urn  m 

2^       I  H  An  llqy  \') 

where  q0  is  the  least  even  number  greater  than  or  equal  to**  q. 

In  order  to  obtain  the  inequality  4.9(7)  let  us  first  verify  that  for  any 
trigonometric  polynomial  Tn(x)  of  order  ^  n 

"  II  T    II  f$A 

^  MII  Ii2 »  (y) 


this  inequality  being  precise  for  every  fixed  value  of  n.  In  fact,  in  virtue  of 
the  identity  4.5(3)  and  the  Bunyakovskii-Schwarz  inequality 

27T 

W+OI  \Dn(t)\dt^^\\Tn\\z\\Dn\\2         (9) 

0 

If  we  take  into  account  that 


we  obtain  4.9(8).  For  the  polynomial  Tn(x)  =  Dn(x)  (Dirichlet's  kernel) 
the  left-hand  side  of  4.9(8)  is  exactly  equal  to  the  right. 

If  we  apply  the  inequality  4.9(8)  to  the  polynomial   (Tn(x)}2 ,  we 
obtain 

x  —  ,   2TT 


max 


}  j 


T  II 

I       iA1c*.^v  |  j.  n\-^j  |  j|  •*-  n  \\q 


**  From  4.9(7)  there  follows  the  estimate  ||  r,,||^  <2nq  q'  \\  Tn\\q  (n>  1),  which 
for  q'  —  oo,  q  =  1  was  first  obtained  by  Jackson  [4],  and  for  all  other  values  qf  >  q  >  1 
by  S.  M.  Nikol'skii  [13]. 


230      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

i.e. 


max|7;(*)|<p^-J  H7JI,. 

x  \       Z7T 

Hence  subject  to  the  condition  q'  ^  q 


^  lirjlf.    (12) 


This  proves  the  inequality  4.9(7). 

Considering  the  sequence  of  trigonometric  Fej6r  kernels 


03) 


for  which  ||  Tn^  \\\  =  n<y(nq~2\  where  y{*  is  defined  by  4.8(11),  and  also 
considering  the  upper  and  lower  estimates  given  for  y^  in  sections 
4.8.5  and  4.8.72,  we  see  that  for  the  polynomials  4.9(13)  there  exists  a  con- 
stant C  >  0  independent  of  n  with  the  property 

!__!_ 

II  T       II      "->  Cnq      q'  II  T        II  H4^ 

\\  J-  n~\\\q'  •>    ^H  \\J-n-\\\q-  V1H7 

Thus  this  example  shows  that  in  the  class  of  all  trigonometric  poly- 
nomials the  estimate  4.9(7)  is  precise  as  regards  order  (as  n  ->  oo). 

4.9.3.  From  the  estimates  obtained  in  section  4.9.2  for  integral  norms 
and  the  relations  4.9(3)  there  immediately  follow  similar  inequalities  for 
the  interpolation  norms  of  trigonometric  polynomials  in  various  metrics 
Lq.  Thus,  for  example,  the  estimate 


serves  as  the  interpolation  analogue  of  the  inequality  4.9(9). 

4.9.4.  Inequalities  similar  to  those  given  in  sections  4.9.1-4.9.3  hold 
also  for  trigonometric  polynomials  Tn,  ...,  „    (xx,  ...,  xm)  of  many   var- 

i  m 

iables  if  their  integral  and  interpolational  norms  in  Lq  (1  <  q  <  oo)  are 
defined  as  follows: 
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=  sup 


^ 


where  Nj  is  an  integer,  and  x^  —  ~Jj~-  They  can  be  obtained  as  in  the 

case  m  =  1.  Let  us  derive  some  of 
For  any  q(l  ^.  q  ^  co) 


//"  1  <  q  C  #'  ^  oo, 


08) 


Besides  these  relations,  which  are  quite  similar  to  those  derived  above 
for  the  case  m  —  1,  it  is  necessary  to  note  a  new  estimate  which  follows 
from  them,  restricted  to  polynomials  of  several  variables  and  establishing 
a  connection  between  their  "total"  norm  4.9(16)  and  their  "partial"  norms 
of  the  form 


If  \  <  q 


ICC  A 

.»•••»  Mm|U,  q'  I  .)       '    J  r+l'"5 

0  0 

xf  \  ...  *j  \Tn        n    (*!,... ,xj I' 

L  *>  •'  i '  '  *  * '    m 

0  0 

^J  oo  flwJ  1  <J  r  <^  m,  then*** 


fj 


i    i 


09) 


(20) 


C  w  an  absolute  constant.  The  estimate  4.9(20)  is  a  direct  conse- 
quence of  4.9(17)  since 


Nm-i 


> 


S.  M.  Nikol'skii  [13]. 
S.  M.  Nikol'skii  [13],  in  the  case 
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i  JV.-l         7V-1 

~-\      sup         sup       {2-'Sx 


"V    2n\9  . 

I       117, 

/,oo- 


If  in  the  last  inequality  we  put,  for  example,  Nj  —  nj9  then  we  obtain 
4.9(20)  for  the  case  q'  —  oo: 


II  q\\Tnlt...,nm\\q.  (21) 

k=r+l 


Hence  for  any  q'  ^  q  we  find 


S-SH-Sl^ ..Ci.-.; 

«J  ^  L  «'  v  !»•»•»  "#j 

0  00  0 

T  (x  x  ^  1^  dx       djc  I         X 

i m  J 


q'~q\\ 


s^C""1  *(    /]    nk)        HT^ nmll«» 

i.e.  4.9(20)  holds. 

m 

Considering  the  polynomials  Tn^tttittm(xL9...,xm)  =  ]/  rnfc(A:ft),  where 

Tn(x)  is  a  Fejer  kernel  (see  4.9.13),  we  see  that  the  estimate  4.9(20)  is 
precise  as  regards  order  (as  nk  ->  oo). 

In  conclusion  we  note  another  inequality 

which  immediately  follows  from  the  definition  of  the  norm  4.9(19)  if 
use  is  made  of  Minkowski's  inequality  for  multiple  integrals. 

4.9.5.  Relations   similar   to   those   derived   above   for   trigonometric 
polynomials  can  also  be  obtained  from  similar  considerations  for  other 
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integral  functions  of  exponential  type.  Let  Ga(x)  be  an  integral  function 
of  finite  degree  <  a  for  which 

oo 

5  \Ga(x)\"dx<  oo.  (23) 

—  00 

Let  us  put 

||G,||,=  {|G.(x)|<dx}«<oo  (24) 

and  for  some  system  of  equidistant  points  xk  =  kh  (h  >  0,  k  =  0,  ±1, 
±2,  ...) 

KG,)),  =  sup  \h    5    IG^JC-^)!'}'7.  (25) 

x  fc=  —  oo 

4.9.51.  For  any  h  >  0  and  q^zl** 

\\Gff\\q  ^  ((G,)),  ^  (l+ah)\\Ga\\q.  (26) 

The  proof  of  these  inequalities  is  the  same  as  in  section  4.9.1,  except 
that  in  this  case  instead  of  finite  sums  we  have  sums  of  series. 

4.9.52.  If  Ga(x)  satisfies  the  condition   4.9(23)  for  q  =  2,  then  by 
the  Wiener- Paley  theorem  (see  4.6.1) 

<t 

*dt.  (27) 


\'^  -i 

Hence  in  virtue  of  the  Bunyakovskii-Schwarz  inequality  and  4.6(4), 

x  a  J/TU 

This  estimate***  cannot  be  improved.  For  the  function  Ga(x)  = 

the  two  sides  of  4.9(28)  are  equal. 

4.9.53.  The  inequality  4.9(28)  can  be  written  in  a  more  general  form. 
From  it,  exactly  as  in  section  4.9.2,  it  follows  directly  that****  for  any 
positive  q  and  q'  >  q  we  have,  for  every  integral  function  of  degree  <  a 
which  satisfies  condition  4.9(23), 


**  S.  M.  Nikol'skii  [13]. 

***  1. 1.  Ibragimov  [3]. 

****  por  tfce  particular  case  0  <  q  <  2  see  I.I.  Ibragimov  [5].  From  4.9(29)  there 

i      JL 

follows  the  estimate  \\G0\\q'  <2oq     q'  \\Ga\\q,  which  for  q'  >  q >  I  was  first  obtained 
by  S.  M.  Nikol'skii  [13]. 
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The  example  of  the  function 

/    .     ax  V 

Sm~T 
Ga(x}  =1-—  —  I  (30) 

\  A  / 

for  q  >  -|  shows  that  this  estimate  is  precise  as  regards  order  (as  a  ->  oo). 
4.9.54.  If  1  <  q  <  q'  <  oo,  then 


(31) 

This  inequality  follows  directly  from  4.9(26)  and  4.9(29). 

4.9.55.  In  a  number  of  problems  an  important  part  is  played  by  in- 
tegral functions  Gffl,...fff  (#1,...,  *OT)  of  many  variables,  which  are  of 
finite  degree  in  these  variables.  Such  functions,  as  in  section  4.3,  are  de- 
fined as  integral  functions  which  possess  the  property,  that  for  any  e  >  0 


~l  (32) 

for  all  values  of  zk  =  xk+iyk.  If  by  analogy  with  4.9(24)  and  4.9(25) 
we  put 


oo  oo 


H  S  •••  S 


—  oo          —oo 


OO  OO  00  00 


=  {  S  ••'  5  [  5  •'•  5  IG'.  .....  „„(*!,..., 


—  00  —00—00  —00 


and  for  some  systems  of  equidistant  points  x^  =  vhk  (hk  >  0;  k  =  1.  ...  ,  m; 
»  =  0,  ±1,±2,  ±3,...) 


=     sup 

«!,...,«„     fc=l          fc^-00  fcm=~°° 

then  we  have  for  these  norms  relations  similar  to  those  derived  in  section 
4.9.4. 

For  any  q  (1  <  q  <  oo), 

...f  ,|f  -          (33) 
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With  the  condition  1  <  q  <  q'  <  oo**, 


where  C  is  an  absolute  constant.  Observing  that  for  any  non-negative  num- 

n         L 

bers  aL,...9an  the  quantity  (  ^  a%)  q  is  a  non-increasing  function  of  #*** 

*=i 

we  obtain  from  4.9(33) 

) 


,m 


)•*     sup 
1     1 


/c— 1  fc— 1  ""' 

Putting  akhk  =  1  and  q'  =  oo,  we  obtain  the  inequality 


from  which  it  immediately  follows  that  the  constant  C  in  4.9(34)  is  not 

greater  than  2     q . 

If  1  <  q  <  q'  <  oo,  then 

m  _1 1_ 

\\f~t  1 1  ^*-    fm(        I    I         rt   \  %         Q'\\(~*  II  f^S^ 

1'""    r  '    H "* m      '  fc  =  r -I  1  1"  " 

4.9.6.  Considering  the  algebraic  polynomials  Pn(x)  of  degree  n  and 
their  integral  norms  with  respect  to  a  certain  given  segment  [a,  b] : 


it    is  possible,  as  in  section  4.9.2,  to  arrive  at  similar  estimates. 

**  See  S.  M.  Nikol'skii  [13],  where  for  the  constant  C  in  the  inequalities  4.9(34) 
and  4.9(35)  there  is  given  the  estimate  C  <  2,  and  the  relation  4.9(35)  is  derived  for 
the  case  q'  =  oo. 

*#*  This  is  obvious  in  the  case  n  —  2,  and  for  other  values  of  n  it  is  proved  by 
induction. 
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//  Pn(x)  is  an  algebraic  polynomial  of  degree  <  n9  then  subject  to 
the  condition  1  <  q  <  q   <  oo  we  have*'* 


[9^-4-nl^-^   a/^---M 
^Wri;     .q        q'          \q        «'/j|p|| 
£__£         I  W  llr»ll«' 


Let  us  assume   that   XQ  is   the   point   of  the  segment  [a,  b]   at   which 
\Pn(xQ)\  -  max  |PB(jt)|.  For  all  xe[a9b] 

\Pn(x)~Pn(x0)\  <  \x-x0\  max  \P'n(u)\. 

In  virtue  of  the  inequality  4.8(32),  which  when  adapted  to  the  case  of 
the  segment  [a,  b]  assumes  the  form 

max  |  P'n(u)  |  <  -^  max  |  Pn(u)  \ ,  (37) 

we  have 


From  this,  if  we  assume  for  definiteness  that  x0  <  i  (a+b),  there  follows 
the  estimate 

,  b—  a 

" 

dx 


.e. 

max 


It  only  remains  to  observe  that 
\P.(x)\*  dx  = 


It  is  not  difficult  to  see  that  the  inequality  4.9(36)  cannot  be  improved 
as  regard  order  (as  n-*  oo). 

Thus  in  the  case  a  =  —1,6=  1  it  is  sufficient  to  consider,  for  example, 
the  sequence  of  polynomials 

sin  ware  cos  x\4  /ao, 

(38> 


**  Inequalities  of  this  type  for  the  norms  of  trigonometric  polynomials  on  segments 
of  length  less  than  2?u  were  established  by  N.  K.  Bari  [2]. 
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4.10.  The  connection  between  trigonometric  polynomials  and  other  integral 
functions  of  the  classes  Ba 

In  the  study  of  integral  functions  of  the  classes  Ba  it  may  be  noticed 
that  all  such  functions  possess  many  properties  which  are  possessed  by 
trigonometric  polynomials  (see,  for  example,  sections  4.8.2,  4.8.4,  4.8.6, 
4.9.5)**.  The  reason  for  this  consists  in  the  fact  that  there  exists  a  close 
constructive  bond  between  trigonometric  polynomials  and  all  other  in- 
tegral functions  which  are  bounded  on  the  real  axis.  This  connection  is 
expressed  in  the  following  remarkable  theorem***. 

4.10,1.  For  any  integral  function  of  exponential  type  bounded  on  the 
real  axis,  it  is  possible  to  give  a  sequence  of  trigonometric  polynomials 


0) 


(1) 


which  converges  to  it  uniformly  on  any  finite  segment  of  the  real  axis. 

Let  Ga(x)  be  an  arbitrary  integral  function  of  degree  <  a  which  is 
bounded  on  (  —  oo,  oo).  For  any  natural  number  n  let  us  consider  the 
series 


smax     „  /m  ,      .    ax    . 

Gff  (0)  +n  sin  -  sin  ax  - 
ax  n 


n  sin 


/     ^ic  - 
(—  l)*sm  - 
n 


--  . 
ax—  kit 


n 


9   . 
sin- 


/,     \ 
/  for  \ 
- 
\  a 
x 


+ 


n 


(2) 


It  is  not  difficult  to  see  that  this  series  converges  uniformly  with  respect 
to  all  n  >  0  and  all  values  of  x  which  belong  to  some  given  finite  segment; 
it  is  sufficient  merely  to  note  that 


.    ax    .    ,         .    .    .    kn 
n  sin  -  sin  (ax  —  K-K)  sin-  — 
n  n 


ax — kn 
sin 


ax 


$'m(ax—kx) 

.     ax—kn: 

n  sin 


<i  \(ax  sinax\ 


**  See  S.  N.  Bernstein  [39]. 

***  B.  M.  Levitan  [1].  The  idea  of  the  given  proof  is  based  on  the  use  of  the 
interpolation  formula  4.3(14),  due  to  N.  I.  Akhiezer  and  V.  A.  Marchenko  [1], 
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ax     „.  .       sin  nt  . 

Let  us  put  t  =  — .  Since  the  quotient  — ; is   a   trigonometric  poly- 

n  sin  t 

nomial  of  order  ix— 1,  every  term  in  the  sum  4.10(2)  represents  a  tri- 
gonometric polynomial  of  order  <  n  with  respect  to  t: 

n 

Tk,n(i)  -  2  (a<*\  cos vt+b<*\  sin vi). 

v  =  0 

As  the  series  4.10(2)  converges  uniformly  on  the  segment  0  ^  t  <  2-Tu, 
then,  as  follows  from  considerations  similar  to  those  of  section    2.1.1 
its  sum  is  a  certain  trigonometric  polynomial 


Tn  (0  =  2^  (avn)  cos  vt+b™  sin  ^r) 

v=0 

x  CfX         lf  ^     .          0X\ 

n)  cosv J-pJrsiny — -I         (3) 

n  n  / 

of  order  <  n.  Observing  that  on  any  finite  segment  of  variation  of  x  the 
series  4.10(2)  converges  uniformly  with  respect  to  all  n  >  0,  and  taking 
the  limit  of  each  term  as  n  ->  oo,  we  obtain 


-    ^   (~1)J- 
or  by  4.3(14) 


(4) 

as  n  ->  oo,  uniformly  on  any  finite  segment  of  the  real  axis. 

4.10.2.  In  the  class  of  all  integral  functions  of  exponential  type  the 
trigonometric  polynomials  are  characterised  by  the  fact  that  they  are 
the  only  functions  which  have  a  finite  period**.  If  the  integral  function 

Gff(x)  of  degree  <.  a  has  the  period '-—  ,   then  it  is  the  trigonometric  poly- 

A 

nomial 

(5) 


**  S.  N.  Bernstein  [23]. 
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of  order  <  -y  .  In  fact,  let 

00 

Ga(x)  =  X  (Gkcosk2,x+bksink2,x) 

*  =  0 

be  the  expansion  of  the  function  Ga(x)  in  a  Fourier  series.  Since  Ga(x) 
is  an  integral  function  its  Fourier  series  can  be  differentiated  term  by 
term  any  number  of  times.  Applying  Bessel's  inequality  after  r  successive 
differentiations,  we  obtain 


—\  <#>  (x)  |*  dx  .  (6) 


Moreover,  as  the  function  G0(x)  is  periodic,  it  is  bounded  on  the  real 
axis.  Therefore  in  virtue  of  the  inequality  4.8(5)  we  have: 


~  \ 

TC      J 


sup  |  Gff(x)  |  .  (7) 

^ 

Comparing  4.10(6)  and  4.10(7),  we  obtain  the  relation 


which  must  hold  for  any  natural  number  r.  But  this  is  possible  only  when 
a\+b\  =  0  for  all  fc  >   4  .  Consequently 


G0(x)  —  X  ( 

fc-O 

4.10.3.  Let  us  apply  theorem  4.10.2  for  the  construction  of  some  pro- 
cesses of  approximation  to  integral  functions  of  the  class  Bff  by  trigonom- 
etric polynomials.  Let  Ga(x)  e  Ba  and  r  be  some  non-negative  whole 
number.  For  an  arbitrary  natural  number  n  let  us  consider  the  series** 


(8) 


**  N.  1.  Akhiezer  and  V.  A.  Marchenko  [1]. 
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Every   term   of  the   series   4.10(8)   is   an   integral  function   of  degree 

<oH — (2r+2).  In  addition,  this  series  converges  uniformly  in  any  finite 
n 

part  of  the  complex  plane  and  its  symmetric  partial  sums  are  bounded  in 
modulus  on  the  whole  real  axis  by  one  and  the  same  number.  Hence  by 
4.8(8)  we  conclude  that  the  sum  of  the  series  4.10(8)  is  some  integral 

function  of  order  <  a-\ — (2r+2).  It  is  easily  verified  that  the  function 

n 

obtained  has  period .  Consequently  (see  section  4.10.2)  it  is  the  trig- 
onometric polynomial 

m      i 

Tm<r(G;  x)  =  ]>]  \akcos2k— x+bksin2k— x  (9) 


of  order   <J  m  = 

The  series  4.10(8)  converges  uniformly  for  all  integral  n  >  0  and  for 
all  values  of  x  which  belong  to  a  finite  segment.  Passing  to  the  limit  in 
each  term  as  n  ->  oo,  we  obtain 

Tm,  r(Gff ;  x)  ~>  Ga (x)      as      n  ->  oo , 

uniformly  on  any  finite  segment  of  the  real  ;c-axis. 

4.10.31.  It  immediately  follows  from  the  representation  of  the  poly- 
nomials Tmtr(Ga;  x)  in  the  form  of  the  series  4.10(8)  that  for  any  integral 
r^O  these  polynomials  are  always  non-negative  for  non-negative  Ga(x). 
In  addition,  for  r  = 


|rm,0(G;x)|<     sup     |Gff(0|.  (10) 

—  00<f<00 

4.11.  Non-negative    polynomials   and   transcendental  integral  functions  of 
exponential  type 

In  conclusion  we  will  consider  some  specific  properties  of  algebraic 
polynomials  and  transcendental  integral  functions  of  finite  degree,  which 
are  of  constant  sign. 

4.11.1.  If  the  polynomial 

p-(jf)=4?/*je*  w 

**  In  the  case  r  —  0  the  polynomials  considered  are  described  as  Levitan  polyno- 
mials. 
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assumes  non-negative  values  everywhere  on  the  interval  —  oo  <  x  <  oo  ,  then 
its  degree  n  is  an  even  number  2m  and  to  each  zero  xk+iyk  (k  =  l,...,/w) 
there  corresponds  the  conjugate  zero  xk~iyk.  Therefore 


Hence,  using  the  identity 

(a*+&2)  (c'2+rf2)  =  (ac+bd)2+(ad-bc)2,  (2) 

it  follows  that  any  polynomial  Pn(x)  which  is  non-negative  on  the   whole 
real  axis  can  be  written  in  the  form 


(3) 

where  Am(x)  and  Bm(x)  are  real  algebraic  polynomials  of  degree  ^  m. 
4.11.2.  The  representation  4.11(3)  no  longer  applies  in  the  wider  class 
of  polynomials  which  satisfy  the  condition  Pn(x)  >  0  on  the  semi-axis 
(0,  oo).  However,  since  in  this  case  also  Pn(x)  assumes  only  real  values 
everywhere  on  the  real  axis  and  does  not  possess  zeros  of  odd  multiplic- 
ity, it  follows  that 

r  / 

P*(x)  =  II  (ak+xbk)  II  (x-+hvx+qv), 

fc-1  v-1 

where  ak  >  0,  bk  >  0  (k  =  1  ,  2,  .  .  .  ,  r),  pi  -4qv  <  0  (v  -  1  ,  2,  .  .  .  ,  /),  2/+r  <  n. 
Hence  we  see  that**  any  polynomial  Pn(x)  non-negative  on  the  semi- 
axis  (0,  oo)  can  be  written  in  the  form 

Pn(x)  =  A;n(x)+xBl(x),  (4) 

where  Am(x)  and  Bm(x)  are  algebraic  polynomials   with  real  coefficients 
determined  from  the  relation 

Am(x)+i\  xBm(x) 


4.11.3.  In  order  to  characterise  in  a  similar  manner  polynomials  which 
preserve  their  sign  on  a  finite  interval,  let  us  first  prove  the  following 
proposition.  If  the  function 

*2n(z)=   S   etz*       (<V^O)  (5) 


**  V.  S.  Videnskii  [3].  See  also  Shohat  and  Tamarkin  [1]. 
18  Theory  of  Approximation 
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assumes  real  non-negative  values  on  the  circle  z  ==  e'f ,  then  it  can  be  written 
in  the  form 


-**    //  (-->"*>    T-»M.  (6) 


where    C  >  0,   |zfc|  <  1    tfwd   |wfc|  =  1.    As    the    function    ^2n(X)    *s 

on  the  circle  |z|  =  1,   then  in  virtue  of  [the  Riemann-Schwarz  principle 

of  symmetry 


and  consequently  its  zeros  are  arranged  symmetrically  with  respect  to 
this  circumference.  Denoting  by  zk(k  —  1,  2,  ...,  r)  those  of  them  which 
lie  within  the  circle  |z|  <  1,  and  by  wk(k  ~  1,  ...,  2(/i—  r))  those  which 
lie  on  its  boundary,  we  have 


**,<*)  =  %  /7  (^- 

^j  ^  --i 

r  /i 

-/J  (----.)  4~ 

fc=l  ^ 

It  is  easily  seen  that  because  of  the  positiveness  of  the  expression 
all  the  zeros  wk  are  zeros  of  even  multiplicity.  Hence 

**,&  =  J7  (^- 


Putting  z  =  e"  ,  we  obtain  C  >  0. 

4.11.31.  Now  let  Pn(x)  be  the  algebraic  polynomial  4.11(1)  non-nega- 
tive on  some  finite  segment  [a,  b].  Let  us  consider  the  case  where  a  =  —  1, 
ft=l.  In  this  case,  putting  x  =  cos/  =  |(e/?+e-'v),  we  obtain  the 
non-negative  function 


By  formula  4.11(6) 
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or 


ICr+.(eft)|a,  (7) 

where  the  Qr+s(z)  are  algebraic  polynomials.  Since  /^(cos  /)  is  a  non- 
negative  even  trigonometric  polynomial,  all  the  coefficients  are  real.  There- 
fore to  all  the  zeros  wk,  just  as  to  all  the  zeros  zk9  there  correspond 
conjugate  zeros  wk  and  ~zk.  It  follows  from  this  that  all  the  coefficients  of 
the  polynomial  are  real.  If  we  also  take  account  of  the  fact  that 

Qr+s(cost  -\-ismt)  =  A(cosf)-{-ismtB(cost), 

where  A  (x)  and  B(x)  are  polynomials  with  real  coefficients,  then  on  return- 
ing to  the  variable  x  we  obtain  from  4.11(7)  that  any  algebraic  polynomial 
Pn(x)  which  is  non-negative  on  the  segment  —  1  ^.  x  ^  1  can  be  written  In 
the  form** 

Pn(x)  =  A-(x)  +  (l-x*)B*(x).  (8) 

In  the  general  case,  when  the  polynomial  Pn(x)  is  non-negative  on  the 
segment  [a,  b],  the  given  representation  assumes  the  form 

Pn(x)  -  A*(x)  +  (x-a)(t>-x)  B*(x)  .  (9) 

4.11.4.  By  using  formula  4.11(6),  it  is  easy  to  obtain  the  following 
theorem,  due  to  Fejer  and  Riesz***,  concerning  trigonometric  polynomials 
with  constant  sign. 

If  Tn(f)  is  a  trigonometric  polynomial  of  order  ^  n  which  assumes  on 
the  real  axis  only  negative  real  values,  then 


where  #,,(-)  =^  1]  7kQikz  ™  a  function  with  no  zeros  in  the  lower  half-plane. 

fc-O 

Writing  the  polynomial  Tn(f)  in  the  complex  form  (see  section  4.2),  we 
have  Tn(t)  =  /?2ll(e''')  (see  4.11(5)).  Hence  in  virtue  of  proposition  4.11.3 
(formula  4.  1  1  (6)) 

r,,(0  -  K2ll(e*)  =  C  fl  \&-=k\*  II  |c'r-w,r% 

fc-l  fc=l 

i.e. 


*-0 

It  only  remains  to  note  that  \zk\  <  1  and  \wk\  =  1 

**  See  G.  P61ya  and  G.  Szego  [1],  Part  2. 
***  See  Fejer  [41. 

16* 
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4.11.5.  A  theorem  similar  to  4.11.4  also  holds  for  any  integral  function 
of  the  class  Bff**.  If  the  function  Ga(x)  e  Ba  is  non-negative  on  the  real  axis, 
then  there  exists  a  function  g(x)  e  Ea^  such  that 

Ga(x)^\g(x}^  (11) 

The  validity  of  this  assertion  can  be  verified  by  using  the  results  of  sections 
4.10  and  4.11.4.  Let  us  consider  the  sequence  of  trigonometric  polyno- 
mials Tmt0(G0;x)  defined  in  section  4.10.3.  If  Ga(x)  >  0  then  in  virtue 
of  the  remark  of  section  4.10.31  we  have  Tm^(Ga  ;  x)  >  0  .  By  theorem 
4.11.4 

Tm,Q(Ga;x)^\gn(x)\\  (12) 

where 

_    imffz      m  2/fcgz 

£„(*)  =  e      "  " 


Since  m  <   ~-  +1  (see  4.10(9)),  gn(x)  is  an  integral  function  of  degree 
<—  I  —  +l)(T.  Moreover,  if      sup      \G(x)\  =  M  then  as  a  result  of 

n  \L2  J          /  -oo<x<oo 

the  inequality  4.10(10) 

sup      \gn(x)\*^M.  (13) 

—  oo<x<oo 


The  estimate  4.11(13)  makes  it  possible  to  use  Vitali's  theorem  and  choose 
a  subsequence  gnk(z)  which  converges  for  all  z  = 
sections  4.8.3  and  4.11(13)  that  the  limit  function 


a  subsequence  gnk(z)  which  converges  for  all  z  =  x-\-iy.  It  follows  from 


g(z)  =  lim  gn(z) 

n^oo 

is  an  integral  function  of  degree  <  ~ .  On  the  other  hand,  by  what  was 
proved  in  section  4.10.3, 

G(x)  =  lim   Tmkt0(Ga;  x)  =  lim  |gtt/c(x)|2  =  |g(x)|2. 

Since  it  can  be  assumed  that  the  function  gn(z)  has  no  zeros  in  the  lower 
half-plane  (see  section  4.11.4),  we  conclude  that  in  this  case  the  function 
g(z)  possesses  the  same  property. 


**  M.  G.  Krein  [3].  This  investigation  was  later  continued  by  N.  I.  Akhiezer  [4], 
who  obtained  necessary  and  sufficient  conditions  for  an  integral  function  of  finite  degree  a 
which  is  non-negative  on  the  real  axis  to  be  representable  for  all  real  values  of  the  variable 
as  the  square  of  the  modulus  of  a  certain  integral  function  of  degree  a/2. 
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4.11.6.  Here  we  will  indicate  an  application  of  theorem  4.11.5  to  the 
extremal  problems  considered  in  section  4.8,  and  give  the  following 
theorem**.  If 

Gff(x)  =  c0+c1*+caxa+  •••  04) 

is  an  integral  function  of  degree  <  a  which  is  monotonic  on  the  whole  real 
axis,  then 

sup    \G,(x)\^^-'  (15) 

~00<X<GO  V 

Supposing  that  Ga(x)    is    non-decreasing   and       sup      \Ga(x)\<ao, 

—  oo<x«x> 

let  us  examine  the  function  G'ff(x)9  which  is  non-negative  and  in  virtue 
of  4.8(5)  belongs  to  Bff.  Without  loss  of  generality  it  is  also  possible  to 
assume  that  (?,(—*)  =  —Ga(x)  and  G'a(Q)  —  1.  Theorem  4.11.5,  which 
is  applicable  to  the  function  G'a(x),  gives 


Since 


and  G0(x)  eBa,  it  follows  that 

00 

\   |ga. 


Thus  the  function  ga(x)  can  be  represented  in  the  form  (see  theorem 
4.6.1) 

a 

*       a" 

(16) 


Then  (see  4.6(4)) 

oo 

J   |^(0|2d<= 


**  S.  N.  Bernstein  [28]. 
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Since  by  supposition  Ga(x)  is  odd,    the    derivative    G'ff(x)    is    even,   i.e. 

\g^(—x)\2  =  \gff_(x)\2.  Consequently 
Y  2 


i  2 


sup     |G,(x)|  -  C  |s,.(0pd/  -  |  i'  I-HOI2  df. 

—  oo<x<oo  J        2  ^      *) 

0  ___?L 

a 
But  by  the  Bunyakovskii-Schwarz  inequality  it  follows  from  4.1 1(16)  that 

a  o_ 

~2  t        "2" 

c  IP 

J  ^  <f    } 


Hence  by  the  condition  G'a(0)  =  1  we  obtain  the  estimate 

sup      \G,(x)\^^.  (17) 

—  oo<x<oo  G 

It  should  be  noted  that  the  result  obtained  is  definitive,  as  in  the  case 

...  I    2TT       . 

where  0(0  ^  -l ,  i.e. 

a 


the  two  sides  of  4.11(17)  are  equal. 

4.11.61.  As  in  section  4.8,2,  the  statement  just  proved  leads  directly 
to  a  new  inequality**  for  the  derivatives  of  integral  functions  of  the  class 
Ba  on  the  assumption  that  they  are  monotonic.  If  the  integral  function 
Gff(x)  of  degree  ^  a  is  monotonic  on  the  whole  real  axis,  then 

sup    |c;(*)|<-    sup    |ca(*)|.  (is) 

—  oo<x<oo  TC   —  oo<jc<oo 

This  inequality  forms  an  essential  supplement  to  4.8(5). 

4.12.  Various  problems  and  theorems 

1.  Let  Pn(x)  be  an  algebraic  polynomial  of  degree  n  >  2  which  has  only  real  zeros 
and  is  such  that  Pn(x)^Q  for  -1  <  x  <  1,  PM(+1)  -  Fw(-l)  =  0,    max  |P,,(jc)|  =1. 


S.  N.  Bernstein  [28]. 
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If   -1  <a<b<l   and  Pn(a)  -  Pn(b)  =  d,  then  b-a<2  *}/ \-\d\I  This  inequality 
is  precise  and  becomes  an  equality  only  for  the  polynomial  P2W  ==  1-  A-2. 
P.  Erdos  [1]. 

2.  If  Pn(x)  is  a  polynomial  which  satisfies  the  conditions  of  the  preceding  propo- 
sition, then 

JPB(*)dr<-!-.  (1) 

—  i 

This  inequality  is  precise  and  becomes  an  equality  only  for  the  polynomial  P2 (•*)  =  1  —  *2  • 
P.  Erdos. 

3.  Let   ,r0  <  Xi  <  ...  <  xn    be    arbitrary   integral- valued   points  of  the  real  axis. 
Among  the  values  of  any  polynomial  2.9(1)  at  these  points  there  is  at  least  one  which 

n\ 
in  absolute  value  is  greater  than  or  equal  to  — . 

G.  Polya  and  G.  Szego  [1].  Make  use  of  formula  4.1(4). 


4.  Let  /H-  2   -y-     and 

-  a°      V 

A.(,)  =  — +^flfccos*/  (2) 

be  an  arbitrary  even  trigonometric  polynomial.  It  satisfies  the  inequality 

~~  x>          -          (vfl)m— 1    a 

inf        \  \Kn(t)\dt>  —    Vi-^rpp       X       J^±^**'    ,  (3) 


in  which  the  constant  —  cannot  be  replaced  by  a  greater  one  for  the  whole  set  of  valu- 

7T 

es  n  --=  0,  1,2,... 

A.  F.  Timan  [17]. 

5.  Let  m  —  2   — - — l-fl   and   Kn(t)  be  the  arbitrary   trigonometric  polynomial 
4.12(2).  The  inequality 


inf     jj  \Kn(t)\dt>— 


(v  ! -Dm— 1 


1\v  r  i  j m~~  i     fi, 
V1  a|(2v-M)m-2fc| 


(4) 

.1  7T  ^— -1       ZVH-  I  ^ '  K. 

«2_/ 


Zj   2v+l         ^ 

v-O  fc-vm4l 


is  satisfied,  where  the  constant  —  cannot  be  replaced  by  a  greater  one  for  the  whole 

7T 

set  of  values  of  /;. 
A.  F.  Timan  [17]. 

6.  If  Dn(t)  is  a  Dirichlet  kernel  (see  4.1(10)),  then  as  w->oo 

(5) 
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Fej6r  [21.  Taking  into  account  that  for  0  <  /  <  ~  the  difference  — : is 

2  sin/       / 

bounded,  we  have 


o       smy 


sin  I W  + y 
\ /_     f^f4.n(^^ 

u»  ~r**s\ij 


dr+0(l) 


^J^±l     f     sin(n  +  4 
ZTT        j  2 


(6) 


7.  If  c;>  1,  then 


(7) 


8.  If  y(kn)  is  the  system  of  points  4.2(7),  then 


.    2/z+l 
sm — - — x 


2/1+1  £->  *~n^   '*  /! 

S.  M.  Nikol'skii  [1], 

9.  For  n  ->  oo  and  |,y|  <  TT  the  asymptotic  equation 


(8) 


is  satisfied  uniformly  with  respect  to  y. 
A.  F.  Timan  [2], 

10.  If  t(kn)  are  the  points  4.2(12),  then  for  \y\  <  TT 


+  0(1) 


-|cosny|In«+0(l) 


(9) 


(10) 


uniformly  with  respect  to  y. 
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11.  If  for  the  function  f(x),  defined  on  the  whole  real  axis  —  oo  <  x  <  oo,  we  have 
for  some  #(1  <  q  <  oo) 


< 


{ 5  i/(*)i«  d*}1 

—  oo 

then  for  every  natural  number  r,  a>  0  and  0  <  0  <  1,  the  integrals 

f    .     cr  ,        x  pr 
~  sm^d,-/) 

SH~i=r-  d/- 


are  integral  functions  of  finite  degree  <  a.  If  f(x)  belongs  to  the  class  Ba(l-e)9  then  the 
second  of  these  integrals  is  identically  equal  to  f(x). 

Expand  the  integrand  in  a  series  of  powers  of  x  and  make  use  of  the  inequality 
4.8(28).  For  the  proof  of  the  second  assertion  use  theorem  4.6.2  (see  4.6(10))  with  the 
identity 

00 

cos(l  — 0);c— cos*         1 


where 

1,  l/Kl-0, 

1 

0  »  ^      "^>.    > 

o,  M>i, 

and  apply  formula  3.11(16). 
12.  The  estimate 

n 
2  i        T     ~  ==  C/  (1)  \12) 

holds  uniformly  with  respect  to  ;c  and  w. 


?  / 1 
=  J   T 


2  J         .     / 

0          sm~9~ 
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2n  +  l      -'-  '       '      1 


2/1+1 

2TT 


fe 


2/H  1 

27t 


0 

13.  If  |*|  <  7i,  then 


v^  cos  for  .     (       1  . 

X— t — ^  mm     In— r,lnw}4-O(l)  (13) 


1  I 

^n— Jn.j 


uniformly  with  respect  to  *  and  n. 
We  have 


sin/c/d/-hln«+0(l). 


/  2/H-l 

cos  —  --  cos  —  —  —  t 


/ 

y 

and  if  0  ;<  2pn  <  nx  <  2(p  -f  I)TT 

/  2/1-1-1  .  _/?/ 

-x     COS COS  — / 

dt  -  2  ] 

o  2  sin—  o 

"f  sin2-- 


t 

o 


2Tt 


-  In  (l-f 

14.  For  any  algebraic  polynomial  P,,(A:)  of  degree  n  >  2  for  which  Pn(d)  ^  Pn(b)  =  0 
(  —  oo  <  a  <  b  <  oo),  the  inequality 

2/1  COt-y- 

max    |p;(x)|<—  -—  -   max     |PB(jc)|  (14) 

a^x<b  *>~~a        a<x<b 

is  satisfied. 

I.  Schur  [1]. 
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15.  If  the  algebraic  polynomial  Pn(x)  of  degree  n  has  only  real  zeros,  situated  out- 
side the  interval  (a,  b\  then 

max  \P'n(x)\<  -2L-  max  \Pn(x)\  (15) 

a<x<b  b~aa<x<b 

This  estimate  cannot  be  improved.  P.  Erdos  [2]. 

16.  If  all  the  coefficients  of  the  algebraic  polynomial 

Pw(*)  =   £  ckx* 
fc-o 

of  degree  =<  n  are  real  and  non-negative,  then  for  any  x  >  0 

P',M<-^PnW.  (16) 

With  the  supplementary  condition  P/,(0)  ^=  0,  the  inequality 

P'n(X)  >    ^  PHM  (17) 

is  satisfied  for  x  >  0.  If  ck>  0(&  =  0,  1 , ... ,  //)  and     -%r->  d  >0  (k  =  0,  1 ,...,«), 

ck  r  1 

then  for  values  of  *  such  that  0  <  x  <  <5, 

PiWC-^-PnW.  (18) 

The  inequalities  4.12(16)  and  4.12(17)  become  equalities  for  the  polynomials  P/,(.v)  —  xn 

n 

and  Pn(x)  —  x  respectively.  For  x  —  1  the  polynomial  Pn(x)  —  ^  ,Y     the    inequality 

fc-O 

4.12(18)  becomes  an  equality. 
A.  Soble  [1]. 

17.  S.  N.  Bernstein's  inequality  for  the  derivative  of  a  trigonometric  polynomial 
can  be  extended  to  the  case  of  fractional  derivatives.  For  any  non-negative  r  there  exists 
a  constant  C(r)  such  that,  for  every  trigonometric  polynomial  Tn(t)  of  order  <  n  the 
inequality 

max !  rjr)(.r)|       C(r)nr  max  |  Tn(x)\  (19) 

n  .x 

is  satisfied. 
Civin  [1]. 

18.  The  first  of  the  inequalities  of  4.8(18)  can  be  obtained  by  passing  to  the  limit 

as  <5  ->  0  in  the  following  assertion.  If  0  <  ft  <  h  <   -- ,  then  for  every  trigonometric 
polynomial  7",,(A-)  of  order  <  n 

/lS  Tn(x)\    C  I     JL.    }' mzx\Arh  Tn(x)\  (20) 

x  \  2sm////  /     x 

for  any  natural  number  r. 

Apply  the  inequality  4.8(29)  to  the  function  //(/)-  I  sm<s/.|  . 

\sin/7r/ 

Boas  [2]. 
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19.  If  f(x)  is  an  integral  function  of  degree  <  TU,  which  possesses  the  property  that 
f(x)~o\x\  as  |jc|->oo,  and  R(f\z)  is  the  transform  4.4(2),  where  q(t)  satisfies  the 
conditions  4.4(1)  and  4.4(3)  for  a  =  TT,  then 

00 

sup     |  /?(/;*)!<  sup   2   \ck(u)\  sup  1/001, 

-oo<jc<oo  it    k=^~  oo  n 

00 

where  c*(w)  are  the  Fourier  coefficients  of  the  function   J   e  d^(/). 

—  oo 

Boas  [1].  This  estimate  cannot  be  improved. 

20.  If  Pn(x)  is  an  algebraic  polynomial  of  degree  <  H,  then  for  \x\  <  1 


(21) 
and  for  |;c|  <  1 

?  (22) 


The  inequality  4.12(22)  follows  directly  from  4.8(18)  for  r=l.  In  order  to  obtain 
4.12(21),  see  section  4.8.7.  S.  B.  Stechkin  [I]. 

21.  For  &=  1  the  inequalities  4.8(6)  and  4.8(5)  are  included  in  the  following  assertion. 
If  Gff(x)  is  an  integral  function  of  finite  degree  <!  cr,  then  for  any  real  a  and  any  q  (1  < 


_1  00  _!_ 

x)\9dx}q<o(    $   |G,(x)|«d*}«,  (23) 

—  oo  —  oo 

oo  i_         °°  JL 

{  jj   |sinaG;W-(TcosaG<TW|qdx}«<(T{    jj   \Ga(x)\q dx}^ .  (24) 


—  oo 


N.  I.  Akhiezer  [3]. 

22.  If  Pn(x)  is  an  algebraic  polynomial  of  degree  «,  all  the  zeros  of  which  lie  on  the 
segment  [—1,  1],  then 

^max    \p'n(x)\  >  i  }/n     max    \Pn(x)\.  (25) 

P.  Turan  [1]. 

oo 

23.  If  Ga(x)  is  an  integral  function  of  degree  <  a  and    jj    \Ga(x)\2dx<  oo,  then 

—  oo 

for  q  >  0,  n  >  0, 


{       ^<[^}°"{       I^Wl'dx}  (26) 

—  oo  — oo 

I.I.  Ibragimov  [3],  in  the  case  q=oo.  Use  theorem  4.6.1. 
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24.  Let  Gfflt...t<rm(xi, ...,  xm)  be  an  integral  function  which  is  of  finite  degree  with 
respect  to  each  of  the  variables  (see  section  4.9.55).  For  any  q  (1  <  q  <  oo) 

oo         oo 

\-\ 

—  00         — OO 


1   •  •  •  t'^m 
m  oo          oo  i__ 

v— i  — oo      — oo 

S.N.  Bernstein  [37],  S.  M.  Nikol'skii  [13]. 

25.  If  the  integral  function  Ga(x)  is  such  that  as  |jc|  ->  oo 

Ga(x)=  0(|x|2r),  (28) 

then  for  its  deviation  from  the  trigonometric  polynomial  4.10(8)  we  have  the  estimate 

k  2n 


xzr  \-\\n 

which  holds  uniformly  for  all  x  on  the  real  axis. 
N.I.  Akhiezer  and  V.  A.  Marchenko  [1]. 


.     ax 

sm 

n 


(29) 


CHAPTER    V 

DIRECT  THEOREMS 

OF  THE  CONSTRUCTIVE  THEORY 

OF  FUNCTIONS 

5.1.  The  effect  of  the  differential  properties   of  functions   on   the  rapidity 
of  decrease  to  zero  of  their  best  approximations.    Jackson's   theorem 

In  chapter  II  it  was  noted  (sections  2.1,  2.2.1,  2.2.2,  2.2.4,  2.6.1,  2.6.2) 
that,  thanks  to  the  concept  of  the  best  approximation,  the  fundamental 
theorem  of  Weierstrass  (theorem  1.1),  and  other  propositions  of  the  same 
type,  obtained  in  chapter  I,  could  be  formulated  as  theorems  on  the  ap- 
proach to  zero  of  best  approximations.  Of  fundamental  significance  for 
the  constructive  theory  of  functions  was  the  discovery  by  Jackson**  of 
the  possibility  of  materially  improving  the  classical  theorem  of  Weierstrass 
and  the  new  formulation  of  it  in  the  form  of  the  inequality 


W)  =  £•„(/;  a,  b)  <  Co>\f;  ^— j ,  (1) 

where  C  is  an  absolute  constant,  f(x)  is  an  arbitrary  function  continuous 
on  the  given  finite  segment  [#,  &],  and  En(f)  and  o>(/;  t)  are  respectively 
the  best  approximation  by  the  algebraic  polynomials  Pn(x)  of  degree 
^  n  (see  2.1(3))  and  the  modulus  of  continuity  of  f(x)  on  [a,b]  (see  section 
3.1.1). 

5.1.1.  Let  us  give  a  simple  proof  of  the  inequality  5.1(1).  Without 
loss  of  generality  we  can  take  a  —  —1,  b  =  1.  Let  us  consider  the  se- 
quence of  trigonometric  polynomials 


(2) 


**  D.  Jackson  [1]. 

[2541 
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of  order  2n— 2  (see  4.7(10)).  The  integral 

TC 

— Jfo)  -  J/(cosO  [T2n-2(t+y)+  T,n^(t-y)]dt,  (3) 

0 

where  y£0)  is  determined  from  4.8(11),  represents  a  certain  even  trigono- 
metric polynomial  of  order  ^  2n—2.  Hence  if  we  put  x  =  cosj,  then 
for  xe[ — 1,  1]  the  given  integral  is  an  algebraic  polynomial  Q2n-2(f;  x) 
of  degree  <^  2n~2.  Since 


and  consequently 


it  follows  that  for  the  difference  between  the  integral  5.  1  (3)  and  f(x)  we 
obtain  the  estimate 

e2n-.2(/;  x)\ 


It  follows  from  this  that  for  any  ;ce  [ — 1,  1] 


2«-2(>->0}df,       (4) 

where  co(Ii)  =  co(f;  h).  Let  us  evaluate  the  integral  on  the  right-hand  side 
of  the  last  inequality.  We  have 

f-4-  y   ^ 

sin  7? - 

sin     '"  sm- 


~  27un*yi0)   J 


i 
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In  virtue  of  the  properties  of  the  modulus  of  continuity  (see  section 


3.2) 


Moreover, 

7T 


smf 


rt 


sin/ 


and  similarly 

TT 
If 


sin/if 


isinjl  \? 

r1)  i 


Consequently,  if  we  put 

00 


-] 


sin/ 


sin/ 


sin/ 


'then 


Using  the  estimate  from  below  for  y£0)  derived  in  section  4.8.72,  we  ob- 
tain 


(5) 


where  M  is  an  absolute  constant.  Substituting  in  the  inequality  5.1(4) 
we  find 
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i.e.  for  all  n  =  1,  2,  ... 


£2,,-2(/)  <  max  \f(x)-~Q2n^(f;  x)\  <  4Ma>        -  (7) 

-!<*<!  \n 

Since  £2n-i(/)  <  E2n^(f)9  this  proves  Jackson's  inequality  5.1(1)  for  the 
segment  [  —  1,1]. 

5.1.2.  An  inequality  similar  to  5.1(1)  holds  also  for  the  best  approx- 
imation Aa(/)  of  a  function  /(*),  bounded  and  uniformly  continuous 
on  the  whole  real  axis  (see  section  2.6.2)**. 

In  fact,  if  the  bounded  function  f(x)  is  uniformly  continuous  on 
(  —  oo,  oo)  and  o>(/;0  is  its  modulus  of  continuity,  then  by  the  inequality 
5.1(1),  for  any  cr>  0, 


On  making  use  of  the  inequality  2.6(12),  we  obtain  from  this 

(9) 


In  particular,  if  f(x)  is  a  continuous  periodic  function  of  period  27U,  then 
for  its  best  approximation  by  trigonometric  polynomials  of  order  ^  n 
(see  sections  2.2.1  and  2.6.21)  the  estimate 


£*(/)<2C«l/;^T)  (10) 

applies. 

5.1.3.  The  inequality  5.1(9),  which  is  an  improvement  on  theorem 

1.7.1,    is  a   particular   case   of  the   following    more    general   assertion. 

If    sup  [/(#)]  <  oo,  then  for  any  integral  value  of  k  and  a  >  0   the 

—  oo<x<oo 

inequality*** 

I      1  \ 

(H) 

is  satisfied,  where  Ck  is  a  constant  depending  only  on  k,  and  f»k(f;  t)  is  the 
corresponding  modulus  of  smoothness. 


**  S.  N.  Bernstein  [23]. 

***  N.I.  Akhiezer  [3],  in  the  case  k=2. 

17  Theory   of   Approximation 


258      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 


In  order  to  prove  this  let  us  consider  for  some  integral  r  ^  \(k+2] 
the  integral  function 


and  put 


The  integral 


oo 

a 


sin 


sin 


7«,r  = 


<st_ 
27 


(13) 


; 

=  ^7  S 

'          — V 


where 


is  an  integral  function  Qa(f'9x)  of  finite  degree  <  or**.  For  the  difference 
between  f(x)  and  Qa  (fix)  we  have  the  estimate 


i    r 

\f(x)-Q.(f;x)\<— 

7ff'r 


dt 


**  We   note   that   Qa(f\  x)  is   an   integral    function    of   degree  <  a    whenevei 
f(x)  =  O(|jc|2r~2 

1 
1 


F(z)  = 


7<r,r 


).    To    verify    this    it    is    sufficient    to    consider    the    integra 
ga(z—t)f(t)At.  The  function   F(z)  is  the   limit   of  the   sequence   oi 


integrals 


which  converges  uniformly  in  any  finite  part  of  the  complex  plane  of  z=xjriy.  Sinc< 
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Using    the    properties    of    the    modulus    of    smoothness    (see    3.3,(5)) 

and  3.12(12), 

we  obtain  from  this 


—  00 


(0d,+£  J  , 


Since  2r  >  A:  +2,  we  have 


sin 


—  00 

uniformly  with  respect  to  cr.  Consequently 

^ff(f)  ^     sup      1/00— <2<r  (/,*)!  - 

—  00<JC<OO 

5.1.31.  If  for  some  q  >  1 

oo  1_ 

—  CO 

then,  applying  Minkowski's  inequality  for  integrals   we  obtain 


where 


each  of  these  integrals  is  an  integral  function.  Hence  F(z)  is  itself  an  integral  function. 
Thus  (see  section  4.8.3) 

\go(z-t}f(t)\ , 

1  \x-t\>l 


S 


Consequently,  whatever  e>  0  may  be,  for  all  sufficiently  great  values  of  |  z  |  the  ine- 
quality \F(z)\  <  e(<r4"*)|z|  is  satisfied,  that  is,  F(z)  is  an  integral  function  of  degree  <  .a 


17* 
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Hence  as  in  section  5.1.3  we  conclude  that**  for  any  q(\  ^  q  ^  oo) 


Aff(f)Lq  <  I  \  \f(x)-Qff(f;  *)|*d* 

J 


(15) 


for  any  integer  k. 

5.1.32.  Let  us  note  that  in  the  case  when  the  function  f(x)  is  periodic 
the  integral  function  Qa(f\  x)  has  the  same  period  and,  consequently, 
(see  4.10.2),  is  a  trigonometric  polynomial.  Hence  it  follows  from  theo- 
rem 5.1.3  that /or  any  bounded  periodic  function  f(x)  of  period  2n  the  best 
approximation  by  trigonometric  polynomials  (see  2.2.1)  satisfies  the  ine- 
quality*** 

i         *     \ 

(16) 


A  similar  estimate  also  holds  for  the  best  integral  approximation  (see 
section  5.11.1). 

5.1.4.  The  relation  5.1(11)  (or  the  more  general  5.1(15))  indicates 
a  deep  connection  between  the  differential  properties  of  functions  and 
their  best  approximations.  From  this  it  follows  with  the  help  of  the  ine- 
quality 3.3(1)  that  if  the  bounded  function  f(x),  defined  on  (—00,00), 
has  a  bounded  derivative  f(r}(x)  of  order  r(r  >  0  an  integer)  then  for  any 
integer  k  and  cr  >  0 


(17) 
and  in  the  periodic  case 


Similarly  if  for  some  q  ^  1  the  function  f(x)  satisfies  the  condition 
5.1(14)  and  has  a  derivative  f(r)(x)  of  order  r  which  satisfies  the  same  con- 
dition then  for  any  integral  k  and  a  >  0 

i\ 

(19) 

Lq 


**  N.  I.  Akhiezer  [31  for  k  =  1 ,  q  <  oo;  k  =*  2.  A.  F.  Timan  and  M.  F.  Timan  [2] 
for  k  >  3. 

***  N.  I.  Akhiezer  [3]  for  k  =  2.  D.  Jackson  [1]  for  k  =  1.  S.  B.  Stechkin  [2]  for 
k>  3. 
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5.1.41.  It  follows  from  the  inequality  5.1(17)  that  if  the  bounded 
function  f(x),  defined  on  (—  oo,  oo),  has  a  bounded  derivative  f(r)(x) 
of  order  r,  then  for  any  a  >  0 

^U/)<4      sup      |/<"(x)|,  (20) 

G      —  oo<jc<oo 

and  in  the  periodic  case 

W)  <  -~r-  sup  |/<">(*)|  ,  (21) 


where  Br  is  a  constant  depending  only  on  r. 

With  the  help  of  theorem  3.5.7  these  inequalities  are  easily  extended 
to  the  case  of  derivatives  of  any  fractional  order  (see  section  3.5.6).  For 
this  it  is  only  necessary  to  apply  the  estimates  5.1(17)  and  5.1(18)  (if  A:  =-  1) 
for  a  derivative  of  order  [r],  and  then  to  use  theorem  3.5.7. 

5.1.5.  The  relation  5.1(1)  is  a  particular  case  of  the  following  general 
theorem  of  Jackson**.  If  the  function  f(x)9  defined  on  the  finite  segment 
[a,  b],  has  an  r-th  continuous  derivative,  then  for  n  >  r 


=  £„(/;  a,  b)  <  jiT/u);    =,  (22) 


where  Mr  is  a  constant  depending  only  on  r. 
In  particular,  if  eo(/(r);  /)<  r,  then 


-  (23) 

It  must  be  noted  that  the  last  estimate  remains  valid  for  a  wider  class 
of  functions.  It  is  true  whenever  o>2  (f(r)\t)^t  (the  r-th  derivative  is 
quasi-smooth)***. 

We  omit  proofs  of  these  propositions,  since  they  follow  from  more 
precise  inequalities,  established  in  the  following  section,  which  more 
fully  reflect  the  differential  properties  of  functions  defined  on  a  finite 
segment. 

5.2.  A  strong  form  of  Jackson's  theorem  on  the  best  approximation  of 
continuous  functions  by  algebraic  polynomials  on  a  finite  segment  of 
the  real  axis 

In  this  section  we  shall  show  that  in  the  case  of  a  finite  segment  Jack- 
son's inequality  5.1(22)  can  be  materially  improved  if  in  place  of  uniform 


**  D.  Jackson  [1]. 

***  A.  F.  Timan  and  V.  K.  Dzyadyk  [1]. 
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approximation  by  polynomials  we  consider  approximation  in  which  ac- 
count is  taken  of  the  position  of  the  point  x  on  the  given  segment.  For 
definiteness  we  consider  the  segment  [  —  1,  1] 

5.2.1.  If  the  function  f(x)9  defined  on  [—1,  1],  has  an  r-th  (r  ^  0  an 
integer)  continuous  derivative,  then  there  exists  a  constant  Mr,  not  depend- 
ing on  /,  x  and  n,  such  that  for  any  n  >  r  there  is  an  ordinary  polynomial 

n 

Pn(x)  —  z]  ak*k  of  degree  not  higher   than  n    which  satisfies  for  every 

k=Q 

x  e  [—  1  ,  1]  the  inequality 


[i/     __        !rl\lr      fl/,  _        Irl 
-(.i-^+V)J4i(|1-v2+-V 


where  co(t)  =  to(/(r);  t)  is  the  modulus  of  continuity  of  the  r-th  derivative**. 

The  inequality  5.2(1)  shows  that,  retaining  the  best  order  of  approxi- 
mation established  by  theorem  5.1.5  throughout  the  interval  as  a  whole, 
it  is  possible  to  substantially  raise  this  order  near  its  ends.  Thus  the  char- 
acter of  the  best  approximation  near  the  ends  of  the  segment  is  here 
the  same  as  the  character  of  the  increase  of  the  order  of  the  maximal 
growth  of  the  derivative  of  an  algebraic  polynomial  as  [x\  ->  1  in  the 
inequalities  of  S.  N.  Bernstein  and  A.  A.  Markov  (see  4.8(31)  and  4.8(32), 
and  also  4.8(51).)  The  last  fact  is  of  extreme  importance  in  the  study 
of  the  constructive  characteristics  of  the  differential  properties  of  functions 
defined  on  a  finite  segment  (see  section  6.2). 

We  note  that  in  the  process  of  proving  the  inequality  5.1(1)  we  have 
in  fact  already  established  theorem  5.2.1  for  the  case  r  =  0  (see  5.1(6). 

5.2.11.  In  the  general  case,  the  proof  of  theorem  5.2.1  is  based  on 
the  following  lemma.  For  every  integer  p  such  that  0  ^  p  ^  r,  and  for  any 
function  co(t)  which  is  a  modulus  of  continuity  the  relation 


JU 

J 


/sir--'^ 


I  sinn 
- 


-n  \  WSin— ---- 


Is  satisfied,  uniformly  with  respect  to  y,  as  n  ->  oo. 


**  A.  F.  Timan  [7]. 
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Let  us  denote  the  left-hand  side  of  5.2(2)  by  /$(a>;  ±y).  Then 


7t 

2P      £ 

.    'T3> 

p    / 

0)12 

.    f+J   .    t—  y 

C  1  VI                        C  1  tl 

v    sin2r+4« 

t±y 

fdt 

2 

.,+4      J 

sin  —  - 

sin     _     sin     «  •• 

/  f-<±y\ 

•lr-p+ 

2P+i     r» 
2r+4    \   Isi 


'X 


sn 
X  «u(2|sin/sin(/T>')l)  - 


In  virtue  of  the  properties  of  the  modulus  of  continuity  already  applied 
in  section  5.1.1,  we  have 

/$to  ±y) 


Moreover,  since 


sin 


and  similarly 


, 
- 


2r-p-fc-|-4 


n 


2r-p-fc+3r. 
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it  follows  that 


or 


Since  all  the  estimates  given  arc  uniform  with  respect  to  y,  this  proves 
the  relation  5.2(2). 

5.2.12.  Let  us  pass  to  the  proof  of  theorem  5.2.1.  For  this  purpose 
we  assume  the  result  for  all  k  which  satisfy  the  inequality  0  <  k  <  /•—  1 
and  proceed  to  prove  that  it  follows  for  k  —  r.  In  virtue  of  the  hypotheses 
of  the  theorem,  the  v-th  (1  <  v  <  r)  derivative  of  the  function  f(x)  has 
an  (r—v)-th  derivative  with  modulus  of  continuity  o>(/).  Hence  on  the 
assumption  that  our  assertion  has  already  been  proved  for  the  values  of 
k(0  <  k  <  r—  1),  there  exists  a  certain  constant  Cr  such  that  for  every 
«^r+l  there  can  be  found  r  polynomials  Qn(/(v);#)  (1  ^  v  ^  r)  of 
degree  <  n  which  satisfy  the  inequalities 


For  every  ^  (1  ^  /:  <  r)  let  us  consider  the  integral 


where 

sinf 



,.. 

H  sin  1 1 

rr 

(r)  1      C 

TC     J 
—  7t 

Since    J'(r+2)(n_1)(u)    is    an    even    trigonometric    polynomial    of    order 
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(r+2)(«—  1)  (see  4.7(10)),  it  follows  that  Vk(x)  is  an  algebraic  polynomial 
of  degree  <  k.  Moreover,  for  any  function  f(x)  considered  let  us  put 


(5) 


It  is  obvious  also  that  W(r+2)  <«-i  >  (/!  *)  is  an  algebraic  polynomial  of  degree 
<(r+2)(n-l).  From  W(r+2>  <„-!>(/;*)  and  rt(*)  (1  <  fc  <  r)  let  us 
form  the  polymial 

P(,+«(.-i)(*)=  W(,+2x»-i)(/;*)-  j-^j-e.C/''*';  *)^W,      (6) 

fc  —  1 

the  degree  of  which  is  not  higher  than  (r+2)  (r—  1)  when  w>  1,  and 
not  higher  than  r+1  when  n  =  1.  Let  us  estimate  the  deviation  of 
P(r+2)(n-i)(x)  from  the  function  /(x).  On  account  of  the  formula 

V^    1 

f(n)-f(x)  =  /(V)W  (u-^V+°  {\«-x\'«>(\u-x\)}  (7) 


x 


we  find  from  the  identity 

TC 

P(,+2)(.-i)W  =-^r|  J  [/(cos?)-/(cosj)] 


(8) 
that 


x 

t) 
0 


—  cosj|rco(|cosr—  cos^l)  x 
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Hence  by  5.2(3)  and  the  lemma  of  5.2.11  we  have  the  relation 


uniformly  for  all  xe[—  1,1].  Taking  into  account  the  estimate  from  below 
given  for  yjr)  in  section  4.8.72,  we  arrive  at  the  inequality 


in  which  Mr  is  a  constant  depending  only  on  r.  Thus  the  correctness  of 
theorem  5.2.1  in  the  case  k  =  r  follows.  Since  the  inequality  5.2(1)  has 
already  been  proved  for  the  case  r  =  0  (see  5.1(6)),  it  holds  in  consequence 
for  any  integral  r. 

5.2.2.  It  follows  from  theorem  5.2.1,  that  if  the  function  f(x)  defined 
on  [—1,1]  has  a  bounded  derivative  of  order  r,  then  there  exists  a  sequence 
of  algebraic  polynomials  Pn(x)  (n  =  1,  2,  ...)  which  satisfy  the  relation 


f(x)-Pn(x)  =  0|~l  t   1  -x'+ -^L 1}  (9) 

uniformly  for  all  x  e [—  1 , 1]. 

We  note  that  with  the  help  of  theorem  3.5.7  this  assertion  is  imme- 
diately extended  also  to  the  case  of  derivatives  of  any  fractional  order 
r>0. 

5.2.3.  Propositions  of  the  type  5.2.1  can  also  be  obtained  for  other 
classes  of  functions.  As  an  example  let  us  consider  the  class  of  functions 
f(x)  with  a  given  modulus  of  smoothness  co2(f;t)  on  [—1,1].  We  shall 
show  that  if  W2(f',  t)  =  a>2(t)9  then  there  exists  a  sequence  of  algebraic 
polynomials  Pn(x)  (n  =  1,  2, ...)  of  degree  <  n  which  satisfy  for  every 
x  E  [—1 ,  1]  the  inequality** 


\f(x)-Pn(x)\  <  CI.  +  -,  (10) 

where  C  does  not  depend  on  x  and  n. 

In  virtue  of  the  remark  3.5.71  it  is  possible  without  loss  of  generality 
to  suppose  in  the  proof  that/(+l)  =/(—!)  =  0  and  that/(x)  is  defined 
on  the  whole  real  axis  as  an  odd  function  with  respect  to  the  points  ±  1 
with  period  equal  to  four. 


**  V.  K.  Dzyadyk  [4],  The  proof  given  closely  resembles  that  of  theorem  5.1.3  for 
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Retaining  the  notation  used  in  section  5.1.3,  let  us  consider  for  r  ^  4 
the  integral 


',y)  =  77  J 


,      (11) 


which  is  an  even  integral  function  of  degree  <  a  \/2   of  period  2n. 

By  theorem  4.10.2,  Q*(f',y)  is  an  even  trigonometric  polynomial  of 
order   <  a\/2. 

It  is  obvious  that 

|/(cosjO-e*(/;jOI 


Since 
where 

then 


y  /tcos  (y—  ^  +  2  ^COS  ( 


cos(j;+0  =  a(t,y)+e(t,y), 


y*,r 


6 

y*,» 


(12) 


If  now  we  note  that 
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we  obtain  the  inequality  (see  section  3.5.71) 
| /(cos.y)-2*  (/;;;)! 


from  which  in  virtue  of  the  properties  of  moduli  of  smoothness  (see  sec- 
tions 3.3  and  3.3.1)  it  follows  that: 


-— 
y..r  1    \    a       i 

- 


Putting  here  cos^^^c,  (;  =  —-—,   2*(/";j)  =  Prt(x)   and   using  the  re- 

)/2 

lation  w(/;—r)  =  O  fr>zl/;—  g-1      (see   section   3.3.2),  we   arrive  at  the 

inequality  5.2(10). 

5.2.4.  It  follows  from  the  inequality  5.2(10)  that  for  the  best  approx- 
imation En(f\  a,  b)  of  the  function  /(x)  which  satisfies  on  [a,  b)]  the  con- 
dition co2(/;  0  ^  Mt,  the  estimate 

En(f-a,b)<C»M~~,  (13) 

obtains,  where  C0  is  a  certain  absolute  constant.  This  inequality  can  be 
generalised.  If  the  function  /(*),  defined  on  [a,  b]9  has  there  a  derivative 
f(r)(x)  of  order  r(r  >  0  an  integer)  which  satisfies  the  condition  co2(/(r);  /)  ^ 
<  M-t,  then  for  all  n  >  r 


\  a,b)<Cr-M     ~       -  (14) 
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Let  P,,_i (/';*)  be  the  algebraic  polynomial  of  order  ^  «—  1  which 
deviates  least  from  the  derivative  f'(x)  on  [#,  b].  The  difference 


possesses  the  property  that  |Fn'(x)|  <£„_!(/';#,#),  i.e. 

Hence  by  the  inequality  5.1(1) 

En  (Fn ;  a,  &)  <  C^-  En^(f ;  0,  b). 
n 

Since 

X 

E(f;  a,  b)  <  max  f(x)-Pn(Fn ;  x)-  J  P,,,.^/' ;  r)  d/  , 

a<x<fc  a 

we  obtain  the  relation 

£„(/;  ^,  ft)  <  c—^  £-i(/' ' a'  *)»  (15> 

after  r-fold  application  of  which,  on  account  of  the  estimate 


we  arrive  at  the  inequality  5.2(14). 

5.2.5.  Let  us  note  that  the  situation  revealed  by  theorem  5.2.1  holds 
also  in  a  number  of  other  cases.  In  particular,  there  is  a  similar  theorem 
if,  instead  of  functions  defined  on  a  finite  segment  of  the  real  axis,  func- 
tions are  considered  which  are  defined  outside  its  limits,  and  instead  of 
approximation  by  algebraic  polynomials  there  is  considered  approxi- 
mation by  arbitrary  integral  functions  of  exponential  type.  If  the  function 
/(#),  defined  for  all  real  values  of  x  outside  the  interval  (—1,1),  is  bounded 
and  has  r  derivatives,  where  the  r-th  derivative  f(r)(x)  is  bounded  and  uni- 
formly continuous,  then  there  exists  a  constant  Mr,  not  depending  on  x  and 
cr,  such  that  for  any  cr  >  1  there  can  be  found  an  integral  function  Ga(x) 
of  degree  ^  a  which  satisfies  for  every  x  (|jc|  ^  1)  the  inequality 


where  a)(t)  =  co(/(r);  f)  is  the  modulus  of  continuity  of  the  r-th  derivative* 


**  Yu.  A.  Brudnyi  [2].  The  idea  of  the  proof  given  here  is  due  to  N.  I.  Akhiezer. 
A  similar  theorem  on  the  class  of  functions  whose  r-th  derivative  has  a  given  modulus 
of  smoothness  of  the  second  order  was  proved  by  R.  M.  Trigub. 
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Let 

1 

K(u)  =  5  0(o)elwdv,  (17) 

-1 

where  <£(v)  has  on  [—1,1]  an  absolutely  continuous  derivative  of  order 
p—l  and 

(1)  <K-v)  =  <K*0,      0  <  v  <  1  ; 

(2)  tf(0)  =  i-7c; 

(3)  (KD  -  4>'(0  =  ...  =  0<^>(1)  ^  0      (/>  >  2); 

(4)  </>"(0)  -  0(IV)(0)  -  ...  -  0(£«>(0)  -  0       (2q  <  />-2). 


Integrating  5.2(17)  by  parts,  we  see  that  in  virtue  of  the  properties 
of  the  function  </>(#) 


Hence,   as   2q+l  </?—  2,"  we  have  for  m  =  1,  2,  ...,  2#+l    a   function 
\K(u)um\  integrable  on  (—  oo,  oo)  and 


Let  us  assume  to  begin  with  that  the  function  f(x)  is  even,  and  let  us 
consider  the  function  F(u)  =f(\/u'2+l)  defined  on  the  whole  real  axis 
—  oo  <  u  <  oo.  The  integral 


^(F,«)=   \  F\u+-\K(f)At  =  a  \  F(t)K(a(t-u)}At         (19) 

J  \  Ol  t) 

-oo  -oo 

Is  an  even  integral  function  of  degree  ^  cr,  since  for  all  u 


- 
ff,  \a 

v  =  0     v      '        -co       \ 

Let  us  consider  the  integral  function 


e(F'  l/jc2 H  —  G  (f-  x\  —    >    r  fv2_nv 

5V-*-  5   P'  •*•         */  —  *-*<y\y  >  -^/  —   /  i  t-vv-^         A/  ? 

the  degree  of  which  <  a,  and  estimate  the  difference  between  f(x)  and 
G0(f;x).  It  follows  from  5.2(18)  that  for  u  =  j/jc^^l" 

l/(*)-<W;  ^)l  =  l^)-^(^;  u)\  = 
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Putting  I/  (w+  —  )  +1  =y  and|/V+l  =#,  we  have 


U+      -F(n)  -  f(y)~f(x) 


where 


Hence 


But 


'-*  =l/H)°+1-> 


where 


Since 


dm+1 


(0  <  0  <  1). 


where  the  PV(M)  are  algebraic  polynomials  of  degree  ^  v,  then  for 
these  derivatives  are  bounded  on  the  whole  axis— oo<i/<oo. 
Thus 


y~x  = 


where  7v(w)  and  ym+1(w,  /)  are  bounded  functions   of  their    arguments 
Consequently,  for  any  natural  numbers  k  <  r  and  m  =  2r+3— fc, 


ff2r+2 
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where  yVffc(i/)and  y*(w,  0  are  bounded  functions  of  their  arguments.  For 
the  determination  of  the  kernel  K(t)  let  us  put  in  the  conditions  5.2(18) 
p  =  (r+2)2+2,  q  —  r+1.  Then  for  k  <  r  we  have 


(y-x)kK(t)At 


(2rH4- 


__ 


f  +2)|yjf(n, 


Hence  in  virtue  of  the  boundedness  of  f(x)  and  f(r}(x)  for  |jc|  ^  1  we 
have  sup  |/(fc)(*)l  <  oo  for  any  k(0  <  fc  <  r), 


and 


It  remains  to  take  account  of  3.2(8)  and  note  that,  since 

t         u 


y-x  - 


r 
tf    j/7l+w2 


,      ^ 
+  -zVifa*  0, 


it  follows  that 


(T|/l+w2 


r|/l+w2 


and 


Now    let    the    function  f(x)    be    odd.    Let   us   consider    the   quotient 
t  where  g(x)  is  the  function  1.7(3). 


Since  for  v  =  0,  1,  ...,  r 


sup 


dv    I 

dxv  g(x) 


00, 
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the  even  function  *F(x)  has  r  derivatives,  bounded  outside  the  interval 
(  —  1,1),  and  as 


where  the  second  term  on  the  right-hand  side  has  a  bounded  derivative, 
it  follows  that  for  \x±\  >  1,  \x2\  ^  1 


+  C,\x-xl\ 


It  now  only  remains  to  use  the  relation  3.2(8),  in  view  of  the  fact  that 
the  theorem  has  already  been  proved  for  even  functions  and  the  fact 
that  g(x)  is  an  integral  function  of  the  first  degree  satisfying  the  inequality 

|*tv)|<i. 

Since  every  function  defined  outside  the  interval  (—1,1)  is  the  sum 
of  an  even  and  an  odd  function,  the  theorem  is  automatically  proved  in 
the  general  case. 

5.3.  Some  direct  theorems  for  functions  of  many  variables 

More  precise  forms  of  Weierstrass's  theorem,  similar  to  those  given 
in  section  5.1,  are  also  possible  for  functions  of  many  variables.  ^ 

5.3.1.  Let  us  begin  by  considering  the  function  f(xl9  ...,  xm),  defined 
throughout  the  whole  space  of  the  variables  xl9  ...,  xm  and  of  period  2?c 
in  each  of  these  variables. 

If  1  <  q  <  oo  and 


0  0 

then  for  any  natural  numbers  kl9  ...  ,  km,  n{  >  0,  ...  ,  nm  >  0 


,       (1) 
where  cmfcl"*"fem)  is  a  constant  depending  only  on  m  and  ki9  ...,  km,  and 


a>kv(f;Q,...,hv,...,Q)Lq 


'    (2) 


18  Tlieory   of   Approximation 
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is  the  corresponding  partial  modulus  of  smoothness  of  the  function  f  (see 
sections  2.2.4,  3.4.32,  3.4.34  and  3.12.5). 

Since  in  the  proof  of  the  inequality  5.3(1)  the  number  of  variables  is 
not  of  great  importance,  we  will  give  it  for  m  —  2.  For  this  purpose  let 
us  consider  the  trigonometric  polynomials 


271    27T 

=  ..__4l)._).f    f  T^H^tt) 

"l        "2          00 

*1         *8  /        \      /        \ 

X"1   \~^  '      '/'Ml  l^2\ 

«      1   j-1  \l/\Jl 

(where  7"(r+2)(n_1)(/)  is  the  polynomial  5.2(4))  of  order  (^+2)  (n} — ^1) 
with  respect  to  xl9  and  of  order  (k2-\-2)  (n2~- 1)  with  respect  to  x2. 
We  have 


2TC 

7(*i-f2)  (ni-l) 


2TC    2TT 

J     J 


X 


i       \  \ 

(-  ^        72F  (Xl  '  ^^^      d^  d/2  + 
_!  \y/  I 

271    2Tt 

"^(^1)^2)     J      J    T^  12)  (»l-D  (^)r(fc2  I  -2)018    1)  ('2)  X 

711      "2      o    o 

1 

'  '  •^+A)~/(x1  ,  x2)   d/x  d;2  . 

} 


/ 

(4) 

J 


Let 


~£K    ZTS 
Iff 

. \       1     /7~r  ( t  \T  ( t    \  V 

9     ffr^^     ^t  ^     A       i    •*•  (fci4-2)  (wi—  l)  V'  I/  -^  (fco+2)  Ola l)  \'2/ ^ 

T^r^nr2'  J  J    Ul+2nwi  1JV1    ««+^»«  ^v- 


2 (fc)(fc 

y"i    ^      o    o 

x 
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where 


(      *  / 

-^ijr  J  ^2+2)(n2-i)(>2){  Z  (-^^Q 


x 


2TT 

-----  (fc^     \ 

n 


—  /(*!,*?)  I  d/2, 


=  _! ecr         0)r         (,)x 

T^V^y^     .'      J        Ul  +  2)(ni     J)      l          *«+!!)<»«     1)       2 


/^\  /fca\ 

i>w  /    )f(^+^ 

\      I  \J  I 
•^  lk*\  \ 

2^(-  D'-1    -  /(^  '  **+  A)  d'i  • 

J-l  ^  '  '  ' 


Applying  Minkowski's  inequality  for  integrals,  we  obtain 


X 


18* 
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X 


n 

0      0 

Tt 

1  (' 

(M~  1  J 


<> 


2rt    2rc 


J   jj  |01(x1)x 


2TC    2TC       27t 


XWU7     ^     rtl'*8     /2    /J 


00 


cA  /fca 
x    .  H  .  Axx+i/i,  ^2+fta) 


dx,  dx8«  dr, 


M 

ni 


Hence  for  the  difference  5.3(4)  we  have  the  estimate 


•JJ'.*,t\At.      (5) 
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In  virtue  of  the  properties  of  partial  moduli  of  smoothness  (see  3. 12.5) 


" 


Now 


r   k 

\   l  iy(*i+2) (m- 


where  Mkl  is  a  constant,  depending  only  on 
Consequently 


;  ',  0)£,  dt 


and  similarly 

(/;  0, 


If  we  substitute  these  estimates  in  5.3(5),  we  arrive  at  the  inequality 
5.3(1)  for  the  case  of  functions  of  two  variables  which  we  are  considering. 

5.3.11.  If  the  function  f(xl9  ...,  xm),  which  satisfies  the  conditions 
of  theorem  5.3.1,  has  for  almost  all  xl5 ...,  xv__ly  xv+l9 ...,  xm  an  absolutely 
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dkv~lf 
continuous  (with  respect  to  xv)  partial  derivative  —  •£-—-   and    a   partial 

dkvf(x          x  ) 
derivative  — —        '">    m~-  of  order  &v  for  which 


<  oo,  (6) 

I 

for  v  —  1, ...,  w,  then  from  the  identity  3.3(4)  with  the  help  of  Minkowski's 
inequality  for  integrals  it  follows  that 

fok  +j  (/;  0;...,  /V,...,0)L   <  /*Vo;v|  -  -^0,...,  /v,...,0 


Hence  from  the  inequality  5.3(1)  there  follows  for  such  functions  the 
estimate** 

•- c<*i- •••-*»•>  V* - w| — jr-0,..., r,...,0)     . 

Cm      4*  (».+ i)  frv  1 34v      «»+ 1      K 

(7) 

In  particular,  if  /(^ , . . . ,  xin)  e  w(kl—'k^H(ai--a^(Lq)  (1  <  q  <  oo; 
0  <  Oi,...,  am  <  1)  (see  3.5.8),  then*** 


5.3.2.  Let  the  function  f(xL , . . . ,  xm)  be  defined  in  the  closed  parallele- 
piped —  oo  <  av  <2  xv  ^  bv  <  oo  (v  —  1 ,  . . . ,  m)  and  have  there   a  con- 

dkvf(x  , ...,  x  ) 
tinuous  partial  derivative  — — — '^— — /^-   of  order   A%   with  respect  to 

each  variable  xv.  If  for  definiteness  we  suppose  that  av  =  ~-l(bv=  1, ...,  m), 
then  the  function  </>(tl9...9tm)  —/(cos  ^19 ... ,  cos  tm)  has,  as  is  immediately 

obvious,  a  continuous  partial  derivative  ^TfcT""  '"    °^  or<^er  ^v  with 

c/  /v 

respect  to  each  variable  tv  and  for  a  certain  value  of  the  constant  Mk 

(dkv6  \  l^f  \ 

— jk7»  0,...,  Av,...,  0   <  A/fcy  w  — -k~;  0,...,  Av,...,  01.  (9) 

dtvv  /  \  dxvv  / 

Applying  to  the  function  0(^,  ...,  tm)  the  inequality  5.3(7)  and  taking 
5.3(9)  into  consideration,  we  obtain 

m       M^ 


**  S.  N.  Bernstein  [42],  in  the  case  q  =  oo,  m  =  2. 
***  S.  N.  Bernstein  [36],  in  the  case  #  —  oo,  w  =  2. 
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Since  the  function  (f)(t1L9  ...,  /w)  is  even,  it  can  be  supposed  that  the 
trigonometric  polynomial  which  deviates  least  from  it  contains  only  co- 
sines. Hence  it  follows  that  the  best  uniform  approximation  /^  ,...,„  (/) 
of  the  function  f(xl9  ...,  xm)  by  the  algebraic  polynomials  Pni  ,...,„ 
(xl9  ...,  xm)  (see  section  2.2.4)  on  the  parallelepiped  considered  satisfies 
the  inequality 


»    <"» 


5.3.3.  A  theorem  similar  to  5.3.1  holds  also  for  the  best  approximations 
by  integral  functions  of  many  variables,  which  are  of  finite  degree  in  each 
of  these  variables  (see  section  4.9.55).  Let  the  function/^,  ...,  xm)  be 
defined  throughout  the  whole  space  of  the  variables  xi9 ... ,  xm  (~  oo  <  xlt 
...,  xm  <  oo),  and  for  some  q  (1  <  q  <  oo)  let 


=  l  S-  S 


—  oo       — oo 


For  //?e  /0wr  hound 

A, ,,„(/)/.,=      inf     \\f(xi,...,xm)-Gai .„,(*,, ...,*J||t      (11) 

G«Jlf   ...,<TOT 

respect  to  all  possible  integral  functions  GL         a  (x, ,  . . . ,  xw)  which 

if*"'     nt 

satisfy  the  condition  4.9(32),  this  being  the  best  approximation  off(xl9...9  xm) 
by  such  functions  in  the  metric  Lq,  there  holds  the  inequality 


(12) 


where  G%l'-'k'n)  is  a  constant  depending  only  on  m  and  kl9  ..., 
and 


sup 

IrKa, 


is  the  corresponding  partial  modulus  of  smoothness  of  the  function  f. 

The  proof  of  the  inequality  5.3(12)  is  carried  out  as  in  the  periodic 
case.  Thus  it  is  necessary  to  replace  the  polynomials  5.2(4)  by  the  integral 
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functions  g<rv(xv)  defined  in  section  5.1.3,  and  the  trigonometric  polyno- 
mials 5.3(3)  for  m  =  2  by  the  integral  functions 

CO        OO 


(see  5.1.3). 

We  note  also  that  the  remark  5.3.11  (see  5.3(7)  and  5.3(8))  carries 
over  as  a  whole  to  the  best  approximation  Aal9  ...,  om(f)Lq  . 

5.4,  The  rapidity  of  the  decrease  to  zero  of  the  best  approximation   of 
analytic  functions 

It  follows  from  theorem  5.1.5  that  if  the  function  /(x),  defined  on 
[a,  b],  is  differentiate  an  infinite  number  of  times,  then  for  any  r 

lim  ?fEJ(f\  a,  b)  =  0.  (1) 

M->00 

In  particular,  the  relation  5.4(1)  holds  for  any  function  analytic  on 
[a,  b].  However,  in  the  last  case  it  is  possible  to  say  a  great  deal  more 
about  the  rapidity  of  the  decrease  to  zero  of  the  best  approximation  of 
the  function  f(x). 

5.4.1.  It  turns  out  that  if  the  function  f(x)  is  analytic  on  [a,  b]  then 
the  sequence  of  numbers  En(f\  a,  b),  as  n  increases,  decreases  to  zero 
not  more  slowly  than  the  terms  of  a  certain  decreasing  geometrical 
progression4*1*. 

If  for  R  >  —  r  —  the  function  f(x)  belongs  to  the  class  AR(a,  b)  (see  section 
3.7.21),  then 

li^  YEJtf^Tb)  <  -^  .  (2) 

w->cx>  ^-K 

For  definiteness  let  us  consider  the  segment  [—1,1].  The  transition  to 
any  other  segment  is  accomplished  by  a  well-known  linear  transforma- 
tion. Putting  x  =  cos  y,  let  us  consider  the  sequence  of  algebraic  poly- 
nomials 


P/v\  
„(  X )  —  • 


=  -—  +  /.  c*  cos  &  arc  cos  x,         (3) 
2 


**  S.N.  Bernstein  [1],  [15]. 
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where  Dn(f)  is  a  Dirichlet  kernel  (see  section  4.5.2).  Since  the  function 
f(x)  =f(cosy)  is  analytic,  it  follows  that  on  [—1,1]  it  may  be  expanded 
in  a  Fourier-Chebyshev  series,  the  partial  sum  of  which  is  Pn(x).  Hence 

oo 

\f(x)— Pn(x)\  =  |    X    ckcoskarccosx\. 
Consequently 

oo 

£„(/)<  max  |/(x)-Pn(*)K    I    kkl- 

|x|  ^  1  k^n-f  1 

If  we  take  into  consideration  the  inequality  3.7(9)  for  the  coefficients  ck, 
we  find  that  for  any  r  <  R  (r  >  1) 

i.e.  5.4(2)  is  satisfied. 

5.4.11.  It  should  be  noted  that  the  property  of  the  best  approximation 
of  a  function  analytic  on  a  given  segment,  obtained  in  section  5.4.1,  which 
indicates  that 


can  no  longer  hold  when  we  pass  to  best  approximations  by  polynomials 
with  only  integral  coefficients.  Moreover  if  (a,  b)  contains  the  integer 
m  and  if  the  radius  of  convergence  of  the  Taylor  series  in  powers  of  x—m 
of  a  function  which  is  analytic  on  [a,  b]  is  greater  than  unity,  then  the 
upper  limit  of  the  n-th  root  of  the  best  approximation  of  f(x)  on  this  seg- 
ment by  polynomials  of  the  n-th  order  with  integral  coefficients  will  al- 
ways equal  unity  as  n  -+  oo.  In  fact,  if  the  above-mentioned  upper  limit 
were  less  than  unity,  then  in  the  neighbourhood  of  the  point  m  the  function 
f(x)  would  be  the  sum  of  a  series  of  polynomials  with  integral  coefficients, 
which  could  be  differentiated  term  by  term  any  number  of  times.  Hence 
it  would  follow  that  all  coefficients  of  the  given  Taylor  series  for  f(x) 
are  integers,  i.e.  the  radius  of  convergence  of  this  series  would  not  be 
greater  than  unity. 

Moreover,  simple  considerations  similar  to  those  of  section  1.5.2 
show  that  in  those  cases  where  the  segment  [a,  b]  does  not  contain  inte- 
gers, the  best  approximation  of  any  analytic  function  by  polynomials 
of  the  w-th  order  with  integral  coefficients,  as  also  the  best  approximation 
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by  any  algebraic  polynomials  of  the  same  order,  is  O(Qn)  for  some  Q  <  1 
asw  -»  oo. 

5.4.12.  In  order  to  verify  this,  it  is  possible  without  loss  of  generality 
to  take  [a,  b]  =  [6,  l—d]  (0  <  d  <  i).  It  is  sufficient  to  establish  that** 
for  any  polynomial 

-  J  dkx\\~x)»~k 


there  can  be  found  a  polynomial  Qn(x)  ~=^ckxk  with  integral  coefficients 

fc  =  0 

such  that,  for  some  Q  (0  <  @  <  1)  which  does  not  depend  on  n, 

max     |  Pn(x)-QH(x)\  =  O(Qn)      as      n  ->  co  .  (5) 

xe[<5,  1     <5] 

The  existence  of  the  polynomial  Qn(x)  follows  from  the    inequality 
max    \Pn(x)~ 


5.4.13.  We  note  here  by  the  way  that,  using  the  proposition  of  section 
5.4.12,  we  can  also  verify  that  for  the  best  approximations  by  algebraic 
polynomials  with  integral  coefficients  of  functions  differentiate  a  given 
finite  number  of  times  on  segments  not  containing  integers,  the  same 
estimates  of  order  apply  as  were  obtained  previously  for  the  uniform 
best  approximations  by  any  algebraic  polynomials***  (see  sections  5.1  and 
5.1.5).  This  remark  also  applies  to  the  estimates  5.2(1)  and  5.2(10). 

5.4.2.  Considering  instead  of  the  polynomials  5.4(3)  the  partial  sums 
of  a  trigonometric  Fourier  series  and  using  the  estimate  3.12(19)  for  its 
coefficients,  it  can  be  verified  that  //  the  periodic  function  f(x)  is  analytic, 
then  for  some  d  >  0 

Tim  ]/£*(/)  <e~*.  (6) 

n-  ^oo 

Here  in  the  estimate  obtained  2d  is  the  width  of  the  strip  |Imz|  <  d 
within  which  the  function  /(x+fy)  is  analytic  (see  3.12.15). 


**  L.V.  Kantorovich  [1]. 

***  A.  O.  Gel'fond  [3]  showed  that,  with  certain  limitations  on  /O),  a  similar  pro- 
position holds  also  in  the  case  where  the  interval  (a,  b)  does  not  contain  integers.  For 
the  generalisation  to  the  case  of  functions  of  many  variables,  see  the  work  of  G.  A. 
Zhirnova  [1]. 
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5.4.3.  Thus  if  the  function  f(x)  is  an  integral  function,  then  whatever 
may  be  the  length  of  the  segment  [a,  b],  for  its  best  approximation  by  alge- 
braic polynomials,  we  have  the  equality**. 

lim  ]/  E(f\  a,b}  —  0.  (7) 


71— >00 


5.4.4.  The  relation  5.4(6),  or  even  the  significantly  weaker  assertion 
of  Weierstrass's  theorem  that 

Y\mEn(f;a9b)  -  0, 

M^OO 

valid  for  the  fixed  segment  [a,  b]9  cannot  in  general  be  satisfied  if  as  n  in- 
creases the  difference  b— a  increases  without  limit.  Moreover,  in  a  number 
of  cases  when  b—a-+  oo,  if  there  is  a  definite  connection  between  the 
properties  of  the  integral  function  f(x)  and  the  nature  of  the  increase  of 
the  length  of  the  segment,  the  best  approximation  En(f;  a,  b}  correspond- 
ingly tends  to  zero. 

Let  us  consider  one  of  these  cases***.  Let  the  integral  function  f(x)  be- 
long  to  the  class  Bff  for  some  a  >  0  (see  section  4.3.1).  The  inequality 


En  /;  -  -,  -  <  21/  -"-  e     "  "        sup     \f(x)\.  (8) 

\  P      PI  \      P  —  <*  -oo<jc«x> 

is  satisfied  for  any  p  >  a  for  all  natural  numbers  n. 

In  order  to  verify  the  correctness  of  this  estimate,  let  us  put  A  —  — 

P 


**  S.  N.  Bernstein  [15].  This  assertion  no  longer  applies  on  passing  to  best  approxi- 
mations by  algebraic  polynomials  Pn(x)  with  integral  coefficients,  even  when  the  seg- 
ment [a,  b]  does  not  contain  integers.  It  is  sufficient  to  consider  the  function /O)  ==  C, 
where  C  is  an  arbitrary  irrational  algebraic  number.  For  any  polynomial  Pn(x)  of  degree 

<  n  with  integral  coefficients,  and  any  rational  number   -  -  e  [a ,  b] ,  we  have,  in  virtue 
of  Liouville's  theorem  on  approximation  of  algebraic  numbers  by  rationals, 


max  1C    Ptt(x)\ 


C      Pn 


where  r  is  an  integer  and  m  and  A  are  constants  which  do  not  depend  on  n.  In  the  case 
where  a  is  an  integer  and  b  =  a  I  1  it  is  not  difficult  to  make  this  remark  more  precise 
by  using  the  asymptotic  estimate  of  the  growth  of  the  function  K(X)  from  the  theory 
of  the  distribution  of  prime  numbers.  It  can  be  shown  that  if  the  function  f(x)  defined 
on  [0,  1]  is  not  an  algebraic  polynomial  with  integral  coefficients,  then  the  upper  limit 
of  the  rt-th  root  of  its  best  uniform  approximation  by  polynomials  on  [0,  1]  of  degree 

<  «  with  integral  coefficients  is  never  less  than  — . 
***  S.  N.  Bernstein  [26]. 
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and  consider  the  polynomials  Pn(x)  of  the  type  5.4(3),  which  correspond 
to  the  segment  [ — A,  A],  i.e.  for  x  =  A  cos y  let  us  put 

7T 

P.(x)  =  —  \  f(lcost)[Dn(t+y)+Dn(t-y)]dt.  (9) 

71   t) 
0 

As  in  section  5.4.1,  we  have 

|/(x)-Pn(x)Kj]+ik|,  (10) 

where 

2  ^ 
<*" 

0 

Since  f(x)  eBa,  it  follows  by  theorem  4.8.3  that 
|/0c+/y)|  ^  e*'3'1     sup 

—  OO<f<OO 

Consequently,  for  any  S  >  0  we  have 
\f(x+iy)\  ^  e^A     sup 

—  oo<t<oo 

on  the  ellipse  with  foci  at  the  points  ±A  and  with  minor  axis  2dL  As  a  re- 
sult of  this,  we  obtain  as  in  section  3.7.3  the  estimate 


sup 


from  which  in  virtue  of  5.4(10)  it  follows  that 

(n       n\ 
/;_          Umaxi/^^p^K  sup 

^    ^7 


We  now  note  that  since 

d  =  shin  (<5  +  j/1  +<52) 
and 

a  >  sha—  J(sha)3, 
for  any  a  >  0,  it  follows  that 


Thus 


sup 

-00<J<00 


Putting  here  d  =  T       -  ,  we  obtain  the  inequality  5.4(8). 


DIRECT    THEOREMS    OF    THE    CONSTRUCTIVE    THEORY  285 

5.4.5.  We  see  that  all  integral  functions  f(x)  of  the  classes  B^  possess 
the  property  that  for  any  p  >  d 

0.  (11) 

From  considerations  similar  to  those  of  section  5.5.4,  there  follows  a  sim- 
ilar proposition  for  any  integral  functions  of  exponential  type**.  Iff(x) 
is  an  integral  function  of  finite  degree  ^  a  and  the  constant  7  >  0  satisfies 
the  equation 


>  02) 

then  5.4(11)  holds  for  all  p  >  ycr. 

Since  the  function  /(x)  is  of  degree  <  or,  then  (see  4.3(1))  for  any  r  >  a 
an  r  can  be  found  such  that  for  all   |r|  >  r  we  have 


Consequently,  for  any  A  >  r  and  <5  >  0 

\f(x+iy)\  <  e" 

on  the  ellipse  with  foci  at  the  points  ±  A  and  with  minor  axis  2yA.  Hence, 
as  already  mentioned  in  section  5.4.4,  the  coefficients  ck  of  the  polyno- 
mial 5.4(9)  satisfy  the  inequality 


or  if  /?  >  0  is  such  that 
1 


—  ln(y-f-j/l+y2)  ==  —  £  <  0, 
p 

then  for  fc  >  rA8 


Thus  if  n  >  rA/?,  then  in  virtue  of  the  inequality  5.4(10)  we  have  for 
all  xet-AiA] 


**  S.  N.  Bernstein  [27]. 
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i.e. 


Putting  8^~-L  —  (0<  a  <  1)   and  noting  that  the  constant  y  satisfies 
1  —  a 

the  equation  5.4(12),  we  see  that 


and  hence  it  is  possible  to  take  as  ft  any  number  as  close  as  desired 
to  y.  As  a  result  of  this  we  may  assert  that  for  any  r>  a  and  /?>  y  we 

have   for   A  <  -— 

pr 

limEn(f;  -A,A)  =  0, 


i.e.  5.4(11)  holds  for  any  /?  >  ya. 

We  note  also  that  from  the  point  of  view  considered  here  the  given 
constant  y  is  the  best  and  cannot  be  decreased  in  general.  For  every  p<  ya 
there  can  be  found  an  integral  function  f(x)  of  degree  ^  a  for  which 

En\  f;  ---  ,  —  1  increases  without  limit  with  n  (see,  for  example,  5.11.21). 

V       p  PI 

5.4.6.  By  the  use  of  the  proposition  of  section  5.4.5,  it  is  easy  to  extend 
the  relations  2.6(8),  proved  in  section  2.6.22  for  bounded  functions,  to 
arbitrary  functions  f(x)  defined  on  the  whole  real  axis,  provided  that 
or  is  sufficiently  great.  If  the  function  f(x),  defined  on  (—00,  oo),  is  such 
that  for  some  finite  <r0  >  0  the  lower  bound 

A0n(f)  -  inf       sup      |/(*)-&,0(x)| 

**„<*>     -~<*«» 

is  finite  for  all  possible  integral  functions  gffQ(x)  of  degree  ^  <TO,  then  for 
any  a  >  yor0,  where  y  >  0  is  a  root  of  equation  5.4(12), 


/  n      \  I  n  n      \ 

lim  EH\f\  —  —  -    -  lim  lim  EH[fi  -  --—- ,  — — 
w->oo      \      <r±0/       £_0  -_>»     \  o*±£     o-±e/ 


Since,  by  supposition,  there  exists  some  integral  function  gffQ(x)  of  degree 
<  (T0  for  which      sup     \f(x)—gffQ(x)\  <  oo,  it  follows  in  virtue  of  theorem 

—  oo<jc---'oo 

2.6.22  that 
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If  in  addition  a  >  ycr0,  then,  by  what  was  proved  in  section  5.4.5, 


Consequently 


for  all  a  >  y a0 . 

5.5.  More  precise  forms  of  Jackson's  theorem.  The  estimates  of  N.  I.  Akhiezer, 
M.  G.  Krein  and  J.  Favard  for  differentiable  periodic  functions 

If  use  is  made  of  the  notation  introduced  in  section  3.2.7,  then  Jackson's 
inequality  5.1(1)  is  equivalent  to  the  assertion  that  for  modulus  of  conti- 
nuity co(t)  ¥=•  0  and  for  n  >  0 

:<"V,  b)  =  sup   En(f~*®  <  C  <  co ,  (1) 

n 
where  C  is  an  absolute  constant.  Similarly,  for  the  upper  bound 

C<w)  =  sup  — Vrr  (2) 


the  inequality  5.1(9)  holds  for  the  best  approximation  on  the  whole  real 
axis  considered  in  section  5.1.2.  A  similar  formulation  of  the  inequality 
5.1(10)  corresponding  to  the  periodic  case  is  connected  with  the  upper 
bound 


__  sun 
—  sup 


where  //*  is  the  class  of  all  periodic  functions  f(x)  with  period  2ju  of  Hw. 
The  other  theorems  of  section  5.1  can  also  be  formulated  in  this  form. 
Thus,  for  example,  for  the  class  W^(M)  of  all  the  periodic  functions 
f(x)  of  period  2n  for  which  there  exists  an  (r  —  l)-th  absolutely  continuous 
derivative  /(r~i}(x)  (r  >  1),  and  |/(r)(x)|  <  M  almost  everywhere,  we 
obtain  from  5.1(21)  (for  M  —  1)  the  relation 

C*H  -     sup     (n+  l)rE?(f)  <  Br<  oo  ,  (4) 


where  Br  is  a  constant  depending  only  on  r. 
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Concrete  applications  of  the  estimates  of  the  best  approximation  of 
the  functions  which  belong  to  the  given  classes  requires  a  knowledge 
of  the  numerical  values  of  the  constants  in  the  corresponding  inequalities 
of  this  type.  It  is  not  difficult  to  obtain  these  constants  directly  from  the 
proofs  given  in  section  5.1**  if  best  possible  values  are  not  important. 
The  more  delicate  problem  of  the  exact  or  asymptotically  exact  (as  n  -»  oo) 
value  of  the  magnitude  of  the  upper  bounds  of  the  type  5.5(l)-(4)  re- 
quires special  consideration. 

5.5.1.  The  first  such  more  precise  form  of  Jackson's  theorem  was 
obtained  by  J.  Favard  [1],  and  also  independently  of  him  by  N.  I.  Akhie- 
zer  and  M.  G.  Krein  [1]  for  the  class  W%}(M\  This  result  gives  the  exact 
value  of  the  upper  bound  5.5(4).  For  any  integral  non-negative  n  and  r  the 
equality 

(?*,=    sup    (n+l)E*(f)  =  K,,  (5) 

is  satisfied,  where  K,  is  the  constant  of  2.11(10)***.  In  fact,  if  f(x)e  W^M 
and 

00 

—  -+-  2*  (aKcoskx+bksinkx)  (6) 

*=i 

is  the  Fourier  series  of  the  function /(*),  then  for  r  ^  1,  by  the  formula 
3.5(15), 

27T 


/(*)  =  |  +  ^  J 
Putting 


T.(x)  =  Un(f;  x;  A)  =  ~  +  ^  tf'focosfcx+6.  smkx),  (7) 

fc=l 

where  Aiw)  (n  =  1,  2,  ...;  k  =  1,  2,...,  n)  is  a  certain  arbitrary  system  of 
numbers,  let  us  consider  the  difference  f(x)—Tn  (x).  Since 


nn  /v\  rj  (  /*.  v .  ;\  U0     \     *• 

•*•  nW  —  un\J  9  *">  A)  —  — 

2  7T 

0 


**  Simple  calculations  show  that  for  the  constant  C  in  the  inequality  5.5(1)  and  for 
the  constant  Br  in  the  inequality  5.5(4)  (for  integral  r)  we  have  the  estimates  C  <  12 
and  Br  <  12r  (see  I.  P.  Natanson  [2]). 

***  W*  M  is  the  class  of  periodic  functions  for  which  \f(x)\  <  M  almost  everywhere. 
The  case  of  fractional  r(0  <  r  <  1))  was  investigated  by  V.  K.  Dzyadyk  [2]  and  Sun 
Yun-shen  [l](r>  6). 
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then  for  any  value  of 

\f(x)-Tn(X)\ 


d/. 


We  can  choose  the  numbers  A£°  and  A£n)  (fc  =  1,  2,  ...,  n)  in  such  a  way 
that  the  integral  on  the  right-hand  side  of  the  last  inequality  will  assume 
the  least  possible  value.  By  theorem  2.11.5  (with  respect  to  the  function 
F(t)  =  I>or)(0)  in  the  case  when  r  is  even,  it  is  necessary  for  this  purpose 
to  put 


( 
( 


nY;(")  —  ;  I    ^ 
-1)    ^    _A— 


=  \~kr 


^ 

_\ 

Y\' 


1  [2v(n+ T)-W  +  ~[2v(n+ 1 ) +*r]r  ' '          (8> 
and  in  the  case  when  r  is  odd  (see  2.13.132) 


(9) 


By  theorems  2.11.5  and  2.13.32,  for  a  system  of  factors  chosen  in  this  way 
the  deviation  of  every  function  f(x)eW^M  from  the  corresponding 
polynomial  5.5(7)  will  for  any  integral  r  ^  1  satisfy  the  inequality 


(10) 


(n+\Y 


It  follows  that  for  every  integer  n  ^>  0 

sup    £*(/)< 


It  remains  to  note  that  if f(x)  is  the  function  2.11(9),  then/(r)(*)  —  (n+l)r 

M 

sign  sin  (n+l)x.  Hence- — r-^rrf(x)eW(^M,  and  since  for  this  function 
(n  +  ly 

£*(/)  =  K*  (see  section  2.11.3),  the  sign  of  equality  occurs  in  the  relation 
5.5(11). 


19  Theory  of  Approximation 
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5.5.2.  Whatever  the  system  of  numbers  Aj/°  may  be,  the  equation 
5.5(7)  establishes  a  correspondence  between  every  integrable  function 
f(x)  of  period  2n  and  a  trigonometric  polynomial  £/„(/;*;  A).  Since 

(12) 


/„(/;*;  A)  -~  Jj  f(t)\  *  "t-J] 

fc"=1 


this  correspondence  is  always  additive  and  homogeneous.  It  thus  defines 
a  certain  linear  method  of  approximation  to  the  functions  considered. 
It  follows  from  the  proof  of  theorem  5.5.1  that  if  4w)  (k  =  0,  1,  2,  ...,  n) 
is  the  system  of  numbers  5.5(8)  (when  r  is  even)  or  the  system  of  numbers 
5.5(9)  (when  r  is  odd),  then  for  every  integer  r  >  1 

sup    max  |/(*)-  (/„(/;  *;A)|=   sup    £*(/). 


This  indicates  that,  if  considered  for  the  whole  class  W^M  ',  the  method 
of  approximation  which  corresponds  to  such  a  system  of  numbers  gives 
precisely  the  same  uniform  deviation  as  it  would  be  possible  to  obtain 
by  taking  for  each  function  f(x)  e  W^M  its  best  Chebyshev  polynomial 
approximation.  In  other  words,  this  triangular  matrix  of  numbers  ffl 
(k  =  0,  1,  2,  ...,«)  defines  the  best  linear  method  of  approximation  to  the 
considered  class  of  functions. 

5.5.3.  In  the  case  when  for  some  n  >  0  the  first  2n+]  Fourier  coeffi- 
cients ak  (k  =  0,  1,  ...,  n)  and  bk  (k  —  1,  2,  ...,  n)  of  the  function  f(x) 
are  equal  to  zero,  we  have  Un(f;x;A)  ~  0.  Hence  it  follows  from  the 
inequality  5.5(10)  that  if  for  some  integral  r^\  such  a  function  belongs 
to  the  class  W^\,  then** 

(13) 


5.5.4.  It  is  immediately  obvious  from  the  definition  of  the  numbers 
Kr  (see  2.11(10))   that  ^>  K3>  K.>  ...  >  ~   and    K0<K,<K4< 

7U 

<  ...  <  -—  .  Here  K0  —  1  and  ^  =  —  .  Consequently,  for  any  integer   r 

7C  2 

KKr<~.  .    (14) 

This  remark  shows  that  the  constant  Br  in  the  inequality  5.5(4)  or  5.1(21) 
is  in  reality  bounded  with  respect  to  r,  and  Br  <  ~. 


**  J.  Favard  [1].  S.  N.  Bernstein  [14],  in  the  case  n  -  0,  r  >  1;  (see  3.12.23); 
H.  Bohr  [1],  in  the  case  n  >  1 ,  r  =  1 . 
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It  is  also  possible  to  give  similar  estimates  for  the  constant  in  the  other 
inequalities  of  section  5.1.  Thus,  for  example,  if  the  periodic  function  f(x) 
of  period  2n  has  the  continuous  r-th  (r  an  integer)  derivative  f(r](x),  then 


It  is  not  difficult  to  obtain  a  similar  estimate  which  improves  on  the  pre- 
cision of  5.1(18)  for  k  --  2,  if  use  is  made  of  the  last  two  inequalities  of 

3.12(4).  Putting  h  =  -  -,  let  us  write  the  function  /(x)  in  the  form  of  the 

sum 

f(x)  -  {f(x)-fh.*(x)}  '\-fh,2(x)9 

where  //I>2(X)  is  the  second  function  of  V.  A.  Steklov  for/(jc)  (see  section 
3.12.1).  Since  by  3.12(4) 

|/(r)W-/&tv)  !  <  4  wa(/(r);  2/i)     and       |  A(;2+2)Ov)|  <  ^-  ™2 
it  follows  that 


and 


Consequently 


Similarly,  by  considering  the  first  function  of  V.  A.  Steklov  fhtV(x),  it  is 
possible  to  obtain  the  estimate** 

#-i(/)<  ~co  (/<'>;!).  (16) 

which  gives  one  possible  value  of  the  constant  on  the  right-hand  side 
of  the  inequality  5.1(18)  for  k  =  1  . 


**  N.I.  Akhiezcr  [1].  In  this  monograph  there  was  first  given  a  systematic  appli- 
cation of  the  functions  of  V.  A.  Steklov  to  problems  of  harmonic  approximation.  Even 
earlier  A.  N.  Kolmogorov  [1]  applied  these  means  to  the  investigation  of  the  conditions 
of  compactness  of  families  of  functions  (see  3.12.2). 
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5.5.5.  If  the  r-th  derivative  of  the  function  f(x)  belongs  to  the  class 
L*(q>l)  and 

2*  JL. 


then,  using  Minkowski's  inequality  for  integrals  and  reasoning  exactly  as 
in  section  5.5.1,  we  obtain  the  result  that  for  the  system  of  numbers  5.5(8) 
when  r  is  even,  or  5.5(9)  when  r  is  odd, 


i.e. 

fl/fjr 

(17) 


Hence  with  the  help  of  the  inequalities  3.12(8),  just  as  in  section  5.5.4, 
it  is  possible  to  obtain  the  similar  estimates 


(18) 


fLg 

for  differentiable  functions. 


5.6.  On  the  asymptotic  behaviour  of  the  upper  bounds  of  best  approxi- 
mations of  classes  of  functions  differentiable  a  given  finite  number  of 
times.  S.  N.  Bernstein's  theorem 

Formula  5.5(5),  obtained  for  the  best  approximations  of  periodic 
functions  by  trigonometric  polynomials  considered  in  section  5.5.1,  shows 
that  as  n  increases  without  limit  the  upper  bound  sup  nrE*(f)  pos- 

fwPi 

sesses  a  limit.  It  appears  that  this  is  true  in  certain  other  cases  also.  In  this 
section  the  classes  W(r)H(a)  (see  section  3.5.3)  are  investigated  from  this 
point  of  view  and  an  important  asymptotic  relation  is  established  for  the 
corresponding  upper  bounds  for  the  best  approximations  by  algebraic 
polynomials  on  a  finite  segment  and  for  the  best  approximations  by  tran- 
scendental integral  functions  on  the  whole  real  axis. 
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5.6,1.  In  addition  to  the  class  W(r}H(a)M  of  all  continuous  functions 
f(x)  defined  on  the  real  axis  —  oo  <  x  <  oo  and  having  an  r-th  (r  an  integer) 
derivative  f(r)(x)  which  satisfies  the  Lipschitz  condition  w(/(r);  0  <  Mta 
(Q  <  a  <  1),  let  us  consider  the  part  of  it,  W^H(a)M,  which  consists 
of  all  periodic  functions  of  period  2-n  occurring  in  W(r)HaM,  and  also 
the  class  W^H(a)M  of  functions  considered  on  [— # ,  a}  and  possessing 
an  r-th  derivative  which  satisfies  on  this  segment  a  Lipschitz  condition 
of  order  a  with  constant  M.  Let  us  note  here  that  for  a  given  value  of  a, 
whatever  the  function  f(x)  e  W^H(a)M  may  be,  there  exists  a  periodic 
function  Fr(x)  e  W(r)H(a}M  which  differs  from  f(x)  on  the  segment 
—a  <  x  <  a  by  an  algebraic  polynomial  of  degree  <  r. 

1     ? 
In   fact,   let  us  continue  the  function  /(x)  =/<r>(x)— —  ]  f(r)(t)dt 

—  o 

periodically  on  to  the  whole  real  axis,  preserving  the  modulus  of  conti- 
nuity, as  indicated  in  the  remark  of  section  3.5.71.  Then  the  mean  value 
over  a  period  of  the  function  F(x)  after  continuation  is  equal  to  zero, 
the  period  is  equal  to  4a  and 


max     \F(x)\  —  max 

-oo<x<oo  \x\<a 


(1) 


Let 


be  the  Fourier  series  of  F(x).  The  function 

»'*• 

belongs  to  the  class  W(r}H(a)M  and  possesses  the  property  that 

a 

F(r'\x)  =/'"(*)- -^  S  /<r)(0'd/      for      *6[-a,  a]. 

—  a 

Hence  for  —a  <  x  ^  a 
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Thus  by  the  remark  quoted  above 

Cr(.a2(-l,  1)  -       sup      if+*En(f;-\,  1) 


sup 


;-l,  1) 


(3) 


for  n  >  r. 

5.6.2.  Let    us    prove    that    as   n  increases  without  limit  the  quantity 
C(r"l(~  1,  1)  has  a  limit  and 

lim  C^(— 1,  1)  =  C,a)  =       sup       A^f),  (4) 

where  A±(f)  is  the  best  approximation  of  the  function  f(x)  by   integral 
functions  of  finite  degree  <  1  on  (—00,  oo)**  (see  section  2.6.2). 

Let  f(x)    be   an  arbitrary   function    of  the    class    W(P  H(ac)  M,  fn(t) 


=/(— ,  n  and  Pn(f;x)  an  algebraic  polynomial  of  degree  <J  n  which 


deviates  least  from  the  function  f(x)  on 


--•4 

a     a\ 


"rom    the   definition 


of  the  constant  c£"i  it  immediately  follows  that 


.        __i  =  n^ax 

0       01  ,    ,    .n 

\*\^~ 


=  max 


(5) 


for  any  <r>  0  and  f(x}eW(n  H(a)  M.  But  since  (see  section  5.4.6***) 
A,(f)  =-  lim  lim~£,, (/;  -  -"-;,  -?- )        (e  >  0)| 


e—  >0  n- 


we  obtain,  from  5.6(5),  after  passing  to  the  limit,  the  inequality 


**  S.  N.  Bernstein  [35]. 

***  Sincefor  any  function/We^0 //(a)Mthe relation  f(x)  =  O(\x  *"+a-l-l)  holds, 
then  in  virtue  of  the  footnote  to  page  258,  the  estimates  of  section  5.1.3  and  the  ine- 
quality 3.3(1),  the  limit  equality  of  section  5.4.6  is  applicable  to  it  for  all  a>  0. 
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from  which  it  follows  for  M  =  I  that 

C^li^C^-l,!)  (6) 

n~  >oo 

Now  let  f(x)  be  an  arbitrary  function  of  the  class  W[r)H(ct}M  and 
Fr(x)  the  function  corresponding  to  it  in  the  class  W(r]  H(<*]M9  defined 


in  section  5.6.1.  If  n  ^  r  (s>  0),  &r(x)  =  Fr   -jc    and  Pn(Fr\  x)  is 

the    algebraic    polynomial    of  degree   <  n  which   deviates    least    from 
Fr(x)  on  [-1,1],  then 

£„(/;-  1,1)  -  3,(Fr;-l,l)  -  max  \F,(t)-Pn(Fr;  t)\ 


max 


X|^i+e 


Let  us  denote  by  g^(x)  —gi(&rix)  the  integral  function  of  degree 
which  deviates  least  from  0r(x)  on  (~oo,  oo).  It  is  obvious  that 


/14-e\rfa 
Since  Fr(x)eW(r) H(a)  M,  it  follows   that   0r(x)eW(r)  H(a)  M  I  -—  1 

and  consequently 

'H 


(9) 

\    n    I 

Moreover,  we  have 

sup     \gi(x)\  <  2  max  \0r(x)\  =  2  max  |Fr(x)| .  (10) 

~00<.x<00  X  X 

From  the  definition  of  the  function  Fr(x)  (see  section  5.6.1)  we  have  for 
r  ^  1  (see  section  3.5.5) 
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Hence 


max  |f  ,(x)|  <  max  |f  (x)|  -  D(0r\t)\  dt  =  dr  max  |f  (jc)|  . 

x  |*|  <  2  7T         ^  w<2 

Since  the  periodic  function  F(x)  is  obtained  as  the  continuation  of 

i 

the  function  <t*(x)  —  f(r)(x)-~  y  ^  /(r)(0df  by  the  method  indicated  in 

i 

the  remark  of  section  3.5.71,   the  maximum  of  its  modulus  coincides 
with  the  maximum  of  the  modulus  of  $(x),  i.e. 

i 


max  \F(x)\  =  max 


r)W~y  J/(r)(O 


d/ 


Hence  max  |fr(jrt|  <  2aAf^r  for  any  r  >  0,  and  in  virtue  of  5.6(10) 


sup 

—  oo<x<oo 


Taking  account  of  the  last  estimate,  we  have,  by  the  theorem  of  section 
5.4.4, 


Let  us  now  choose  N  so  large  that  for  any  n  >  N  the  right-hand  side 
5.6(11)  will  be  less  than 
virtue  of  5.6(8)  and  5.6(9) 


of  5.6(11)  will  be  less  than  -7+  -.  Then  for  all  such  n  we  obtain,   in 

n  ~*~ 


or  by  5.6(7) 

for  any  function  /(*)  e  ^r)^(a)M.  It  follows  from  this  that  for  all  n 
sup 

/e 

i.e. 


and  in  virtue  of  the  arbitrariness  of  e  >  0, 

lirriCr(r><Cr(a).  (12) 

n->cx> 

The  validity  of  5.6(4)  follows  from  the  inequalities  5.6(6)  and  5.6(12). 
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5.6.3.  The  numerical  value  of  the  constant  C*a)  in  the  relation  5.6(4) 
for  0  <  a  <  1  is  still  unknown.  However,  in  the  case  when  a  =  1  this 
value  can  be  determined  from  the  considerations  of  section  5.5.1. 

5.6.31.  In  the  first  place  we  shall  show  that  for  any  function 
f(x)  e  W^r~l^H(l)M  there  exists  a  sequence  of  algebraic  polynomials  Pn(x) 
which  possess  the  property  that  at  each  point  x  e  [ — 1 ,  1] 

lirr^  nr \f(x)-Pn(x)\  <  MKr  J/!^JCT,  (13) 

where  Kr  is  the  constant  of  2.11(10)**. 

Let  us  consider  the  function  <KO  =  /(cosf)  and  let  us  note  that  if 
f(x)  e  W(r~^H(l)M  then 

where  u  =  cos/,  f(r}(u)  =/(r)(cosO>  and  ipr(f)€'. 
If 

TC 

aQ= —  \  /(cosr)dr 

7u     t' 

then  (see  section  3.5.5) 

TC 

a,  ,     1 


and  consequently 

7t 

f(cosy)  =-^°-+—  ?  DS'+^ 

Z          7U    *; 
— -TC 

7T 

+  _tl1)l  C  2)fr) 

TC  J 

—  TC 

Let  us  put 


(15) 


where  Ar  I — —]  is  the  system  of  numbers  5.5(8)  (if  r  is  even)  or  5.5(9) 
\n+l  / 

(if  r  is  odd). 

**  A.  F.  Timan  [18].  In  the  case  r  =  1  this  result  was  obtained  by  S.  M.  Nikol'skii  [4]. 
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Since  the  function  \p'r(t)  is  of  the  form 


where 


then  the  sum 


-     +  T.,r+l(t)V'r(t+y)dt  + 


7t 

^L  \  r,1>r(Osi 

TC  «J 


represents  a  certain  even    trigonometric   polynomial   Pn(cosy)   of  order 
<  n.  For  the  difference  /(cos  j)—Pn(cosj)  we  have  the  inequality 


|/(cos.y)—  Pn( 

Tt 

<~  5  i^o 


- 

TC 


Consequently, 

TC 

A/    r» 

—   i    \Dp 
K    J 


r-  J  ID^^'W-r..,^')!^.      (16) 


where  with  the  condition  /(/c)  (0)^=0  (k  =  0,  1,  ...,  r—  1)  in  virtue  of 
3.10(4)  Mr  depends  only  on  r  and  on  the  value  of  the  constant  M.  The 
following  lemma  can  be  used  to  obtain  an  estimate  of  the  right-hand 
side  of  5.6(16). 
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5.6.32.  For  any  e  >  0, 

n 

\imn'(  \DP(t)-Tn,r(t)dt  =  0**.  (17) 

«->oo        g 

Since  in  the  metric  L  the  polynomial  Tntr(i)  deviates  least  from  the  func- 
tion D(Qr)(t)  (see  section  5.5.1),  it  follows  by  theorem  2.11.4  that 


*  n  r  1 

C|2#>(»-7;,r(0|dr=  C  pW(0-r.  ,(')}  sign  cos  (n-i)t-^-  \ 

'  L  2  ' 


dt 


o  o 

Consequently,  taking  account  of  sections  2.8.7  and  2.11(12),    we  find 
that  for  every  integral  v  >  0 


J{Dj'>(/)-r.,r(0}{signcos|(n+l)f— J  - 
—  sign  cos  (H+J-+ 1)/-  y     d/ 


K\_l 1         \ 

2     M  («+!)'      (»+H-l)'J 


(18) 


Let  us  now  note  that  for  every  t  e[e,  u],  where  cos    (n+l)f—  -~ h^  0, 

there  exists  at  least  one  natural  number  v  <  N  =   —1  +  1  for  which 

£J 

sign  cos  («+*+!)*— ~\  =  — sign  cos   (n+1);—-^--          (19) 

Hence   if  we  denote  by  G^0  the  set  of  all  the  t  of  [0,  TIT]  where  5.6(19) 
holds,  we  have 


J    {Z)W(0-7;,r(0}  .sign  cos L+l) /-• ^-1- 
(«)  I  L  z  J 


**  This  lemma  was  communicated  to  the  author  by  S.  M.  Nikol'skii.  The  proof 
given  was  proposed  by  V.  K.  Dzyadyk  [1]. 
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—sign  cos   (n+v+l)t—~ \\dt 

=  7  S   S  WO-7UO}  (sign  cosL+1)/- 
v    i    J  I  L 

-  sign  cos  (/i+v+1)*--^  |df  • 
Thus  in  virtue  of  5.6(18)  we  have  the  inequality 


i.e. 


(20) 


This  relation  proves  5.6(17). 

5.6.33,  In  virtue  of  theorem  2.11.4,  the  second  of  the  integrals  on  the 

right-hand  side  of  5.6(16)  is  a  quantity  of  the  order  01—  ^L    uniformly 

with  respect  to  all/e  W{r~l)H(l)M  for  which/(jfe)(0)  -  0(fc  -  0,  1,  ...,  r-1). 
Hence  it  follows  from  the  inequality  5.6(16)  that 


|/(cos^)— Pw(cosjy)|  <  - — |sinj|r\  |DJ>r)(0—  Tn>r( 

o 


H 


For  any  e(0  <  e  <  1)  it  is  possible  by  the  lemma  of  5.6.32  to  find  an 
such  that  for  all  n  ^  n0 


-o   vv      ^>rv^».^   (2/j)r- 

E 

Thus  for  all  n^nn 
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i.e.  the  difference  between  the  function  f(x)  and  the  algebraic  polynomial 
Pn(x)  satisfies  for  \x\  <  1  and  n  >  TXO  the  inequality 


Hence 


and  as  e  >  0  is  arbitrary,  we  obtain  from  this  theorem  5.6.31.  Since  the 
condition  f(k)(0)  ^  0  (k  =  0,  1  ,  ...,  r~  1)  does  not  restrict  the  generality 
of  this  theorem,  the  inequality  5.6(13)  is  satisfied  uniformly  with  respect 
to  all  *e[-l,l]  and/eH/ir-1)//(1>M. 

5.6.34.  It  follows  from  the  inequality  5.5(5)  and  theorem  5.6.31  that 

lim  C*n  -  lim  sup         nrE*(f) 


-  Kr  >  lim  C,^,  „(-!,!)  -  C<L\.        (21) 

On  the  other  hand,  let/(.v)  be  an  arbitrary  function  of  the  class  W%~l)H(<x)M 

I  x\ 

and  (bn(x)  =/ —  .   In   virtue   of  theorem  2.6.21    (see   2.6(5)   we   have 
\nl 

E*(f)  =  An(f)  and,  since  An(f)  —  A^^,  we  have 
Consequently,  the  inequality 


C*.  -        su_p    ^  (»+!/£*(/)  <  1^-j 
holds  for  all  «,  or 


i.e.  X,.<CjLi.  Combining  tlois  inequality  with  5.6(21),  we  find  that 
the  constant  C^  is  identical  with  the  constant  Kr**.  Hence  in  virtue  of 
theorem  5.6.2  it  follows  that  it  is  impossible  to  decrease  the  coefficient 
Kr  in  the  inequality  5.6(13)  for  the  whole  class  W(^H(l}M.  (See  the  end 
of  section  5.6.33.) 


5.6.35.  Since  for  any  a  >  0  and  <j)a(x) 


**  M.  G.  Krein  [2]. 


ix\ 
=/(  —  1 

\<*! 
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we  find  from  theorem  5.6.2,  taking  into  account   that   C(rl\  =  Kr9  that 
for  any  natural  number  r 

sup        Aff(f)=Mfr.  (23) 

/efF(r-l)«(1>M  ^ 

Hence  as  in  section  5.5.4,  using  the  inequalities  3.12(11)  for  the  functions 
of  V.  A.  Steklov,  it  is  possible  to  obtain 


>K)- 


(24) 


for  the  best  approximation  Aa(f)  of  bounded  functions  with  bounded 
r-th  derivative  (r  an  integer)  on  ( —  oo,  oo),  which  is  an  improvement  in 
precision  on  5.1(17)  for  k  =  1  and  k  =  2. 

5.6.36.  The  inequality 

A«(f)  ^  —  vrai  sup    /•<">(*), 

6  r    —  <x><  .x  <oo 

which  follows  from  the  estimate  5.6(23),  holds  for  any  function  f(x),  which 
for  a  given  r  ^  1  belongs  to  one  of  the  classes  ^(r~1)//(1)M.  It  follows 
from  this  that  for  the  functions  f(x)  considered  we  in  fact  always  have 


(25) 

U 

The  estimate 

oo 

(26) 


(Cr   is   a   constant  which  depends   only  on  r),    which  has   a   meaning 

00 

if  ^vr~lAv(f)  <  oo,  is  in  a  certain  sense  converse  to  5.6(25).  It  can  be 

v—  1 

obtained  as  follows.  Since  f(x)  —  lim  ga(f;  x\  where  gff(/;  x)  is  an  integral 

<r—  >oo 

function  of  degree  <  a  for  which 


=       sup 

—  00  <  x  <00 


then,  for  any  cr  >  0, 
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Moreover,  thanks  to  the  inequality  of  S.  N.  Bernstein  for  the  derivative 
of  integral  functions  of  the  class  Ba  (see  4.8(5)), 


Hence,  choosing  p  such  that  2P  <C  <r  <  2P+1,  we  obtain 
^CP'X      sup     \F'>(x)-g<J>(f;  x)\ 

—  00<X<00 


i.e.  5.6(26)  is  satisfied. 

In  particular,  if  the  function  f(x)  is  periodic  with  period  2n,  then  in 
virtue  of  theorem  2.6.21,  the  inequality  5.6(25)  and  the  estimate  5.6(26) 
we  obtain** 


(27) 
and 

oo 

.  (28) 


5.6.4.  As  was  shown  by  S.  N.  Bernstein,  the  limiting  inequality 
lim       sup       nr^En(f\  —  1  ,  1)  =  lim       sup       «rfl£*  (/)****, 


obtained  in  section  5.6.34  for  the  classes   W(r)H(a)M  for  a  =  1  ,  holds 
for  all  a(0  <  a  <  1),  i.e.  for  any  a(0  <  a  <  1) 

lim        sup       rf+*En(f\-  1,1)=  lim        sup       nr+*E?(f).         (29) 


**  It  is  also  possible  to  obtain  the  inequality  5.6(27)  directly  from  formula  3.5(15), 
if  it  is  observed  that  for  any  trigonometric  polynomials  Un(x)  and  Kn(.v)  of  order  <  n 


7T 
0 


where  Tn(x)  is  a  certain  trigonometric  polynomial  of  order  <  n . 
***  S.  B.  Stechkin  [2]. 
####  por  r  _  Q  this  equality  was  first  obtained  by  S.  M.  Nikol'skii  [1]. 
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In  the  case  r  =  0  this  can  be  verified  if  use  is  made  of  theorem  5.6.2  and 
it  is  noted  that  on  the  one  hand,  in  virtue  of  the  inequality  5.6(22)  we  have 

n«E?(f)  <  MC<*\  (30) 

for  all  functions  f(x)  e  W$pH(*}M,  and  consequently 
iim"       sup       «*£*(/)  <  MC(*\ 


and  on  the  other  hand,  to  any  function  f(x)  e  W^H(a)M  there  corresponds 
a  function  F(t)  e  W^H^M  (F(t)  -  /(cos  t)}  for  which  E*(F  )  -  £„(/;  -1,1) 
and  consequently 

Iim        sup       n*E%(f)  ^  Iim        sup       na^n(/;  -1,1) 


n-*oo  fcWfll      M  n~*°°  ft-W^'H^'M 

5.7.  The  best  approximation  of  functions  analytic  in  a  strip 

Let  us  consider  the  problem  of  the  character  of  the  decrease  of  the 
best  approximation  (by  integral  functions  of  exponential  type)  of  bounded 
functions  f(x)  which  are  analytic  in  a  certain  strip  containing  the  real 
axis  —  oo  <  A:  <  oo .  First  and  foremost  the  classes  A^tdUM  (or  A^^M) 
defined  in  section  3.8.6  are  of  interest  from  this  point  of  view. 

One  result  which  belongs  here  has  already  been  derived  in  section 
5.4.2  for  the  periodic  case  (see  5.4(6)).  We  now  consider  the  wider  classes 
indicated,  and  commencing  with  considerations  similar  to  those  given  in 
section  5.5.1  for  the  classes  W^M,  we  give  more  precise  estimates. 

5.7.1.  We  make  two  preparatory  remarks. 

5.7.11.  An  integral  of  the  form 

oo 

4.(x+t)g(t)dt, 

> 

where  <t>0(t)  is  an  integral  function  of  the  class  B^L) ,  and  g(t)  is  an  arbi- 
trary bounded  measurable  function,  is  always  some  integral  function  of 
the  class  Ba.  This  can  be  verified  by  expanding  cj)ff(x+t)  in  a  Taylor  series 
in  powers  of  x  and  applying  the  integral  inequality  of  S.  N.  Bernstein 
(see  4.8(28),  q  =  1). 

5.7.12.**  If  the  bounded  function  C(/)>  defined  on  the  semi-axis  t^Q,  is 
twice  monotonic,  i.e.  C'(0<0,  C"(0>0,  andlim  C(0  =  0,  then  for  all  x^Q 

/I-™*  00 

oo 

b(x)=  \C(t)cosxtdt  (1) 


**  E.  C.  Titchmarsh  [2]. 
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Here  the  function  b(x)  is  non-negative  and  integrable  on  the  whole  real 
axis.  After  integration  by  parts  the  first  of  these  assertions  follows  from 
the  integrability  of  the  function  C'(t)  on  [0,  oo),  and  the  second  from 
the  identity 


In  order  to  verify  the  integrability  of  the  function  b(x)  on  ( — oo,  oo), 
we  remark  that 

oo 

xb  (*)  =  —  J  C'  (/)  sin  tx  d  x .  (2) 

0 

Since  C'(t)  is  mono  tonic  and  integrable  on  (0,  oo),  it  belongs  to  the  class 
L2  in  this  interval.  By  theorem  3.11.23  (see  also  section  3.11.21)  the  prod- 
uct xb(x)  also  belongs  to  the  same  class.  Hence  it  follows  with  the  help 
of  Holder's  inequality  that  the  function  b(x)  is  integrable  on  any  interval 
(e,  oo)  (e  >  0).  Applying  Plancherel's  theorem  (see  sections  3.11.21  and 
3.11.23)  to  the  transformation  5.7(2),  we  have 

rv» 

2    d 


i.e. 

oo 

C(0)— C(x)  =  —  \  (l—cosxt)b(t)dt. 

71  J 
0 

Since  b(t)  >  0,  it  follows  that  for  any  e  >  0 

00 

2 

"""    TC 
e 

Passing  to  the  limit  as  x  ->  oo  and  using  the  well-known  Riemann- 
Lebesgue  theorem,  we  obtain  the  inequality 


which  shows  that  the  function  b(t)  belongs  to  the  class  L  on  the  whole 
range  [0,  oo). 


20  Theory  of  Approximation 
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5.7.2.  Let  us  consider  an  arbitrary  function  f(x)  of  the  class  A 
(see  section  3.8.6).  In  virtue  of  the  remark  5.7.11,  for  any  a>  0 


A,(f) 


inf 


sup 


/(*)-  \  4>.(x+t)g(t)dt 

i- 


Since  f(x)eA(X)tdUM9  the  representation  3.8(17)   holds,  and  using  this 
we  obtain  from  the  above  the  inequality 


inf 


(L) 


1 


i 

Ch2* 


dr. 


(3) 


Furthermore,  in  order  to  find  an  explicit  expression  for  the  right-hand 
side  of  5.7(3)  it  turns  out  to  be  possible  to  apply  considerations  similar 
to  those  given  in  section  2.11.5. 
We  have  the  identity 


2 


- 


(4) 


the    validity    of  which    is    easily   verified    by    expanding    the    function 
a(t)  —  —  -——  in  a  series  of  powers  of  e  6t  and  integrating  the  correspond- 


ing  series  on  the  right-hand  side  of  5.7(4)  term  by  term. 

Here  the  function  a(t)  plays  the  same  part  as  was  played  in  section 
2.11.5  by  the  sequence  of  numbers  ak.  By  analogy  with  the  sequence  of 
numbers  2.11(17)  let  us  consider  for  any  o*  >  0  the  function 


(5) 


Since  for  sufficiently  great  values  of  t  the  function  a(t)  is  triply  monot- 
onic,  i.e.  a'(t)  <  0,  a"(t)  >  0,  a"(i)  <  0,  then  for  all  a  beginning  with 
a  certain  value  C(t)  is  doubly  monotonic  on  the  semi-axis  f  >0. 
As  a  result  of  this  and  in  virtue  of  section  5.7.12  the  product 


[C(t—d)+C(t+0)]cosxtdt 
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has  a  sign  which  is  identical  with  the  sign  of  cos  ax.  On  the  other  hand, 
since  for  t  5?  0 


it  follows  that  this  product  can  be  written  as  the  difference 

00 

2 cos  (7.x:  \  C(t)costxdt 

0 

OO  ff 

TU  J   ch  dt  J 

o  o 

or  in  virtue  of  the  identity  5.7(4) 


cosxtdt, 


2  cos  ax 


where 


1 

COStxdt  =  TTT 


— C(cy— 0 


Since  ^(A:)  is  a  certain  integral  function  of  degree  <  a  (ya(x)  e  Ba(Lj), 
it  follows  from  5.7(3)  that 


Ajn<™ 


I 


nt 


d/ 


sign  cos  o7d/. 


Substituting  here  in  place  of  sign  cos  at  the  series 


sign  cos  at  =  ~  ^X  ( —  l)k 
and  integrating  term  by  term,  we  obtain 

M-i)*  ~ 


cos(2fc+l)<r/ 


20* 
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If  use  is  made  of  the  identity  5.7(4)  and  the  fact  that  the  Fourier  trans- 
form of  the  function  ya(i)  for  t  >  a  is  identically  equal  to  zero,  we  finally 
obtain  the  inequality 

(-1)* 


for  the  best  approximation  Aa(f)  of  the  arbitrary  function  f(x)  of  the 
class  A^jUM  for  sufficiently  great  values  of  cr. 
Considering  in  the  class  A^^UM  the  function 


/^ 

which  has  period-^-,  and  using  the  propositions  of  sections   2.6.21  and 
o 

2.7.32,  we  verify  the  fact  that  for  it  the  quantity  ^4ff_0(/o)  is  identically 
equal  to  the  right-hand  side  of  5.7(6).  Consequently**,  for  all  sufficiently 
great  values  of  a  the  exact  equality 


is  satisfied. 

5.7.21.  Putting  cr  =  n+l,  we  find  that***  for  any  periodic  function 
of  period  2n  the  inequality 

(  n  <  8M  V  (-D"    e<*"*-+"    <  SM 
c;  ;  ^  "IT  (2t+ixn+i)  <  —  e 


4s  satisfied  for  all  sufficiently  great  values  of  n,  where  o  =  e"*. 

This  result  can  also  be  obtained  directly  by  using  the  representation 
3.8(20). 

5.7.22.  The  estimate  5.7(7)  shows  that  if  the  real  function /(x),  defined 
on  ( —  oo,  oo),  belongs  to  the  class  A^f&M&  for  any  positive  8  <  <5  (see 
section  3.8.6),  then 

'  7><e-t.  (9) 


Thus  the  limiting  relation  5.7(9)  is  valid  for  any  function  f(x)  of  the  class 
Aoo, d  bounded  on  (—  oo,  oo)  (see  section  3.8).   This  inequality,   which 


**  N.  I.  Akhiezer  [2].  See  also  N.  I.  Akhiezer  [3],  where  the  given  result  is  obtained 
from  more  general  considerations  of  the  same  type. 
***  N.  I.  Akhiezer  [3]. 
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generalises  5.4(6),  could  also  have  been  obtained  directly  from  the  esti- 
mate (see  5.6(23)  and  5.5(14)) 


^  (10) 

^*u 

and  the  condition  (see  section  3.8) 

'~Mn(f)  ^  1 


lini 


-  I". 


n\       ^  d 


where  AfB(/)  =     sup      |/(lt)(x)|,  by  making  use   of  Stirling's  formula 

—  oo<  jc<oo 


(see  3.7(2))  and  for  arbitrary  e  >  0  putting  a  -  **  . 

o 

Let  us  note  that  from  the  inequality  5.7(8)  there  immediately  follows 
an  estimate  more  precise  than  5.4(2)  of  the  best  approximation  by  al- 
gebraic polynomials  of  a  function  f(x)  analytic  on  a  given  finite  segment. 

For  definiteness,  let  us  consider  the  segment  [—1,1]  and  a  real  function 
f(x)  which  belongs  to  the  corresponding  class  ARM  (see  section  3.7.21). 
Putting  z  =  cos  TV  let  us  consider  the  periodic  function  F(w)  —/(cos  w) 
of  period  2^. 

To  the  interior  part  of  the  ellipse  CR  (see  section  3.7.21)  in  the  z-plane 
there  then  corresponds  the  interior  part  of  the  strip  1  v  1  <  In  R  in  the 
plane  of  w  =  u+iv.  Thus  F(W)eAa0t  ln/?M,  and  as  in  this  transformation 
to  an  even  trigonometric  polynomial  there  corresponds  an  algebraic  poly- 
nomial of  the  same  order,  then  on  applying  the  inequality  5.7(8)  to  the 
function  F(w)  we  find  that***  if  the  real  function  f(x)  belongs  to  the  class 
ARM(—\9l\  then  for  sufficiently  great  n  we  have  for  its  best  approximation 
by  algebraic  polynomials  on  [—1,1]  the  estimate 


5.8.  Constructive  properties  of  some  quasi-analytic  classes  of  functions 

The  property  of  a  sequence  of  best  approximations  of  analytic  functions 
established  in  section  5.4.1  is  closely  connected  with  the  constructive 
properties  considered  in  that  section  of  functions  which  satisfy  the  con- 
ditions of  analyticity  indicated  in  section  3.10  (see  3.10(1)  and  3.10(12)). 

5.8.1.  Let  us  begin  with  the  quasi-analytic  classes  of  functions  char- 
acterised by  condition  3.10(2),  and  prove  ,  that****  if  the  infinitely  differ- 

**  S.  N.  Bernstein  [45]. 
***  N.  I.  Akhiezer  [3]. 
****  S.  N.  Bernstein  [7]. 
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entiable  function  f(x)9  defined  on  [a,b],  satisfies  condition  3.10(1)  on  this 
segment,  then  the  inequality  3.10(13)  holds  for  its  best  approximation  by 
algebraic  polynomials,  i.e. 

um  V£(7;"flr*)<i.  (i) 

n-  ><x> 

The  inequality  5.8(1)  can  be  obtained  by  using  Jackson's  theorem 
applied  to  the  estimate  5.2(15),  from  which  it  follows  that  for  any  m  ^  n 

EJf, «,  »)  <  C-M^W/K  (.£)'M,</>, 

where  B  is  some  constant.  Hence  it  follows  that  if  for  some  bounded  se- 
quence nk  we  have  M»  (/)  <  (Mnk)nk ,   then   for   m  —  2BMnk   we    have 
i 


/  1   \2*M 

Emk(f;  a,  b)  <Uj       ,  i.e.  5.8(1)  holds**. 


We  give  another  proof  of  theorem  5.8.1  based  on  an  idea  of  S.  N.  Bernstein,  which 
is  also  interesting  in  itself.  By  Taylor's  formula 


/(x)  =     7     — p  /     (c)  (x— c)v  -\ (x—c)nk.  (2) 

t— '     v!  /z, ! 

y^=:  0  "> 

where  \0\  <  1,  c  =  •§  (a+W  and  /^  is  a  subsequence  of  the  natural  numbers  for  which 
lim   —  y  Mnk(f)  —lim   --j/Mn(/).  (3) 

As  in  section  3.10.1,  it  follows  from  formula  5.8(2)  and  condition  3.10(1)  that  for  some 
constant  M,  depending  only  on  the  function  /  considered,  and  for 


the  inequality  \f(x)-Pnk-i  (x)\  <  (M\x-c\)"k  is  satisfied.  Hence  for  all  x  for  which 


Then  choosing  instead  of  c  the  points  c±  -rr^  and  repeating  the  same  procedure 

4Af 

for  them,  we  obtain  a  similar  inequality  for  two  segments  of  the  same  length  with  centres 


**  For  the  best  approximation  Aa(f)  of  a  function  defined  on  (—00,00)  and  satis- 
fying there  condition  3.10(1),  the  similar  inequality  lim   |//4a(/)  <  1  holds.    It  follows 

a— >oo 

directly  from  5.7(10). 
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at  c  ±  ~— .  It  is  obvious  that  in  this  way  we  can  cover  [a,  b]  by  a  finite  system  of  con- 
4M 

secutively  intersecting  intervals    (av,  bv)  (v  =  1,  2, ...,  m)  *  on  each  of  which  the  ine- 
quality 

-nk    ,  <*v>    v    -  2,,fc 

is  satisfied. 

It  is  now  necessary  to  show  that  5.8(1)  follows  from  the  finite  system  of  inequalities 
5.8(5).  Let  us  consider  the  case  m  =  2.  Then  without  loss  of  generality  it  may  be  supposed 
that  a  =  —1,6=  1  and  that  the  segments  [al9  6J,  [a2,  62]  are  [— r,  1],  [— 1,  r],  where 
0<r<  1. 

Thus  it  is  required  to  prove  that  if  for  some  infinite  sequence  of  natural  numbers 
/ifc  the  function /(x),  considered  on  [  — 1,  1],  satisfies  the  conditions 

1 

"k  '          "    2"k 

p1      (  f'     1        l»\     -'-   (f\\ 

then 

lim  "(/^(/T^,  lY<l.  (7) 

For  this  purpose  let  us  make  use  of  the  well-known  binomial  series,  applied  in  chap.  I 
(see  section  1.2.1).  After  term-by-term  differentiation  of  the  binomial  expansion 


we  find  that  for  r  <  \x\  <  1 

1+*+*|ili;(v?ijr«--^"I  =  {o    !f   T<1 

The  partial  sums  of  the  last  scries 

•San-iCx)  —  1+x+x  ^       v^i    ~ (1—  jc2)v~"1  (8) 

vs=*2    ^      (v  — 1)! 

possess  the  property  that  for  all  x  on  the  segment  [—1,  —r] 

r 
and  for  all  x  on  the  segment  [r,  1] 

<! (l~r2)"       (r  <*<!).  (10) 

r 

If,  however,  |#|  <  r,  then 

l^2n-iCv)|  <  l+«r  <  2/i       (|.x|  <  r).  (11) 

Let  us  consider  a  sequence  of  polynomials  an(x)  such  that  O2n(x)  —  02n-i(x)  = 
S$n-i(x).  Let  Pn(x)  and  G«CY)  be  the  best  polynomial  approximations  of  degree  n  to  the 
function  f(x)  on  the  segments  [— r,  1]  and  [  — 1,  r]  respectively. 


312     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 
Let  us  form  the  polynomials 

)[2-<Jn(x)]}  .  (12) 


From  the  fact  that  on  the  segment  [— r,  r]  the  relations 

l/60-P^ (*)|  <  --jjj-  ,         \f(x)~Qnk(x)\  <  -~ 

are  simultaneously  satisfied,  it  follows  in  virtue  of  5.8(11)  that  for  |*|  <r 

\f(x)~R2nk(x)\<-~~. 

In  order  to  estimate  the  difference /(*)  — R2nk(x}  for  |jc|  >  r,  we  make  use  of  the  ine- 
quality 4.8(39)  for  the  segments  [— r,  1],  [— 1,  r]  and  for  the  polynomials  Pn(x)9  Qn(x) 
which  correspond  to  them.  If  max  |/(A-)|  =  M9  then  in  virtue  of  5.8(6) 

-(M     l  U3~r^2 

for  -1  <. 


\Pnk(x)\  <  M+ 
for  r<x  <1.  Consequently,  by  5.8(9)  and  5.8(10), 


~i 

3-r+2|/2Tl~^7 


for  —  1  <  x  <  — r  and 

IG"* 


for  r  <  *  <  1  .  If  the  value  of  r  is  taken  sufficiently  close  to  unity,  then  for  some  A  >  0 
and  6  <  \  we  find,  that 

\Pnk(x)ank(x)\<A6nk 
for  —  1  <*  <  —  r  and 


for  r  <  x  <  1.  Hence  if  we  take  account  of  5.8(6)  and  also  the  estimates  5.8(9),  5.8(10) 
and  5.8(11),  it  follows  that  for  some  C>  0  and  Q  <  1 

l/(*)--*2»fc(*)|  <  Q2"*      fe  >  0)  (13) 

for  all  x  on  the  segment  [—1,  1], 

Thus  the  assertion  is  proved  if  the  ratio  of  the  length  of  the  common  part  of  the 
two  segments  considered  to  the  length  of  each  of  them  is  sufficiently  close  to  unity.  Let 
us  note,  then,  that  here  the  necessary  lower  bound  of  the  value  of  this  ratio  is  an  absolute 
quantity.  Hence  in  those  cases  where  such  a  ratio  does  not  satisfy  the  requirements 
indicated,  it  will  be  possible  after  repeating  the  given  procedure  a  finite  number  of  times 
to  obtain  for  some  natural  number  p  a  sequence  of  polynomials  Rpnji(x)  of  degree  <  pn^ 
which  possess  the  property  that  for  any  x  on  the  whole  segment  [—1,1]  the  inequality 

\f(x)-Rpnk(x)\  <  CQpnk  (14) 

is  satisfied,  where  C>  0  and  0  <  Q  <  1,  i.e.  5.8(7)  holds. 
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Similarly  we  conclude  that  from  the  validity  of  the  proposition  formulated  above 
for  m  —  2  its  validity  follows  for  any  finite  value  of  m. 

5.8.2.  The  inequality  5.8(1)  could  also  have  been  obtained  with  less  restrictive 
assumptions  on  f(x).  In  particular,  there  is  no  necessity  to  suppose  the  function  /(*) 
infinitely  differentiate  in  advance.  If  instead  of  Taylor's  formula  5.8(2)  use  is  made  of 
its  finite  difference  analogue  3.12(17)  (see  3.12.11),  then,  using  the  same  considerations 
as  in  section  5.8.1  for  the  proof  of  the  inequality  5.8(1),  we  arrive  at  the  following  prop- 
osition**. 

The  assertion  of  theorem  5.8.1  is  valid  for  any  function  f(x)  continuous  on  [a,  b]  for 
which  there  exists  an  infinite  sequence  of  natural  numbers  n^  and  an  infinite  null-sequence  of 
values  hk  (Jik  ~^  0# s  k->  oo)  such  that 


where  M  is  a  constant  which  does  not  depend  on  x,  n^  and  h^ 

5.8.3.  The  following  theorem**  gives  an  idea  of  the  character  of  the 
decrease  of  the  sequence  of  best  approximations  of  the  functions  f(x) 
which  satisfy  the  Denjoy  condition  3.10.2.  If  the  function  f(x),  defined  on 
[a,b]9  is  infinitely  different  fable  and  satisfies  the  condition  3.10(12),  then 


- 

sup  |/£,(/;  a,  b) 

k*»l 

In  order  to  prove  this  proposition,  we  make  use  of  the  inequality 
Ek(J;a,b) 


which  follows  directly  from  5.2(15).    It  follows  from  this  that  for  any 


and  as  the  lower  bound  of  the  expression 


for  all  integral  n  and  for  all  k  ^  n  is  greater  than  zero,  then,  denoting 
it  by  (5,  we  obtain  for  k^n 


~~kEa. 


(18) 


**  S.N.  Bernstein  [7], 
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Thus  the  conditions  3.10(12)  and  5.8(18)  imply  the  convergence  of 
the  series 

oo  - 

V J_^_  (19) 

B4i  sup  I/ E&;  a,  b). 

k>n 

We  shall  show  that  the  convergence  of  this  series  entails  the  convergence 
of  the  series  5.8(16). 

Noting  that  for  \f(x)\  <  1  the  terms  of  the  series  5.8(16)  do  not  in- 
crease as  n  increases  (since  En(f;  a,  b)  <,  1),  we  conclude  that  in  the  case 
when  this  series  converges,  by  virtue  of  the  lemma  on  numerical  series 
given  in  section  3.8.3,  there  can  exist  not  more  than  a  finite  number  of 
values  of  n  for  which 


supk  |   Ek(f\  a,  b}  <  n. 

For  all  other  values  of  n 

supk  I/ Ek(f;~aJ})  >  /i, 

and  consequently,  since  Ek(f\  a,  b)  <  1,  we  have 

sup  k  J7  Ek(/;  fl,T)  -  sup  fe  j7  ''Ek(f\a7~b) .  (20) 


Thus  the  series  5.8(16)  differs  from  the  series  5.8(19)  only  in  a  finite 
number  of  terms,  and  must  converge  with  it. 

5.8.31.  If  the  infinitely  differentiate  function /(A:)  considered  is  defined 
on  the  whole  real  axis  and  satisfies  condition  3.10(12)  there,  then  its  best 
approximation  Aa(f)  by  integral  functions  of  exponential  type  possesses 
a  property  similar  to  5.8(16),  i.e. 

00 

=  oo.  (21) 


In  particular,  for  the  best  approximations  by  trigonometric  polynomials 
of  periodic  functions  of  period  2n  for  which  3.10(12)  holds,  we  have 

y— ,.?^-,  ^=°°-  (22) 


The  relation  5.8(21)  follows  directly  from  3.10(12)  after  the  application 
of  the  estimate  (see  section  5.6.35,  and  also  5.5(14)) 


which  holds  for  all  integral  n  and  for  all  a  >  0. 
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5.8.4.  It  directly  follows  from  theorem  5.8.3.  (or  5.8.31)  with  the  help  of  S.  N. 
Bernstein's  criterion  given  in  section  1.8,  that**  if  the  infinitely  differentiable  function 
f(x)  defined  on  the  finite  segment  [a,b]  (or  on  (  —  00,00))  is  quasi-analytic  in  the 
sense  of  D  enjoy,  i.  e.  it  satisfies  condition  3.10.12,  then  the  sequence  of  its  best 
approximations  En(f\a,b)  (or  An(f})  satisfies  the  inequality 


-~ 


(/i  =  1,2,...)  (24) 


lor  An(f)  <  -----  I  where  4>(x)  is  some  weight  function.  In  order  to  verify  this  it  is 


sufficient  to  consider  the  function 


where 


(or  cv  =  -—  Y-  {supfcaj/  Ak(f)\~2V  1,  for  which  the  series  V  ~\f  cv    diverges  in  virtue 
2v    lfc>i     r  '       /  v-i 

of  theorem  5.83.   (see  section  1.8.1),  and  note  that  <?vn2vEn(f;  a,b)<—^. 


5.9.  Estimates    of   best    approximations    for    some    conjugate    classes   of 
functions 

We  will  now  consider  the  constructive  properties  of  functions  conju- 
gate (see  section  3.11)  to  the  functions  belonging  to  some  of  the  classes 
studied  above. 

5.9.1.  Let  us  commence  with  the  classes  W^M  of  periodic  functions 
of  period  2rc  conjugate  to  the  functions  belonging  to  the  class  W^M . 
If  /(*)  e  W^M  and 

00 
flfl  V^  ,          .        ,  x«x 

—  -{-   >    (flfccosA;x -\-bksii\kx)  (1) 

is  the  Fourier  series  of  the  corresponding  function /(X),  then  by  the  defini- 
tion of  3.11.1, 

00 

f(x)  =  2  (ak  sin kx—bk  cos  kx) . 

After  r-fold  integration  by  parts  in  the  formulae  for  the  Fourier  coefficients 
ak,bk  we  obtain  as  in  section  3.5.5, 

2Tt 

If 

TC    1 1 
0 


**  S.  N.  Bernstein  [7], 
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where 

oo   sin  I 


.  L      ™ 

smlkt  --  — 


n(x)  -  Utt(f;x;X)  -        W(aksmkx- 


Putting 


where  A^n)(«  =  1,  2,  ...;  fc  =  1,  2,  ...,  w)  is  an  arbitrary  system  of  numbers, 
let  us  consider  the  difference  f(x)—  fn  (x).  Since 


sn 


we  have,  in  the  case  where  |/(r)(X)|  ^  M, 

27t 


0 

27T 


dt. 


Let  us  choose  the  polynomial  A['j),  as  in  section  5.5.1,  in  such  a  way  that 
the  integral  on  the  right-hand  side  of  the  last  inequality  will  assume  its 
least  possible  value.  Then  using  the  proposition  of  section  2.11.5  when 
r  is  odd,  and  2.13.32  when  r  is  even,  we  obtain  the  estimate 


£.*(/)  <  max  \f(x)-Ttt(x)\ 


(4) 


where 


On  the  other  hand,  since  the  function 


COS 


belongs  to  the  class 


-1  "  "  (2k+  iy+i 

=  0 

and  at  the  2rc  +  2  points 
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of  the  half-open  interval  [0,  2n)  assumes,  with  consecutive  changes  of 
sign,  the  value  r-  =  max  |/(*)|,  then  E*(f)  =  -.       '     (see   section 

2.7.32).    Hence  it  follows  from    the    inequality    5.9(4)    that**  for  any 
integers  r  ^  1  and  n  >  0 


sup    £*(/)=   sup    £*(/)  =  -.  (6) 

- 


5.9.11.  The  result  just  obtained  shows  that  for  any  integer  r  >  1  and 
for  a  function  /(x)  of  the  class  W(£>M,  just  as  for  functions  of  the  class 


From  the  estimates  of  the  best  approximations  of  conjugate  functions 
given  in  section  5.9.2  (see  5.9(15)),  and  the  remark  in  section  5.1.41,  it 
follows  that  this  relation  holds  for  any  r>0. 

5.9.12.  The  constants  Kr   (see    5.9(5))    possess    the    property    that 

~  4  ~~~TE 

K±  <  K3  <  K5  <...<—<  ...  <  KS  <  K±  <  K»  <  —  •   Consequently,   for 

7T  / 

any  integer  r 

K,  <  -|.  (7) 

Taking  account  of  this  and  taking  into  consideration  V.  A.  Steklov's 
function  (see  3.12.1),  we  obtain  from  5.9(6),  as  in  section  5.5.4,  that  if  for 
some  integer  r  ^  1  we  have  f(x)  e  W^H^  (see  section  3.5.3)  then*** 


and 

^(/)<^«,2(/»;l).  (9) 

5.9.13.    Using   the   integral   representation    5.9(2)   and   the   estimate 

~  K 

r  (see  sections  2-H-5  and  2.13.32),  it  is  easy  to  obtain 


(10) 


the  inequality 


**  N.I.  Akhiezer  and  M.  G.  Krein  [1], 
***  N.  I.  Akhiezer  [3]. 
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similar  to  5.6(27).  It  is  sufficient  to  note  that  if  Tn(f(r);x)  is  the  trigono- 
metric polynomial  giving  the  best  uniform  approximation  of  order  n  for 
f(r)(x),  and  Tntf(x)  is  the  trigonometric  polynomial  of  best  approximation 
in  the  metric  L  for  X)<r),  then 

2TC 


TC 
0 


where  Tn(x)  is  a  certain  trigonometric  polynomial  of  order  <  n. 

5.9.14.  It  is  not  difficult  to  see  from  the  proof  of  the  inequality  5.9(4) 
that   if  f(x)eWir)M(Lq)   (q  >  1),  i.e. 


.( 


iv- 


then  the  best  integral  approximation  of  the  conjugate  function  f(x)  satisfies 
the  estimate 


Hence  as  in  section  5.9.12  it  follows  that 


and 

(13) 


5.9.15.  If  the  periodic  function  f(x)  of  period  2-rc  is  quasi-analytic 
ih  the  sense  of  Denjoy,  i.e.  it  is  infinitely  differentiate  and  satisfies  con- 
dition 3.10(12),  then  the  conjugate  function  f(x)  possesses  the  property 
that 

00  j 

(14) 


If  the  periodic  function  f(x)  of  period  2n  is  infinitely  diflferentiable  and 
satisfies  condition   3.10(1),   then    limy  Ef(f)  <  1.    These   are  obvious 

n—  >oo 

consequences  of  the  inequality  5.9(4). 

5.9.2,  In  section  3.11  (see  section  3.11.3)  it  has  already  been  mentioned 
that  the  continuity  (integrability)   of  the  function  f(x)  is  not  sufficient 
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to  ensure  the  continuity  (integrability)  of  the  conjugate  function  f(x) 
or  the  relation  £„*(/)  ->0  (£*(/)  4»0)  as  n-*co.  Hence  an  estimate  of 
the  value  of  E*(f)  f°r  a^y  classes  of  continuous  (integrable)  functions 
f(x)  only  has  meaning  when  certain  limitations  are  imposed  on  the  modu- 
lus of  continuity  co(/;  f)  (integral  modulus  of  continuity  oj(/;  /)L).  If,  for 
example,  it  is  assumed  that  condition  3.11(23)  is  satisfied,  then  the  follow- 
ing proposition  is  valid.  Let  f(x)  be  a  function  of  period  2n  which  is  con- 
tinuous (integrable  on  [0,  2ic]).  If  the  condition  3.11(23)  (the  condition 


co  (  f'  f)* 
±LL-1L 


* 


<  oo)  is  satisfied,  the  conjugate  function  f(x)  is  continuous 


** 


0 

(integrable)  and  for  all  n 


((  °°^     *  ^\ 

or  respectively  £*(/)„<  C*  £*(/)„  +  V   -E*(f)L\  , 
I  v=7ti  ^' 


(16> 


C*  /5  a  constant  independent  of  f***, 
Since  in  virtue  of  Jackscn's  theorem  (see  5.1(10))  and  the  inequality 
3.2(6) 


'<  oo, 


it  is  sufficient  to  prove  5.9(15). 

Lety^(^r)  be  the  first  integral  of/~(;c),  i.e. 

PO  2« 


v^  tffcCosfocf^ 

'2j          F         ~7ryvv  v^ 


0 


Applying  to  f^x)  the  estimate  5.6(28)  (for  r  =  1),  we  have 


But  since  in  virtue  of  5.9(10)  (for  r  =  1) 


**  This  has  already  been  mentioned  in  section  3.11.3. 
***  S.B.  Stechkin  [5]. 
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it  follows  that 


i.e.  5.9(15)  is  satisfied. 

From  similar  considerations  we  may  also  verify  the  validity  of  5.9(16). 

5.9.21.  It  follows  from  the  estimate  5.9(9)   that  if  for  some  integer 
r>l  we  have  G>2(/(r);  f)  =  O(t*)  (a  >  0),  then 

(17) 


The  inequality  5.9(15),  together  with  theorem  5.1.32,  shows  that  this 
relation  is  also  valid  for  r  —  0.  Similarly  in  the  case  of  integral  approxi- 
mations. For  the  functions  f(x)  e  W(fH^(L)  for  any  integer  r  >  0 


5.9.22.  If  the  periodic  function  f(x)  of  period  2it  is  analytic,  then  from 
5.9(15)  and  5.4(6)  it  immediately  follows  that  for  the  conjugate  function 
Ax)  _ 

n*(/)  <e-*,  (19) 


where  26  is  the  width  of  the  strip  of  analyticity  of  f(x+iy). 

5.9.3.  Theorems  similar  to  5.9.1  and  5.9.2  also  hold  for  the  best  approx- 
imations Aa(f)  of  conjugate  functions  by  arbitrary  integral  functions 
of  finite  degree.  The  first  of  these  establishes  that**  //  the  function  f(x) 
defined  on  (  —  oo,  oo)  has  for  some  r  ^  1  an  r-th  derivative  f(r)(x)  which 
belongs  to  Wiener's  class  (see  section  3.11.4),  and  the  function  f(r)(x)  which 
is  conjugate  to  f(r)(x)  in  the  sense  of  3.11(20)  satisfies  the  condition 
sup  |/(r)(x)|  <  ^  then  for  any  a  >  0 

—  00<JC<00 

^(/)<^~.  (20) 

We  omit  the  proof  of  this  assertion.  It  can  be  carried  out  by  a  method 
resembling  that  of  section  5.7.2. 

The  second  proposition  establishes  that  //  the  bounded  uniformly  con- 
tinuous function  f(x),  defined  on  (  —  00,00),   satisfies  condition  3.11(23), 


**  N.  I.  Akhiezer  [3]. 
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then  the  function  f(x)  conjugate  in  the  sense  0/3.11(20)  is  continuous  and 
for  any  a  >  0 


where   C  is  a  constant  independent  of  f. 

The  proof  of  5.9(21)  is  based  on  the  inequality  5.9(20)  (for  r  =  1) 
and  is  carried  out  exactly  as  in  the  periodic  case. 

5.9.4.  If  the  condition  3.11(23)  imposed  on  the  modulus  of  continuity 
of  the  function  f(x)  and  ensuring  the  continuity  of  the  conjugate  function 
f(x)  is  replaced  by  the  corresponding  condition  for  the  modulus  of  smooth- 
ness a)k(f;  f)  (k  >  1)  (see  section  3.3),  then  when  it  is  satisfied  the  function 
f(x)  is  not  only  continuous  but  also  differentiable. 

Let  the  function  f(x),  defined  on  (—  oo,  oo),  be  bounded  and  uniformly 
continuous  and  for  some  integer  r  let 


(22) 


Then  the  function  /(*),  conjugate  to  f(x)  in  the  sense  defined  in  3.11(20) 
(#  =/(0),  &  —  0;  see  section  3.11.24),  has  an  r-th  continuous  derivative, 
and  for  any  a  >  0 

(23) 


"where  C*  is  a  constant  which  depends  only  on 
In  virtue  of  theorem  5.1.3  and  3.3(6) 


2Cr 


+1 


I         / 


d*<oo.       (24) 

0 

Since  f(x)  =  lim  ga(f;  x),  where  gff(/;  x)  is  an  integral  function  of  degree 

a—  >oo 

<  <r  for  which  v4ff(/)  =      sup    \f(x)—ga(f;  x)\  ,  it  follows  that 


**  For  a  similar  proposition  for  periodic  functions  see  the  paper  by  N.  K.  Bari 
and  S.B.  Stechkin  [1]. 

21  Theory  of  Approximation 
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In  virtue  of  the  inequality  4.8(6), 


(25) 


Hence  after  the  application  of  5.9(24)  and  integration  we  verify  that  the 
conjugate  series 


converges  on  the  whole  real  axis  (uniformly  on  any  finite  segment).  Its 
sum  (f>(x)  —  lira  £2fc(/;  x)  is  a  continuous  function  possessing  an  r-th 

fc—  >oo 

continuous  derivative 

00 

<P>(*)  =  sir)(/;  *)+  I  {^(2?+1(/;  x)-g^(/;  x)  }  .  (26) 

Jt-0 

Moreover,  since  when  the  condition  5.9(22)  is  satisfied  3.11(23)  holds 
(see  3.3(11)),  it  follows  that  the  conjugate  function  f(x)  considered  is 
continuous.  In  the  definition  of  the  conjugate  function  f(x)  (see  section 
3.11.24)  taking  a  =/(0),  b  =  0,  we  have  in  virtue  of  Plancherel's  theorem 
(see  section  3.11.21) 


J  2     "  ®X  —     \  2  ®X'        (fl) 

—  00  —CO 

It  follows  that 

oo         ~  ^ 

1™    S  —  ^— ^-^-dx  =  0. 

—  oo 

Moreover  for  any  TV  >  e  >  0 


lim  \ _2__.-__-  dx  =  lim   \   — g — ~ —  ^x  =  0 . 

X  ^ooj^  ^ 


Thus  after  passing  to  the  limit  we  verify  that 


or  <i>(xr=f(X).       ' 
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Since  in  virtue  of  5.9(26) 

ro 

/'"OO-IW;  x)  =  &\*(f;  x)-g<T>(f;  x)+    ^   {g$+i(f;  x)-g$(f;  x)} 

k=p+2 

for  any  integer  p^  —  -2  we  have,  choosing  p  such  that  2P  <  a  <  2P+1 
and  using  the  inequality  5.9(25), 


V-[orJ-l-l 

i.e.  5.9(23)  holds. 

5.10.  Direct  theorems  in  arbitrary  Banach  spaces 

Using  the  concept  of  the  e-entropy  of  a  compact  set  (see  section  3.1.3), 
it  is  possible  to  make  more  precise  the  theorem  derived  in  section  2.5.1, 
and  for  any  linear  normed  Banach  space  to  obtain  an  inequality  of  the 
same  type  as  the  estimates  in  the  fundamental  theorems  of  this  chapter. 

As  in  section  2.5  let  SY{A*0,  xx,  x2,...}  be  an  arbitrary  closed  system 
of  linearly  independent  elements  in  the  space  T7,  let  W  be  some  compact 
set  in  F,  and 

=  sup  £?"(*)  =  supinf  \\x-  V  ckxt\\.  (1) 


The  following  theorem  holds,  which  like  the  theorems  derived  in  the 
preceding  sections  of  this  chapter  gives  an  estimate  of  the  upper  bound 
5.10(1)*. 

The  inequality 

^-i(»0<4<ZVv(«+l)  (2) 

is  satisfied  for  any  integer  77,  where  W^  is  the  set  consisting  of  all  elements 

x^F  for  which  \\x\\  ^  £  (W)  and  C^  (x)  <  ccf  (W)  (fc  =  1,  2,  ...), 
and  0W  ^  (n+1)  is  the  function  inverse  to  the  s-entropy  /^,.(e)  (see  section 
3.1.3),  i.e.  the  upper  bound  of  all  e  for  which  //p,v(e)  >  n  +  I. 

In  order  to  prove  the  inequality  5.10(2)  we  consider  the  set    Wn+1  of 

n 

all  the  polynomials  y  —  J]  ckxk  which  belong  to  H^v,  and  let  us  suppose 

fc-O 

that 


*  Yu.  A.  Brudnyi  and  A.  F.  Timan  [1]. 

21* 


324      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

It  is  not  difficult  to  verify  that  Wn+l  is  a  convex  body  centrally  symmet- 

n 

rical  about  zero  in  the  space  of  all  the  polynomials   ]>]  ck  xk ,  i.e.  it  is 

a  closed  convex  set,  possessing  in  this  space  interior  points  and  containing 
together  with  any  element  y  also  the  element  —  y.  Since  the  null  point 
6  belongs  to  Wn+l  together  with  a  certain  (rc+l)-dimensional  neigh- 
bourhood of  it,  it  follows  that  for  any  polynomial 

y=Y  ckxk  (3) 


a  A  can  be  found  such  that  ~r  c  w 

A  fc  "*+!' 

In  the  space  of  all  the  polynomials  5.10(3)  let  us  denote  by  ||j||* 
the  lower  bound  of  all  X  for  which  ye  WM.  It  is  obvious  that  if  \\y\\ 

=  £*(W)  or  for  some  value  k(\  <Ar<w-l)  E*(y)  =  £?(W),  then 

cv 

and  H^ll*  =  1,  i.e.  for  such  polynomials  y  the  inequality 


(4) 

holds.  Since  in  virtue  of  the  boundedness  of  Wn+l9  for  any  polynomial 
5.10(3),  there  always  exists  a  value  of  X  for  which  Xy  possesses  this  property, 
then  the  inequality  5.10(4)  holds  for  any  polynomial  5.10(3). 

We  now  consider  for  some  e  >  0  the  maximal  number  of  elements 
yl9...,yr  in  the  set  Wn+l,  which  possess  the  property,  that  ||^—^v||*  >  e 
if  k^  v9  and  the  closed  spheres  S*(s9yk)(k  =  1,  ...,  r)  of  radius  s  with 
centres  at  these  points,  i.e.  the  set  of  all  the  polynomials  5.10(3)  for  which 
jb~y*'|*  <  e.  It  is  obvious  that  Wn+l  consists  of  the  sum  of  all  these 
spheres.  Consequently,  if  mes  S*(e-9yk)  is  the  Lebesgue  measure  of  the 
set  of  all  points  fc,,  cl9  ...,  cn)  in  (/i+l)-dimensional  Euclidean  space 
which  correspond  to  the  polynomials  contained  in  the  sphere  S*(e;yk\ 
then,  since  for  any  k 

mes  S*(e;  yk)  =  mes  S*(e;  0)  =  e"*1  mes  S*(l  ;  0), 
it  follows  that 

ren+1  mes  S*(l  ;  0)  ^  mes  5*(1  ;  6), 


in  Wn+l  there  exist   at   least 
yi>  .-,  J>S+1  for  which  ||^-^v||*  >  |,  or  in  virtue  of  5.10(4) 

\\y*-y,\\  >  * 
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if  k  7^  v.  Since  Wn+i  <=  Wc^9  we  obtain  from  this  by  applying  the  inequality 
3.1(4), 


</fr 

The  last  inequality  leads  directly  to  the  estimate  5.10(2). 

5.11.  Various  problems  and  theorems 

1 .  If  the  periodic  function  f(x)  of  period  2n  belongs  on  [0,  ITT]  to  the  class  Lq(q  >  1), 
then  for  any  integral  value  of  k  any  integer  n  >  0 


,  (1) 

where  Q  is  a  constant  depending  only  on  k,  and  o>*(/;  OL^'S  the  corresponding  integral 
modulus  of  smoothness. 

See  theorem  5.3.1  for  m  —  1. 

2.  If  the  periodic  function  /(*)  of  period  2-n  possesses  an  (r—  l)-th  absolutely  contin- 
uous derivative  and  a  derivative  f(r\x)  of  order  r  which  belongs  to  the  class  Lq  on 
[0,  27r],  then  for  any  integers  k  and  n  >  0 


This  inequality  is  a  consequence  of  5.11(1)  and  3.  3,  (4).  See  5.3.11. 

3.  The  estimate  5.1(18)  can  be  extended  to  the  case  of  fractional  derivatives.  If  the 
periodic  function  /(jc)  of  period  2?r  is  representable  in  the  form  of  the  integral  (see 
section  3.5.5) 


(3) 

0 

where  r>  0,  and 

27t 

(  F(t)  dt  =  0,      vrai  sup  \F(t)\  <  oo  , 

0 

then  for  any  integer  k 


Consider  the  polynomials  5.3(3)  for  kv  =  k  and  make  use  of  the  remark  in  section  5.1.41. 
A  similar  estimate  holds  in  Lq   (#  >  1). 

4.  The  inequality  5.6(25)  can  be  extended  to  the  case  of  integral  approximations. 
If  the  function  /(*),  defined  on  (—  oo,  oo),  possesses  an  r-th  (r  an  integer)  derivative 
which  belongs  to  the  class  Lq  (q  >  1)  on  (—00,00),  then  for  any  cr>  0 

4a(f)Lq<~;Aff(f(r})Lq.  (5) 

Similarly  the  inequality  5.6(27)  can  be  extended  to  the  case  of  integral  approxi- 
mations. 

See  N.  I.  Akhiezer  [3]. 
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5.  Extend  the  estimates  5.6(26),  5.6(28)  to  the  case  of  approximations  in  the  metric 
Lq(q>\). 

6.  If  1  <  q  <  oo  and  the  periodic  function /(.v)  of  period  2n  belongs  to  Lq  on  [0.2Tc], 
then  for  any  n  >  0 

2TT  1 

{  jj  |/00 -Sn(f; x)\\\x]  «  <  Cq En(f)Lq,  (6) 

0 

where  Cq  is  a  constant  depending  only  on  q,  and  Sn  (/;  x)  is  the  partial  sum  of  order  n 
of  the  Fourier  series  for  /(*). 

This  assertion  is  a  consequence  of  the  inequality  3.12(20). 

7.  For  any  continuous  function  f(x)  of  period  2ir  the  inequality 

|/00  -  £„*(/;  A')!  <  F-4-ln  /z  I  O  (1)1  £„*(/)  (7) 

L n"  J 

is  satisfied  for  all  «>  1.  In  addition 

where  C  is  a  constant  independent  of  /. 

The  inequality  5.11(7)  with  a  less  precise  constant  was  first  pointed  out  by  Lcbesgue 
[1].  For  the  inequality  5.1 1(8)  see  A.  F.  Timan  [10].  See  also  S.  B.  Stechkin  [3J.  If  Tn(f;  x) 
is  a  trigonometric  polynomial  of  order  <  //  for  which  \f(x)  —  Tn(f;  x)\  <  £"«*(/),  then 

I  f( v\       C  * (  f'  \-\ I  •-'"  I  f(  v^  -  T  (  f'  Y\  —  <\  *  (  f~  T  •  Y\ 
I  /  \X)  —  on  [J ,  .\ ) I          I  7  ^A ;       -I  n\J  *  *•)      ^n  \J       J  n  >  Ay 

2TC 

r       i   f.  i 

(9) 


where  Dn(t)  is  Dirichlet's  kernel.  Tn  order  to  obtain  5.11(7)  we  use  the  estimate  4.12(6). 
In  a  similar  way  5.11(8)  follows  from  4.12(9). 

8.  If  the  periodic  function  f(x)  of  period  2iu  is  integrable  over  [0,  2rc],  then 

.*(/)L.  (10) 

See  5.11.7. 

9.  If  the  continuous  function  f(x)  is  periodic  with  period  2?r  and  Tn  (/;  x)  is  the 
trigonometric  polynomial  interpolating  it  at  the  points  y^  =  -^-  ^-  -  (A:  =  0,  1  ,  ...  ,  2/0, 
then  for  all  /z  >  1  the  inequality 


\f(x)-Tn(f\  x)\  < 


is  satisfied. 

Use  formula  4.2(9)  and  the  estimate  4.12(8). 


)1  £„* 


In  /i  f  0(1)   £„*(/)  (11) 


10.  If  f(x)  is  a  continuous  function,  defined  on  [  —  1,  1],  and  (see  section  4.5.2) 

n 

Sa(f;  x)  =  1  ^f(cost)lDn(t+y)+Dn(t-y)}dt,  (12) 
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where  Dn(t)  is  Dirichlet's  kernel,  then 

\f(x)-Sn(f',x)\  <  [Aln«+0(l)   En(f\  -1,  1)  (13) 


uniformly  with  respect  to  all  *e  [—  1,  1]. 
See  5.11.7. 
11.  If  f(x)  is  a  function  which  is  bounded  on  (—  00,00),  then  for  any     a  >  1 


<  r JL  In <r-|- 0(1)1  Aff^(f). 
See  4.12.7  and  4.12.11. 

00 

12.  If    J    |/(0|df  <  °°>  then  for  any  a>  1 


(14) 


TU       J 
—  oo 


<r_l(/)i..         (15) 
13.  If  /(*!,  ...,  x,,)  is  a  continuous  function  of  period  2?r  in  each  of  the  variables, 


then 


v      , 


xln(/zVl4-2)...1n(/fV£-f-2)]       (16) 
iV-l,2,3,...,/w;    r-l,2,...,i;    /<[^1V 


where  C  is  an  absolute  constant. 

M.  F.  Timan  [1,4].  Case  w  -  2,  S.  N.  Bernstein  [42].  Use  the  estimate  4.12(6). 

2TC          2TC 

14.  If   J  ...  jj  |/(xi,...,.rm)|dv1,...d^ll<oo,  then 

0  0 


...V|M, 
xln(/?Vl+2)...ln(/iVl.  !  2)]       (17) 


where  C  is  an  absolute  constant. 

M.  F.  Timan  [1,4].  See  section  5.11.13. 

15.  Inequalities  similar  to  5.11(16)  and  5.11(17)    hold  on  passing  to  functions 
/(*!,...,  xm)  for  which  respectively 

sup 

~oo<Xl,...,xm<oo 


328     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 
and 

oo          oo 

J     ...    J     |/C*i,...,Xro)|dXi...d*w<00, 

—  oo       —  oo 

if  the  best  approximation  by  trigonometric  polynomials  is  replaced  by  the  corresponding 
best  approximation  by  any  integral  functions  of  exponential  type  in  the  variables 

Xi,  .  .  •  ,  Xm» 

16.  Show  that  the  constant  C^  in  the  inequality  5.6(30)  is  not  less  than  %T?. 
Consider  the  function  x"  and  make  use  of  theorem  2.7.32. 

17.  If  the  function  f(x)  is  representable  in  the  form 

1  2?r 

/(*)  =  —  J  *(* 
o 

where  K(t)  and  <t>(t)  are  functions  integrable  over   [0,27r],  then  the  upper  bound 
vrai  sup  \f(x)\   for  all  possible  bounded  in  modulus  unit  functions  <KO,  which  are 

X 

orthogonal  to  any  trigonometric  polynomial  of  order  <  n,  is  identical  with  the  upper 

2TC 

bound  E*(f)L  for  all  possible  functions  <t>(t)  for  which   Ij  |<K/)|  df  <  1  . 

0 

2TT 

Similarly  the  upper  bound  of   J  \f(x)\  dx  for  all  possible  functions  <t>  (t)  orthogonal 

0 

27T 

to  any  trigonometric  polynomial  of  order  <  n  and  such  that  J  |^(0|df  <  1  ,  is  identical 

o 

with  the  upper  bound  of  E*(f)  for  all  possible  functions  <KO  for  which  \<t>(t)\  <  1. 
S.  M.  Nikol'skii  [3]. 

18.  If  the  periodic  function  f(x)  of  period  2?t  belongs  to  the  class  Lq  (1<  q  <  oo) 
over  the  period,  then  for  the  best  approximations  by  trigonometric  polynomials  of  the 
conjugate  function  f(x)  the  inequality 


(18) 

is  satisfied  for  all  nt  where  Mq  is  a  constant  depending  only  on  q. 
See  3.11(5). 

19.  If  f(x)  belongs  to  the  class  Lq  (1  <  q  <  oo)  on  (—  oo,  oo),  then  for  the  function 
f(x)  conjugate  in  the  sense  of  3.11(7), 

Aff(fiLq<MqAff(f)Lq,  09) 

for  any  a>  0,  where  Mq  is  a  constant  depending  only  on  q. 
See  3.11(8). 

20.  If  f(x)  is  a  function  which  is  measurable  and  bounded  on  (—  oo,  oo),  then  for 

00  00 

any  a>  —1  the  series    ]£  k*Ak(f)  and    X  k*4k(f),  where  f(x)  is  the  function  con- 

k=l  *=i 

jugate  in  the  sense  of  3.11(20),  converge  or  diverge  together. 

For  the  case  where  f(x)  is  periodic  see  S.  B.  Stechkin  [5].  Make  use  of  the  inequality 
5.9(21). 


DIRECT   THEOREMS   OF   THE   CONSTRUCTIVE   THEORY  329 

21.  Show  that  for  p  <  y,  where  y  is  a  root  of  equation  5.4(12), 

|)  =  00.  (20) 

This  example  shows  that  the  constant  y  in  theorem  5.4.5  cannot  be  decreased. 

S.  N.  Bernstein  [27].  Use  the  inequality  for  the  best  approximation  given  in  2.13.24, 
and  the  expansion  of  e*  in  a  Taylor  series  of  powers  of  x. 

22.  If  fq(x)  is  the  function  defined  in  3.12.26,  then 


See  5.11(1). 

23.  If  1  <  q  <  qf  and  Tn(f\  x)  is  the  trigonometric  polynomial  which  gives  the 
best  approximation  of  order  n  to  the  function  f(x)  in  the  metric  Lqj  then 


j  J 


_ 

Cnq    q>En(f)L^  (21) 


0 

where  C  is  some  constant. 

Use  the  inequality  4.9(7). 

24.  If  1  <  q  <  q1  and  Pn(f\  x)  is  the  algebraic  polynomial  giving  the  best  approx- 
imation of  order  n  to  the  function  /(*)  in  the  metric  Lq  on  [—1,  1],  then 


i  a/---  M 

''  "'«    «'' 


;  -1,  l)v,  (22) 

where  C  is  some  constant. 

25.  The  inequalities  5.9(11)  and  5.5(17)  for  q  =  1  are  precise  for  the  whole  class 
W*r)Af(L)  of  periodic  functions  of  period  2:r  which  have  an  (r—  l)-th  absolutely  con- 

2TT 

tinuous  derivative  and  a  derivative  f\x)  for  which      |/(r^(cX)|  dx  <Af  , 


(23) 


S.  M.  Nikol'skii  [3]. 

26.  A  limiting  relation,  similar  to  5.6(29)  for  a  =  1,  holds  in  an  integral  metric 

If  W(^M(L)  is  the  class  of  all  functions  /(x)  defined  on  [—1,  1]  and  having  an  absolutely 

i 

continuous  (r—  l)-th  derivative  and  a  derivative  f(r)(x)  for  which  J  |/(r)C*)l  d*  ^  M, 

then 

lim          sup  //£"„(/;  -1,  1)L  =  lim        sup          nEn(f)L  =  MKr.       (24) 


S.  M.  Nikol'skii  [8]. 
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27.  The  inequality  5.7(8)  cannot  be  improved  in  the  whole  class  A*  UM  of  periodic 
functions  /(A:)  sAoo.d  UM  of  period  2n.  Thus  if  A*  UM(L)  is  the  class  of  functions  defined 
in  section  3.8.8  (q  —  1),  then 

*  RA/f     °°     (       1\k          _(2*+l)(«+l) 

sup       E'n(f)L=     sup     £;(/)=ggv<=*>    _3    ...r.     (25) 


where  ^  =  oTs. 

For  the  second  of  the  inequalities  5.11(25)  see  N.  I.  Akhiezer  [3],  for  the  first  see 
S.  M.  Nikol'skii  [3]. 


CHAPTER    VI 

CONVERSE  THEOREMS.   CONSTRUCTIVE 

CHARACTERISTICS  OF  SOME  CLASSES 

OF  FUNCTIONS 

6.1.  Differential  properties  of  functions    with    a    given    sequence    of  best 
approximations 

Besides  Weierstrass's  theorem  (see  chap.  I),  one  of  the  landmarks 
of  the  constructive  theory  of  functions  is  theorem  2.5. 

After  the  results  given  in  chapter  V,  which  represent  a  further  devel- 
opment of  the  propositions  of  chapter  I,  it  is  of  the  utmost  importance 
that  theorem  2.5  on  approximation  by  trigonometric  polynomials  and 
algebraic  polynomials  in  the  function  spaces  we  are  studying  can  be  sup- 
plemented by  indications  of  some  of  the  differential  properties  of  the 
functions  which  have  a  given  sequence  of  best  approximations. 

Thanks  to  this,  it  is  possible  in  some  cases  to  give  a  complete  descrip- 
tion in  terms  of  the  best  approxinmtioii  of  various  structural  properties 
of  functions  which  are  deeper  than  continuity,  and  to  study  them  from 
the  constructive  point  of  view. 

6.1.1.  Let  us  commence  with  periodic  functions  of  period  2ru,  and 
show  that**  if  for  some  q(\  ^q^  oo)  the  function  f(x)  belongs  to  the  class 
Lq  over  the  period,  and  £*(/)  («— 0,  1,  2,  ...)  is  the  sequence  of  its  best 
approximations  by  trigonometric  polynomials  (see  section  2.2.2),  then, 
whatever  the  natural  numbers  k  and  n  may  be,  the  inequality 

0) 

is  satisfied,  in  which  ck  is  a  constant  depending  only  on  k  and  cok(f',  t)L 
is  the  corresponding  modulus  of  smoothness  (see  section  3.3). 


**  A.  F.  Timan  and  M.  F.  Timan  [1],  (q  <  oo).  The  consideration  of  the  inequality 
6.1(1)  in  the  case  #  =  oo,  with  the  condition  that  the  function  f(x)  is  continuous,  is 
given  in  a  paper  by  S.  B.  Stechkin  [2], 

[331] 
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In  fact,  if  Tn(f;  x)  is  the  trigonometric  polynomial  of  best  approxi- 
mation of  order  n,  i.e. 


-  W;  *)  I' 


then  for  any  integer  m  >  0 


kr2m+I;-         .       (3) 


Moreover  (see  3.3,(4)),  using  Minkowski's  inequality  we  have 


2TC 


27T 


But  since  in  virtue  of  4.8(26) 

27T 


and 


27t 


it  follows  that 


x)  |« 


(2) 


O/7*  (  f\ 

:  ^^0    Vj  )Ln  + 
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Taking  account  also  of  the  fact  that 


(/)     <2«  f*k-lEt(f)L  (5) 

^=2"-'  +  ! 

we  obtain  the  estimate 


L>  n]Lq^    nk 


Now  choosing  m  so  that  2m  <  n  <  2W+1,  and  substituting  this  esti- 
mate in  6.1(3),  we  arrive  at  the  inequality  6.1(1). 

6.1.2.  It  follows  from  the  inequality  6.1(1),  that**  if  the  sequence  of 
best  approximations  E*(f)Lq  of  the  periodic  function  f(x)  of  period  2n  of 
the  class  Lq  (1  <  q  <  oo)  satisfies  the  relation 

(6) 


for  some  a  >  0,  then  for  any  natural  number  k 

O(ta)  when      a<k, 


0(tk\\nt\)     when      a  =  fc,  (7) 


Thus  for  O  <  a<  k  the  condition  6.1(6)  w  «a/  ^?«/j  necessary  (see  5.1(16) 
and  section  5.10.1),  iztf  ^feo  sufficient  in  order  that 


The  example  of  the  continuous  function  3.3(16)  (ab  =  1),  which  is 
not  differentiate  at  a  single  point  and,  consequently,  does  not  possess 
the  property  co(/;  t)L  =  O(t)  for  any  value  q^l  (see  sections  3.6.1 

and  3.12.13),  but  satisfies  the  condition  E*(f)Lq  =  O  (—1  (if  b  is  an  odd 

number;  see  section  2.11.2),  shows  that  the  last  assertion  would  no  longer 
be  true  for  a  =  k.  It  is  obvious  from  theorem  5.1.32  (see  also  5.11.1) 
and  6.1.1,  that***  for  a  =  k  the  relation  6.1(6)  is  equivalent  to  the  condition 


**  S.  N.  Bernstein  [1]  for  the  case  k  =  1,  q  =  oo.  Quade  [1]  for  the  case  k  ==  1 

0<00, 

***  A.  Zygmund  [2]. 
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6.1.3.  Theorem  6.1.1  can  be  supplemented  by  the  following   propo- 
sition**. If  for  the  periodic  function  f(x)  of  period  2n 

oo 

I  v^E*(f)L  <  oo  (8) 

v-1  l 

for  some  q  (1  <  q  <  oo)  and  some  natural  number  r,  then  apart  from  values 
on  a  set  of  measure  zero  f(x)  is  identical  with  a  function  which  has  an  abso- 
lutely continuous  derivative  f(r~l)(x)  and  an  r-th  derivative  f(r)(x)  which 
belongs  to  Lq  over  the  period  (in  the  case  where  q  —  oo  it  is  continuous). 
In  addition,  for  any  natural  number  k 


(9) 
where  Cktr  is  a  constant  depending  only  on  k  and  r. 

For  any  natural  number  p  ^  r  let  us  consider  the  series 


where  Tn(f;x)  ip  the  best  polynomial  approximation  (see  6.1(2)).  The 
inequalities  6.1(4)  and  6.1(5)  show  that  in  virtue  of  the  assumptions  the 
sequence  of  its  partial  sums 


converges  in  mean  (in  the  sense  of  the  metric  Lq)***  on  [0,  2n].  Consequent- 
ly, by  a  well-known  theorem  there  exists  a  subsequence  S^(x),  which 
for  all  p  =  1,  2,  ...,  r  converges  almost  everywhere  to  a  certain  function 
fp(x)  of  the  class  Lq.  Supposing  that  x0  is  one  of  the  points  of  conver- 
gence for  all  p  =  1,  2,  ...,  r,  let  us  consider  the  difference 


**  A.  R  Timan  [10].  See  also  S.  B.  Stechkin  [2].  The  first  part  of  theorem  6.1.3 
for  q  =  oo  is  due  to  S.  N.  Bernstein  [1]. 

***  In  the  case  where  q  =  oo  it  converges  uniformly. 
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We  see  that 


2TT 


27T 


/„-!(*)  -/p-xW-    / 


IS 


Since  as  m  increases  without  limit  the  right-hand  side  tends  to  zero,  it 
follows  that  for  almost  all  x  and  for  p  =  1,  2,  ...,  r 


Since  /0(x)  ==/(A:)  almost  everywhere,  then  almost  everywhere  /(jc)  is 
identical  with  a  function  possessing  an  absolutely  continuous  derivative 
of  the  (r—  l)-th  order  and  an  r-th  derivative  f(r}(x)  =/r(x)  eL*,  which 
is  the  limit  in  mean  of  the  sequence  S^r\x).  In  addition 


and 


In  addition  to  this  (see  3. 3, (4)), 


<m  [r 

^  kl 
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2*  1 


Now  choosing  m  so  that  2W  <  n  <  2m+l,  and  applying  the  estimates 
6.1(4)  and  6.1(5),  we  arrive  at  the  inequality  6.1(9). 

6.1.31.  Condition  6.1(8),  being  sufficient  for  the  existence  for  the 
function  f(x)  of  an  r-th  derivative  /(r)(x),  which  belongs  to  Lq  when 
1  ^  #  <  °o,  and  is  continuous  for  q  =  oo,  is  not  always  necessary.  Let 
us  illustrate  this  by  examples  for  the  cases  q  =  2  and  q  =  oo. 

(1)  The  function 


has  the  derivative 


which  (in  virtue  of  the  Fischer-Riesz  theorem)  belongs  to  L£.  However, 
for  this  function 


and  for  some  C  >  0 


(n+2)ln(n+2) 
i2 


00 

consequently,  the  series  XI  E*(f)i2  diverges. 

n=l 

(2)  The  function 


possesses  the  derivative 


which  is  continuous  on  account  of  the  uniform  convergence  of  the  last 
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series**.  If,  however  use  is  made  of  the  inequality  5.11(7)  and  it  is  noted 
that  for  some  C  >  0 

coskx 
max 


we  obtain 


(n\-2)h\(n+2)ln\n(n+2) 
where  C\  is  a  positive  constant. 

00 

Thus  for  this  function  f(x)  the  series    ^  £*(/)  diverges. 

6.1.32.  As  the  series  6.1(8),  where  r  <  a,  converges  for  functions 
f(x)  which  satisfy  for  some  natural  number  /  the  condition  o}L(f;  t) 
=  O(ta)  (see  5.1(16)  and  5.11.1),  we  conclude  from  theorem  6.1.3  that 
almost  everywhere  on  ( —  oo,  oo)  any  such  function  is  identical  with  a  function 
possessing  an  absolutely  continuous  derivative  /(r""1)(."v)  and  a  derivative 
f^(x)  of  order  r  (r  <  a),  belonging  to  the  class  Lq  over  a  period  (for 
q  ~  oo  continuous),  and  whatever  the  natural  number  k  may  be 

'  O(t*~T\  when       a—r<k, 

when      a—r^=k, 
O(tk),  when      a—r  >  k . 

6.1.4.  It  follows  from  6. 1  (9)  that***  //  the  sequence  of  best  approximations 
E*(f)L  of  the  periodic  function  f(x)eLq  (1  <  q  <  oo)  of  period  IT:  satisfies 
for  some  natural  number  r  and  a  >  0  the  relation 

(10) 


almost  everywhere  on  ( —  oo,  oo)/(x)  is  identical  with  a  function  which 
possesses  an  absolutely  continuous  derivative  f(r~l)(x)  and  an  r-th  derivative 
f(r)(x)  which  belongs  to  Lq  over  a  period  (for  q  =  oo  it  is  continuous),  and 
for  any  natural  number  k 

<9(/a),  when       a<k, 

» ;  /)     ==    o (tk\ In t\),       when      a=k,  (11) 

,  when       a  >  k. 


**  The  uniform  convergence  of  this  series  can  be  verified  by  applying  the  Abel  trans- 
formation and  using  the  first  of  the  relations  4.12(12).  ^_ 

***  S.  N.  Bernstein  [1]  for  the  case  q  =  oo,  £=  1.  Quade  [IJIfor  the  case  k=  l] 
1  <  q  <  oo.  A.  Zygmund  [2]  for  the  general  case. 

22  Theory  of  Approximation' 
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Thus  for  0<  a<  k  the  relation  6.1(10)  is  necessary  (see  5.1(18)  and 
5.11.2)  and  sufficient  for  the  periodic  function  f(x)  to  be  almost  everywhere 
identical  with  a  function  possessing  an  absolutely  continuous  derivative 
f(r~l)(x\  an  r-th  derivative  f(r}  (x)  which  belongs  to  Lq  (for  q  =  oo  contin- 
uous) and  satisfying  the  condition 


In  particular,  a  continuous  function  f(x)  of  period  2n  is  infinitely 
differentiable  when  and  only  when  for  any  r 

lim»r£*(/)  =  0. 

n->oo 

It  is  obvious  from  theorems  5.1.4  (see  also  5.11.2)  and  6.1.3  that  the 
relation  6.1(10)  in  the  case  a  =  k  is  equivalent  (in  the  same  sense  as  in 
theorem  6.1.3)  to  the  existence  of  an  r-th  derivative  f(r)(x)eLq  for  which 


6.1.5.  The  estimate  6.1(1),  true  for  all  the  spaces  L*  (1  <  q  <  oo), 
can  be  improved  for  1  <  q  <  oo  and  replaced  by  another  estimate,  the 
order  of  the  right-hand  side  of  which  is  in  a  number  of  cases  more  precise. 
The  following  theorem  applies**,  which  we  give  here  without  proof.  If 
/(x)eL*,  where  1  <  q  <  oo,  then  for  any  natural  number  k 

.<q^29 


— -—  I  /    (r+ 1)2*""1^^/)/,  1 2 >  when  2^q<  oo , 
nk      f^  q 

where  Mqtk  is  a  constant  depending  only  on  q  and  k. 

Let  us  compare  the  estimates  6.1(1)  and  6.1(12)  for  k  =  1.  Consider- 
ing the  function  xq  (q  >  1)  and  the  value 


*=il^< 


*  +  /!=   X 
^  =  0 


x-d 


M.  F.  Timan  [2]. 
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we  obtain  from  considerations  of  convexity  the  inequality 


After  summation  with  respect  to  v  we  have 

v  — 1 

F*(f\r  ]q [v  F*( n  ]q\ 

,  *u\l    i-i.M/k,!  J» 


v-1 


o 

Thus  for  any  #  >  1 

j  £  (v+  IF-^m  } «"  <  3  E  £,*(/),  (1 3) 

v-0  *  v--0 

Consequently  the  estimate  6.1(12)  is  never  worse  than  6.1(1)  for  large 
n.  In  addition,  in  a  number  of  cases  it  leads  to  a  more  precise  result.  Thus, 


for  example,  for  the  function  fq(x)  of  3.12.26  we  have  E* 

(see  5.11.22)  and  the    inequality    6.1(1)    gives    the    estimate    u>(fq\f)L 
=  O(t\\nt\\  while  in  reality,  by  6.1(12), 

when       1  <  q  <,  2 , 

(14) 

when       2  <  q  <  oo . 

The  inequality  6.1(12)  enables  us  to  make  6.1(7)  more  precise  in  the 
case  where  1  <  q  <  oo.  It  follows  from  it  that  with  the  assumptions  of 
theorem  6.1.2 

O\tk\\nt\«}      when       1  <  q  <  2, 

O  (tk\  In  f |* )       when       2  <  #  <  oo , 

for  a  =  k.  Comparison  of  6.1(15)  and  3.12.26  in  the  case  k  —  1  shows 
that  this  result  is  definitive  in  respect  of  order. 

For  uniformly  best  approximations  (q  =  oo),  it  is  obvious  from  the 
function  3.3(16)  (if  k  =  1)  that  theorem  6.1.2  gives  the  precise  order 
in  the  general  case  (see  sections  2.11.2  and  9.16).  Other  examples  show 
that  the  same  also  holds  for  q  =  1  (see  3.12.26  and  5.11.22). 

Let  us  also  note  the  following  proposition**,  which  in  some  cases 
makes  6.1.3  more  precise. 

**  M.  F.  Timan  [2]. 

22* 
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With  the  assumptions  of  theorem  6.1.3  for  1  <  q  <  oo 


•K) 


f"'^i< 


IL    ,    when    1  <  q 


c,,.,^r 


(16) 


where  Ck>r>q  is  a  constant  depending  only  on  k,  r  and  q.  It  follows  from 
this  that  in  theorem  6.1  A  for  a  =  k  and  1  <  q  <  oo  we  have  instead  of 
6.1(11)  the  more  precise  relation 

o(tk\\M\q] 


when 


07) 


6.1.6.  Propositions  similar  to  those  which  were  given  in  the  periodic 
case  hold  for  best  approximations  on  the  whole  real  axis  by  arbitrary 
integral  functions  of  exponential  type.  If  the  function  f(x)  belongs  to  the 
class  Lq  (1  ^  q  ^  oo)  on  (—00,  oo),  then,  whatever  the  natural  n\wribzrs 
k  and  n  may  be,  the  inequality 

1 


^V(/)L  08) 

Lq        «-  PS  q 

is  satisfied,  where  Ck  is  a  constant  depending  only  on  k,  and  Aff(f)L    and 

;  — 1      are  respectively  the  best  approximation  by  integral  functions 

of  degree  <  <r  and  the  modulus  of  smoothness  of  f(x)  in  the  metric  Lq  on 
(—00,  oo). 

V  for  a  function  f(x)  which  belongs  to  the  class  Lq  (1  ^  q  ^  oo)    on 

oo 

(—00,  oo)  the  series  J]  *'r~1A(/)L    converges  for    some   natural  number 

r,  then  almost  everywhere  on  (—  00,00)  f(x)  is  identical  with  a  function 
possessing  an  absolutely  continuous  derivative  f(v~l\x)  and  an  r-th  deriva- 
tive f(v)(x)  eLq  (for  q  =  oo  continuous),  and  for  any  natural  number  k 


{" 
Y1 
v  — 0 


(19) 


where  Cktf  is  a  constant  depending  only  on  k  and  r. 
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The  proofs  of  these  assertions  are  similar  to  those  given  in  sections 
6.1.1  and  6.1.3  and  are  based  on  the  inequality  4.8(28). 

From  this  there  immediately  follow  lemmas  similar  to  those  given  in 
sections  6.1.2  and  6.1.4  for  the  periodic  case. 

6.1.61.  In  the  general  case,  for  functions  defined  on  the  whole  real 
axis,  these  lemmas  can  be  formulated  as  follows**.  If  E(f)  is  a  function 
which  is  non-increasing  on  [0,  oo),  for  which  £(0)  =  1,  l\mE(t)  =  0,  and 

r—  >oo 

for  some  natural  number  k 


then  for  every  function  f(x)eLq  (1  <C  q  ^  oo)   defined  on  (—00,  oo)  the 
condition  wk(f',  t)L  =  OLEI—J    is  equivalent  to  the  condition  Aff(f)L  =  O 

[E(a)].  This  assertion  follows  directly  from  the  inequalities  5.1(15)  and 
6.  1  (1  8).  It  is  only  necessary  to  observe  that  in  the  case  where  Aa(f)  =  O  [E(a)]: 


\ 

(v) 

' 


-'{ 
-'{ 


£(0) +£(!)+_ 

v-2 


-JL 

v-l 


=  O£(0)  -)- 


=  OJ 


£(0)+£(1)+     - 


Similarly,  if  the  function  E(f)9  in  addition   to   the  conditions  enumerated 
above  also  satisfies  the  condition 

(0<«<1),  (21) 


**  In  a  somewhat  different  form,  equivalent  to  that  given  here  (see  section  6.9.5), 
this  assertion  was  established  for  the  periodic  case  by  S.  M.  Lozinskii  [3],  who  also 
proved  the  necessity  of  the  corresponding  conditions  for  the  validity  of  the  equivalence 
of  the  estimates  of  the  best  approximation  and  of  the  modulus  of  smoothness.  See  also 
A.  F.  Timan  and  M.  F.  Timan  [1]. 
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then  the  relation  Aa(f)L  =  0  -~-£Ycr)    is  equivalent  (in  the  same  sense  as 

q         [°          \ 

in  theorem  6.1.3)  to  the  existence  for  the  function  f(x)  of  an  absolutely 
continuous  derivative  of  the  (r—  l)-//z  order  and  a  derivative  f(r\x)  for  which 

a}k(f(r}>t)L  "  O  ^j~~)  •  *n  t^  casc  it  *s  sufficient  to  apply  the  inequ- 
alities   5.1(19)    and    6.1(19),    and    also    to   take   into    account   that   if 


L=  0r  £<*),  then 


] 


6.1.7.  In  the  case  of  uniform  approximation  it  is  also  possible  to  ob- 
tain estimates  of  the  structural  characteristics  of  continuous  functions, 
considered  on  the  finite  segment  [a,  b],  in  terms  of  their  best  approximation 
En(f;  a,  b)  by  algebraic  polynomials.  However,  the  corresponding  re- 
sults here,  similar  to  theorems  6.1.1-6.1.4,  are  less  complete  and  enable 
us  to  judge  the  differential  properties  of  the  functions  studied  not  on 
the  whole  segment  [a,  b]  but  only  on  segments  lying  entirely  within  it. 
Thus,  for  example,  for  any  fixed  segment  [al9  b^  which  lies  within  [a,  b] 
(a  <  al  <  b±  <  b),  and  any  function  f(x)  continuous  on  [a,  &], 


sup      \f(xj-f(xj  <  -  Ev(f;  a,  b)  (22) 


for  all  integral  «,  where   C(av  bL)   is  a  constant  depending  only  on   the 
positions  of  a±  and  bL. 

Such  estimates  follow  from  considerations  similar  to  those  for  the 
periodic  case,  but  in  which,  instead  of  the  inequalities  4.8(26),  use  is  made 
(for  a  =  —  1,  6=1)  of  the  inequality  4.8(31)  for  the  derivative  of  an 
algebraic  polynomial.  The  coefficient  C(al9b^  which  is  then  obtained 
in  relations  of  the  type  6.1(22)  increases  without  limit  when  a±  approaches 
a  or  bl  approaches  6,  on  account  of  the  degeneration  of  the  inequality 
4.8(31)  at  the  ends  of  the  segment  considered.  This  circumstance  is  material 
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and  deprives  us  of  the  possibility  of  extending  estimates  of  the  type  6.1(22) 
for  any  of  the  differential  characteristics  of  the  corresponding  functions 
to  the  whole  of  the  basic  segment.  It  is  not  difficult  to  verify  that  in  the 
general  case  such  estimates  cannot  hold  for  the  whole  segment  [a,b]. 
If,  for  example,/^)  =  j/1— x2,  then  in  virtue  of  5.1(10) 

£«(/;- l,l)  =  £*(l-/TsM)  = 

\l'n 

and 


At  the  same  time,  as  n->  oo,   the  modulus  of  continuity  co  I/;  —  I 

on  the  whole  of  the  segment  [— 1,  1]  is  of  the  exact  order  ^ — -. 

Vn 

Similar  examples  show  that  the  theorems  proved  in  section  5.1  on  the 
best  uniform  approximation  of  continuous  functions  by  algebraic  poly- 
nomials on  a  finite  segment  do  not  admit  of  complete  inversion.  We  have 
already  encountered  in  chap.  V  the  cause  of  this  peculiarity  of  the  case 
of  approximations  by  algebraic  polynomials  on  a  finite  segment,  which 
distinguishes  it  from  the  case  of  approximations  by  integral  functions 
of  exponential  type  on  the  whole  real  axis,  where  such  an  inversion  holds 
for  some  classes  of  functions  (see  sections  6.1.2,  6.1.4  and  6.6.6).  It  is  due 
to  the  fact  that  the  fundamental  theorem  of  Jackson  (see  5.1),  although 
in  some  cases  precise  as  regards  order  for  approximations  by  integral 
functions  of  exponential  type  on  the  whole  real  axis,  is  crude  for  approx- 
imations by  algebraic  polynomials  on  a  finite  segment,  as  can  be  seen 
from  the  proposition  of  section  5.2.1.  Theorem  5.2.1  fully  reflects  the 
constructive  properties  of  functions  defined  on  a  finite  segment,  and  this 
theorem  is  more  natural  in  this  case  and  for  certain  classes  of  functions 
it  can  be  inverted. 

6.2.  Constructive  characteristics  of  some  classes   of  continuous   functions 
defined  on  a  finite  segment 

In  this  section  we  shall  consider  the  question  of  the  possibility  of  in- 
version of  theorem  5.2.1,  and  at  the  same  time  we  will  give  constructive 
characteristics  of  some  differential  properties  of  functions  defined  on  a  finite 
segment. 
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6.2.1.  The  following  proposition**  holds,  which  is  the  converse  of 
theorem  5.2.1  for  r  =  0  and  similar  to  6.1.1  for  q  =  oo,  k  =  1.  If  for  the 
function  f(x)  defined  on  [—  1 ,  1]  it  is  possible  to  find  a  sequence  of  ordinary 
polynomials  Pn(x)  (n  =  1,  2,  ...)  such  that 


|/(*)-Pn(x)|<w[^l/i-*2  +  -|J,     *e[-i,i],          (0 

where  o)(t)  is  a  certain  modulus  of  continuity  (see  section  3.2),  then 

-  V~  du      (0  <  t  ^  |) ,  (2) 

where  C  is  a  constant  independent  of  f. 

The  proof  is  similar  to  that  given  in  section  6.1.1  and  is  based  on  the 
inequality  4.8(36)***. 

It  follows  from  6.2(1)  that  for  any  x  e[—  1,  1]  and  n^2  there  can 
be  found  a  natural  number 


[In/i 
1S2 


H  (3) 


m  =  

M<,-> 

'  fl 


such  that  for  0  <  d  <  --,  ^+5  e  [-1 ,  1], 


Also,  for  any  ;te[—  1,  1] 
and 


**  A.  F.  Timan  [15].  For  the  case  a)(t)  =  /«  (0  <  a  <  1)  see  V.  K.  Dzyadyk  [3]. 
#*#  The  following  more  general  assertion  can  be  proved  in  the  same  way.  With 
the  assumptions  of  theorem  6.1.2,  where  co  (/)  does  not  decrease  and  a>(/i4-faX 
(t2y\9  the  following  inequality  holds  for  any  natural  number  k\ 


/*    - 

«J    W 


f 

In  the  case  where  k  =  2,  we  obtain  a  proposition  converse  to  5.2.3. 
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Applying  theorem  4.8.72    to    the    function    0a*(*)  = 
+•^•  ^  1  |>  we  see  that  for  some  constant  Cx  >  0 


(6) 

_l 
Without  loss  of  generality,  we  can  take  x^Q.  Since  (1  —x2)   *^2m—l 

2 
for  x  >  1  --  ,  there  exists  a  positive  constant  C2  with  the  property  that 

for  all  such  values  of  x  and  for  1  ^  k  ^  m  the  inequality 


is  satisfied,  and  in  virtue  of  6.2(5) 


2(6) 


Now  let  jc  <  1-  ~  and  v  =    zl-^T^~^-   .  From  the  inequality  6. 
n  L      21n2       J 

(see  3.2(6))   there  follows  the  existence  of  a  positive  constant  C6  such 
that  for  all  k  <  v  the  inequality 


is  satisfied,  and  there  exists  a  constant  C6  such  that  for  all  k  >  v 


2 
Hence  for  \x\  <  1  --  we  obtain  from  6.2(5) 
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or  as  2m+v  <  n  (n^  2)  we  have  for  all  the  values  of  x  considered  here, 


Thus  from  6.2(4) 


It  remains  to  take  into  account  that 
JT! 


and 


)vhere  C0  is  a  certain  positive  constant;  after  which  we  obtain  the  ine- 
quality 6.2(2). 

6.2.2.  Thus  if  the  function  f(x)  satisfies  the  conditions  of  theorem  6.2.1 
and 

d«  =  OKO],  (7) 


as  t  ->  0,  /Ae/i  o>(/;  /)  ==  O[a>(i)]. 

Combining  this  result  with  theorem  5.2.1,  we  see  that  //  the  condition 
6.2(7)  is  satisfied  for  co(f)9  then  the  function  f(x),  defined  on  [—1,1],  has 
there  a  modulus  of  continuity  co(/;  t)  of  order  O  [(o(t)]  if  and  only  if  there 
exists  a  sequence  of  algebraic  polynomials  Pn(x)  which  satisfy  the  inequality 
6.2(1). 
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6.2.3.  For  the  case  when  r^  1,  the  following  proposition**  is  the 

converse  of  theorem  5.2.1.  If  for  a  function  f(x)  defined  on  [  —  1,1],  and 
for  some  modulus  of  continuity  w>(i)  satisfying  the  condition 


(8) 


it  is  possible  to  find  a  sequence  of  ordinary  polynomials  Pn(x)  (n  =  1,  2,  ...) 
such  that 


thenf(x)  possesses  on  the  given  segment  an  r-th  continuous  derivative  f(r)(x) 
and 


00) 


where  Cr  is  a  constant  depending  only  on  r. 

The  existance  of  the  r-th  continuous  derivative  f(r)(x)  can  be  verified 
by  considering  the  series 


It  follows  from  6.2(9),  that  for  \x\ 


Hence  in  virtue  of  theorem  4.8.72 


9fc+l 


where  Mr  is  a  constant  depending  only  on  r. 


**  A.  F.  Timan  [15].  For  the  case  co(t)  =  t*  (0  <  a  <  1)  see  V.  K.  Dzyadyk  [3]. 
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Since  when  condition  6.2(8)  is  satisfied 

oo      [2*+1  /        v  oo   '  .       v  1 

y^  y.  — coi — i  =  y, — c°( — ) < 4 \ ~ — d/<oo, 

it  follows  that  the  series  6.2(11)  converges  uniformly  on  [ — 1,1],  and  con- 
sequently the  function 


has  the  r-th  continuous  derivative 

k — i       . . 

(13) 


2 
It    follows    from    the    inequality    6.2(12)     that    for     \x\^l > 

—  /w(x,  72)  (see  6.2(3))  and  k  ^  m— 2  we  have 


V      —  co 


Consequently,  for  such  values  of  x 


00 


=  8Mr       V       —  col—  ]<8Afr      V      —  of— )•        (14) 
"     ^  ^' 


If  x  <!--(«>  2)   and    v  =    _,   then   -          <  n   and 

**  I  jtLiliZ*  I  1  ~~  X 


22v  ^T-Y  <  n\/l^x?Y  <22m+2.  Hence  (see  6.2(12)) 

1       X 
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i.e.  for  k  ^  v 


2 

8Mr        J]        Iw(l 

-v4"kil          ^  ' 


Thus 


2V+fc+a 

<  8ji/r  X!     Z 

fc-m+1     i  =  2v+fe|l 


oo  /      \ 

/r    V   -co  -  - 
i-^iA*    W 


i      \ 

Y       -tol-   <  8JI/r  -co  -  -        (15) 


Moreover,  on  applying   theorem  4.8.7   to  6.2(12)   we   find  that  for  all 


Hence  as  in  section  6.2.1  it  follows  that  for   x 


\vhere  Z?r  is  a  constant  depending  only  on  r. 

If  now  0  <  d  <  —  (n  ^  2),  then  from 
6.2(14),  6.2(15),  6.2(16)  we  obtain  the  estimate 


If  now  0  <  d  <  —  (n  ^  2),  then  from  6.2(13)  and  the  inequalities 


which  leads  to  6.2(10). 

6.2.4.  JF£  ^e  /Aa/  if  the  function  f(x)  satisfies  the  conditions  of  theorem 
6.2.3  and 


.  ^r       ,   ^ 

-       dw  =  O  [o>(0] , 


tfs  / ->  0,  //7^«  //?^  derivative  f(r\x)  exists,  is  continuous  on   [ — 1,1],  and 
satisfies  co(/(r);  /)  =  O[co(t)]. 
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Thus  if  a)(f)  possesses  the  property  6.2(17),  then,  in  order  that  the  function 
f(x)  defined  on  [ — 1,1]  should  have  there  an  r-th  continuous  derivative  with 
modulus  of  continuity  co(f(r);  t)  =  O[co(t)]9  it  is  necessary  (see  section  5.2.1) 
and  sufficient  that  there  should  exist  a  sequence  of  algebraic  polynomials 
Pn(x)  which  satisfy  the  inequality  6.2(9).  Let  us  note  that  the  condition 
6.2(17),  in  particular,  is  satisfied  for  a)(t)  =  t"  (0  <  a  <  1). 

If  account  is  taken  of  5.4(1),  it  also  follows  from  theorem  6.2.3  that 
a  function  /(x)  defined  on  the  finite  segment  [a,  b]  is  infinitely  differen- 
tiable  if  and  only  if  for  any  r 


6.2.5.  In  conclusion  let  us  note  that  as  in  6.2.1,  commencing  with  the 
inequality  for  integral  functions  of  exponential  type  given  at  the  end  of 
section  4.8.5,  it  is  possible  to  obtain  a  converse  of  theorem  5.2.5  and  in- 
dicate constructive  characteristics  of  the  corresponding  classes  of  functions 
defined  outside  the  finite  interval,  similar  to  those  obtained  in  sections 
6.2.2  and  6.2.4**. 

6.3.  Converse  theorems  for  functions  of  many  variables 

Inequalities  similar  to  those  given  in  section  6.1  hold  also  for  functions 
of  many  variables. 

6.3.1.  Let  us  begin  with  functions  /Cvlv..,xm)  defined  throughout 
the  whole  space  Rm  of  the  variables  xl9...,xm  and  of  period  2n  in  each 
of  these  variables.  If  for  some  q  (1  <  q  <  oo)/(xlv..,xOT)  belongs  to  the 
class  Lq  on  the  cube  0  <  xk  ^  In  (k  —  1,  2,  3,... ,  w),  and  £*,...,  «r,  &  (f)L 
%(1  ^  r  <  m,  nk  =  0,  1,  2,  3,  ...)  is  the  sequence  of  its  partial  best  appro- 
ximations  by  trigonometric  polynomials  (see  section  2.2.6),  then  whatever 
the  natural  numbers  kly...9kr  may  be  the  inequality*** 


I— 0        vr=0 

is  satisfied,  where  Ckl k    is   a   constant    depending   only   on   A:lv..,/:r 


**  See  Yu.  A.  Brudnyi  [2]. 
***  M.  F.  Timan  [3]. 
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andcokl k  (f ',ul9...9ur,  0,...,0)L    is  the  corresponding  mixed  modulus  of 

smoothness,  i.e. 


27T  27T  kl  kr  /    J         \ 

=  sup  (  ...  eiy...y(-i^---+^—  -M*1  Lx 

w^U     jl£j    ^0  I  "i/ 

X...I  J  W(xi+vihi,...,xr+vrhr9xr+l,...,xjqdx1...dxm\q  .       (2) 

The  inequality  6.3(1)  can  be  obtained  from  the  same  considerations 
as  in  6.1(1).  We  will  give  a  proof  of  this  for  the  case  r  =  m  —  2.  Let 
Tn  n  (/;  xl9  X2)  be  the  best  trigonometric  polynomial  approximation  to 


.        (3) 
For  any  integers  pL  >  0  and  p2  >  0 


i   i 


Since 


v=o 
p2~i 
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we  have,  using  Minkowski's  inequality 
1       1 


1 


d  1 


v-0 


v=0 


'  L. 


+IS 


•[r9l 


'[^ 


But  in  virtue  of  4.8(30)  and  6.1(5) 


'         L, 


1  +  ^.J 


'•r'  1_  T'  1 

2  V1V2  +  1    '          ^^-" 


2Vl 

\^ 

/  . 
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.[T  Pl+1   Pa+1—  T  Pl   PJ 


2P2 


2*1 


Therefore 


353 


2pa 


Consequently 


( 


Pl-l  2Vl 


1       1  \          4^1+^2+2 

—  -  —  )^  <  -^r 

2Pl-l 


(5) 


23  Theory  of  Approximation 
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Now  choosing  p1  and  p2  so  that  2*-1  <  wx  <  2Pl,  2P^  <  n2  <  2 
and  substituting  the  last  estimate  in  6.3(4),  we  arrive  at  the  inequality 
6.3(1)  for  r  =  IH  =  2. 

6.3.2.  It  follows  from  6.3(1)  for  r  =  m  that  if  the  sequence  of  total 
best  approximations  ^*I§....«W(/)L,  of  the  function  f(xl9...9xm)  which  is 
periodic  with  respect  to  each  of  the  variables  satisfies  the  relation 


(6) 


for  some  at  >  0, ...,  am  >  0,  then  for  any  natural  numbers  kt, ...,  km 


w"v)  when  av  <  kv(v  —  1 , ... ,  m), 
i 

ui 
"7+   Z    w*v|lnwv|) 

:v(r  =  1 , . . . ,  r) ;  av  =  ^v^  ~  r -\~  1 , . . . ,  m) , 
av  >  /rv(v  =  1 , ...,  m), 


(7) 


Z 


av  >  A:v  (v  =  1,...,  r);  av  —  kv  (v  =  r  +  1,...,  m). 


In  addition,  since 


^"1 nr.oo(f)L     ~   O 


(8) 


in  virtue  of  the  inequality  2.2(10)  when  the  relation  6.3(6)  is  satisfied, 
it  follows  from  6.3(6)  that 


O(u°vv)  when  av  <  fcv, 


(9) 


Thus  /or  0  <  av  <  A:v   (?=1,  ...,  w)   condition   6.3(6)   w  necessary 
(see  5.3(1))  ^wJ  sufficient  in  order  that 

<»*,(/;  o,...,  o,  nv,  o,...,  o)Lf  - 

/or  all  v=\929  3,...,m. 
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If  av  =  kv  (v  =  1,  ...,  m),  then  the  relation  6.3(6)  is  equivalent  to  the 
set  of  conditions 

6.3.3.  The  following  proposition  can  be  proved  by  the  same  method 
as  in  section  6.1.3.  If  for  the  function  f(xl9 ...,  xm)  which  is  periodic  ofperiol 
2-K  in  each  of  the  variables,  and  for  some  a  (1  <  q  <  oo)  and  some  naturad 
number  rt  the  sequence  of  partial   best    approximations    £"*,  OO(/)L     wiY/7 
respect  to  the  variable  xt  satisfies  the  condition 

z_— i        i  t '  q 

then  apart  from  values  on  a  set  of  m-dimensional  measure  zerof(xL,  ...,  xni) 

is  identical  with  a  function  which  has  for  almost  all  xly ...,  xf_1?  xt+l, ...,  xm 

fin- if 
an  absolutely  continuous  (with  respect  to  x^)  partial  derivative — -rr^~,    and 


an  rt-th  partial  derivative  —  —   with  respect    to   xt    which  belongs   to   the 

dxtl 

class  Lq  on  the  cube  of  periods  (in  the  case,  when  q  =  oo  it  is  continuous), 
while  for  any  natural  number  kt 


J      v.«o  v^Hf  +  1 

(13) 
where  Cfc.<r.  w  a  constant  depending  only  ki9  rt. 

In  order  to  justify  the  possibility  of  the  term-by-term  differentiation 
of  the  series  in  the  case  where  q  <  oo  ,  the  following  lemma  is  applied 
here**. 

6.3.31.  //  the  sequence  of  functions  Sn(xl9  ...,  xm)  which  have  partial 

f^i  C* 

derivatives  -  ~  and  belong,  together  with  these  derivatives,  to  the  class 

dx? 

Lq(\  ^  q  ^'  oo  )  on  the  parallelepiped  Q  (—  co  <.  ak  ^  x  ^-  bk  <.  oo; 
k  =  1  ,  .  .  .  ,  m)  ,  possesses  the  property  that  for  some  pair  of  functions 
and  <H*i»  •••>  *«) 

0  (14) 

r.  /1  c\ 

->0       (15) 


ff          f 

«...  V 


S.  M.  Nikol'skii  [13]. 
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as  n  ->  oo,  then  apart  from  values  on  a  set  of  measure  zero  f  fa, ...,  xm)  is 
identical  with  a  function  having  for  any  xt  and  for  almost  all  xl9...9xi-l9 

Xi+i9...,xm  an  absolutely  continuous  partial  derivative  — -—-  with  respect 

fflf 

to  xt  and  a  partial  derivative  — —  of  order  rt  equal  to  $(xl9 ...,  ;vm). 

dxi 

We  will  give  a  proof  of  this  lemma  for  the  case  m  =  2.  Without  loss 
of  generality  it  is  possible  to  suppose  that  i  =  1  and  a±  =  0.  Since  the 

driS  (x    x ) 

partial  derivative  ^r-^ — --  e  Lq   on  Q,  it  is  integrable  with  respect 

°x\ 
to  jq  for  almost  all  x29  and  consequently 


o 
Moreover,  if  0  <  xl  <  bl9  then  in  virtue  of  Holder's  inequality  and  6.3(15) 

*i 


S  J (^ty^^^^-dt-  J (x^t 


02 


as  n~>oo.   Hence  there  exists  a  subsequence  of  the  natural  numbers 
«,  =  nifa)-*  oo  such  that  as  nt-+  oo 

8riSn,(t,  x2)          f1 
-O^1 ~ d/-*  )  fe-0^0 (t,  xjdt  (17) 

o  o 

for  almost  all  x2. 

In  addition,  it  follows  from  6.3(14)  that  there  exists  a  sequence  of 
natural  numbers  /it  such  that  as  ju,k  -*  oo 

S,>k(xi,xJ->f(xl9xJ  (18) 

almost  everywhere  on  Q.  We  may  suppose  that  the  chosen  subsequence 
«/(*i)  is  part  of  the  subsequence  {/*fc}. 
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Considering  r  different  values  of  xl9  for  example  xitl,  ...  ,  xl>r,  for  each 
of  which  as  /^-»  oo  we  have  S^k(xl>i9  x2)-+f(xlti,  x2)  (i  =  1,  ...,  r)  almost 
everywhere  with  respect  to  x29  we  can,  by  what  has  just  been  said,  choose 
a  subsequence  {vk}  from  the  sequence  {/i*}  so  that  for  any  i  =  1,  2,  ...  ,  r 
we  have 


i 

f 

J  OcM-O"-1 


0  0 

for  almost  all  x2  as  rk-»  oo.    It  then  follows  from  6.3(16)  that  for 
/  =  1  ,  2,  ...  ,  r  the  sequence 


has  a  finite  limit  for  almost  all  x2  when  vk-+  oo. 

Since  every  algebraic  polynomial  of  degree  rx—  1  is  uniquely  deter- 
mined by  its  values  at  rl  distinct  points,  it  follows  that  for  any  x± 

'A       „   \  rl~l 


for  almost  all  x2  when  vk-+co. 

Almost  all  values  xl  6  [0,  AJ  possess  the  property  that  for  each  of  them 
6.3(18)  is  satisfied  almost  everywhere  with  respect  to  x2.  For  any  such 
jq  it  is  possible  to  choose  a  subsequence  rt/(Xi)  such  that  the  relation  6.3(17) 
is  satisfied.  Here,  it  may  be  supposed  that  {n^x^}  is  part  of  the  subse- 
quence {vk}.  Consequently,  if  x1  possesses  the  given  property,  then,  pas- 
sing in  6.3(16)  to  the  limit  as  n  ^n^x^-^co,  we  find  that  for  almost 
all  x2 


(*-/yi-i<K/,  *2)d/  (19) 

J=o  o 

Thus  the  relation  6.3(19)  holds  almost  everywhere  on  Q.  But  since 
its  right-hand  side  is  the  r-th  integral  of  the  function  (f)  (x±  ,  x2)  for  almost 
all  xz,  it  follows  that  almost  everywhere  on  Q  the  function  /(#!,  x2)  is  iden- 
tical with  a  function  which  has  a  partial  derivative  of  order  rt  with  respect 
to  xl9  equal  to  ^(xl9x2). 

6.3.4.  It  follows  from  6.3.3  and  2.2(10)  that  //  the  sequence  of  total 
best  approximations  E^  .....  „  (/)L  of  the  function  f(xl9  ...,  xn)  which  is 
periodic  with  respect  to  each  of  the  variables  satisfies  the  condition 
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for  some  natural  numbers   rl9...,rm  and  ax  >  0, ...,  am  >  0,  then,  almost 
everywhere  in  the  space  Rm9  f(xl9 ...,  xm)  is  identical  with  a  function  which 

for  almost  all  xl , . . . ,  x^ ,  xt+1 , . . . ,  xm  possesses  a  partial  derivative  — ^ 

3rif 

absolutely  continuous  with  respect  to  xt  and  a  partial  derivative  — — 

dx ' 

with  respect  to  xt  (i  =  1,  ...,  m)9  belonging  to  the  class  Lq  on  the  cube  of 
periods,  while  for  any  natural  number  kt : 


cot 


O(u?1)  when       at<ki9 

Ofof'llnK,!)      when       a,  =  fc,,         (21) 
O(u{1)  when       at  >  ki. 

Thus  for  0  <  at  <  k-t  (i  ~  1,  ...,  m)  the  relation  6.3(20)  is  necessary 
(see  5.3(1))  and  sufficient  in  order  that  the  function  f(xl9  ...,  xm)  should  be 
almost  everywhere  in  the  space  Rm  identical  with  a  function  which  possesses 
with  respect  to  each  of  the  variables  xt  (/  =  1,  2,  ...,  m),  for  almost  all 

dn~lf 

xl9...,Xi-i9  xi+1,...9  xm),  a  partial  derivative  —  —^  absolutely  continuous 

dxtl 

dnf 
with  respect  to  x±  ,  and  a  partial  derivative   —  —    of  order    rt    belonging 

dx^ 
to  the  class  Lq  on  the  cube  of  periods,  which  satisfies  the  condition 

(/=!,...,  w).       (22) 


In  the  case  when  for  all  i  =  1,  2,...,  m  we  have  a{  =  ki9  the  relation 
6.3(20)  is  equivalent  to  the  set  of  conditions 


--~;0,...,0,  ul909...90\     =-0(ull) 

L 


6.3.5.  Theorem  6.3.3  is  supplemented  by  the  following  assertion**. 
If  for  the  function  f(xlt  ...,  xm)  which  is  periodic  of  period  2n  with  respect 


**  M.  F.  Timan  [3]. 
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to    each    of  the    variables,    the   sequence   of    total    best    approximations 
£*      „  (f)L   satisfies  the  condition 

00 

^]   ^~1E*       v.t      „  (/)L  <  oo 

(nj=  W],lj>0;j  =  l,...,w;  /,  =  1),      (23) 

for  some  q(l  <  q  <  oo)  and  some  natural  number  r,    then    the  function 
/(*!,...,  xm)  is  identical  almost  everywhere  in  the  space  Rm  with  a  function 

which  possesses  any  mixed  derivative  -  —  - — —^    of  order  ry  with  respect 

ox  . . .  ox 

1  m 

oo 

to  jc,0'==  l,...,m),   where   ^    /v/<v  ^  r>  belonging  to  the  class  Lq  on  the 
of  periods  (in  the  case  where  q  =  oo  //  w  continuous},  and  for  any 


natural  number  k{  satisfying  the  inequality 

(0   / — ^_ -L--9  0,...,  0, ,  0,... ,  Ol 

1  \  ox  ...  ux^m  m^  i  _ 

\      i         »i  /  L 


where  Ck.  r  is  a  constant  depending  only  on  r  and  kt  ,  «wc/  «,-  —  [v{'](y  =  1  ,  .  .  .  ,  m). 
The  proof  is  similar  to  the  proof  given  in  section  6.1.3  for  functions 
of  a  single  variable,  and  as  in  the  case  of  theorem  6.3.3,  is  based  on  the 
lemma  6.3.31,  after  term-by-term  differentiation  of  the  series 


-Tni  .....  2v/  .....  nm(f,xl9...,xm)}9       (25) 

where  Tni  .....  „  (/;  xl9...9  xm)  is  the  sequence  of  trigonometric  polynomial 
best  approximations.' 

6.3.51.  Let  us  consider  specially  the  case  when  the  function 
/Oq  ,  .  .  .  ,  xm)  possesses  with  respect  to  each  of  the  variables  xv(v  =  1  ,  .  .  .  ,  m)  , 
for  almost  all  x1,...9xv--L9xv+l,...9xm9  a  (/?v—l)-th  (pv  ^  1  an  integer) 
absolutely  continuous  (with  respect  to  xv)  partial  derivative,  and  a  partial 
derivative  of  order  pv  which  belongs  to  the  class  Lq(l  <  q  <  oo)  on  the 
cube  of  periods,  for  which 

;0,...,0,Wv,0,...,0)L   =0(«W      (0<av<l).       (26) 
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By  theorem  5.3.1  it  follows  from  6.3(26)  that 


In  the  present  case  the  series  6.3(23)  converges  for  r  =/>j(/ =  1,...,  w) 
and  lj  =  '  ,  *  (j=  1,...,  m),  and  hence  the  assertion  of  theorem  6.3.5 
is  satisfied,  where 


Thus 

I    gri+...+rmf  \ 

-^~ri— ~^~-;  0,...,  0,  ui9  0,...,  0       =  O(ufl).  (28) 

(      Xl  '"     Xm  /Lq 

Hence**  if  the  periodic  function  f(xl9...9xm)  satisfies  the  conditions 
enumerated  above,  then  almost  everywhere  in  the  space  Rm  it  is  identical 

with  a  function,  which  possesses  any  mixed  derivative  —— — —  —   where 

dxri...dxrm 

1  m 

/*!,...,  rm  are  connected  by  the  inequality  6.3(27),  belonging  to  the  class  Lq 
and  satisfying  condition  6.3(28).  It  also  follows  from  theorem  6.3.5  that  if 
the  periodic  function  f(xl9...9xm)  belongs  to  the  class  Wcpf""PmMl9... 
...,  Mm(L^)  (/?!  >  0,...,/?w  >  0)  (see  section  3.5.8),  then  for  any  rl9...9  rm 
which  satisfy  the  condition 


... 

a   continuous   derivative  —~ *** exists. 

dxri..dxrm 

1  m 

6.3.52.  Let  us  note  also  that  the  term-by-term*  differentiation  of  the 
series  6.3(25),  and  the  estimates  which  were  applied  in  order  to  obtain 
the  theorems  of  6.3.5  and  6.3.51,  lead  to  the  following  proposition  which 
is  useful  in  some  cases.  If  the  periodic  function  f(xl9  ...9xm)  of  period  2n 
has  for  each  of  the  variables  xv(v  =  1, ... ,  m),  for  almost  all  XL  ,... ,  x^l9 

**  Montel  [1]  for  the  case  q  -  oo,  m  =  2;  S.  M.  Nikol'skii  [11, 13]  for  the  general 
case. 

***  Examples  exist  which   show   that  this  assertion    no   longer  applies   when 

m     r 

Y>  ~~  =  1  •  See  B.  S.  Mityagin  [1]. 

=»     ^  v 
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xv+1,  ...,  xm9  the  absolutely  continuous  (with  respect  to  xv)  partial  deriva- 

dPv~~lf 
tive :f~  and  a  partial  derivative  of  order  pv  belonging  to   the  class 

dxpvv   l 
Lq(\  <  q  <  oo )  on  the  cube  of  the  periods,  then  almost  everywhere  it  is 

identical  with  a  function  possessing  any  mixed  derivative  — ~ —  ,  where 


(30) 


and  the  inequality 


)  \  ^ 


(31) 


is  satisfied,  where  c(^lf""Pm)  is  a  constant  depending  only  on  rl9  ...,  rm 
and  pl,...,pm,  andpQ  =  Q**. 

6.3.6.  Theorems  similar  to  6.3.1-6.3.5,  6.3.51  and  6.3.52,  hold  for  any 
measurable  functions  /(.x^,  ...,  ;em)  defined  throughout  the  whole  space 
of  the  variables  x^...,  xm  and  satisfying  the  condition 


\\f\\L,  =  {  5  •••  S 


(32) 


—  CO  —00 


if  their  best  approximation  Affl 9m  (J)L  by  arbitrary  integral  functions  of 

exponential  type  are  considered  (see  5.3(11)). 

Let  us  give  the  most  fundamental  ones. 

6.3.61.  If f(xl9... ,  xm)  satisfies  condition  6.3(32)  and  Affl ffft00 (f)L  is 

the  corresponding  partial  best  approximation  with  respect  to  the  variables 
XL,---,  xr,  then  for  any  natural  numbers  kl9 ...,  kr,  wl5...,  nr  the  inequality 


LX 


. . .  nr    Vl=o 


(33) 


**  S.  N.  Bernstein  [1]  showed  that  for  q  =  2  the  inequality  6.3(31)  also  holds  in 
the  case  m  —  2,  PI  =  pz,  rt  =  r2  =  1 . 
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is  satisfied  where  Ckl  .....  k  is  a  constant  depending  only  on  kl9  ...,A:r,  and 


00  oo 


^^^^ 


6.3.62.  If /(*],,  ...,  xm)  satisfies  condition  6.3(32)  and  for  some  natural 
number  rt  the  inequality 

I!  *rX.»(/\<oo  (35) 

holds  for  the  partial  best  approximation  Aa  i00  (f)  with  respect  to  the 
variable  xt,  then  almost  everywhere  in  the  space  Rm  the  function 
/(*!,... ,  xm)  is  identical  with  a  function  possessing,  for  almost  all 
(xl9...,  Xj-x,  x<+1,...,  xm,  an  absolutely  continuous  (with  respect  to  xf) 

partial  derivative ^f~  and  an  r-th  partial  derivative  — ~  with  respect  to 

X}  for  which 


oo  oo 


dr'f 


dx,' 

•-co        -oo  ' 

and,  for  any  natural  number  kt, 


dx^.-dx,. 


oo, 


oo  \ 

J]    vf1^ «,(/),,       (36) 

Vf=Mf4-l  ' 


where  Ck  fl  is  a  constant  depending  only  on  khrt. 

6.3.63.  If  f(xl9...9xm)  satisfies  condition  6.3(32)  and  for  some  natural 
number  r 


(37) 


(<TJ  =  v\J,lj  >  0;  j  =  l,...,m;  /,  =  1), 
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then  almost  everywhere  in  the  space  Rm  the  function  f(xl9  ...,  xm)  is  iden- 

0r1+...-frmr 

tical  with  a  function  which  has  any  mixed  derivative  —  -  —  of  order  r} 

dxj...dx™ 

m 

with  respect  to  Xj  (7=  l,...,/w),  where  ][]  lvrv  <  r,  belonging  to  the  class 

v=l 

Lq  on  the  whole  space  —  oo  <  xl9...9xm  <  oo  (in  the  case  where  q  =  oo 
it  is  continuous),  and  for  any  natural  number  kt  satisfying 


iyi+...+rmf  1  \ 

^r-Ti;0--0'""'0-''0 

f\a*i-0*«  n  ]Lq 


+    ]T    vr-lAffl v. ffm(f)L\,       (38) 

Vf=fiH-l  '  J 

where  Cki>r  is  a  constant  depending  only  on  r,  fcf  and  0^  =  Vj  (j  =  1,.. . ,  m). 

The  proof  of  each  of  these  propositions  is  based  on  the  application 
of  the  inequality  4.2(28)  and  is  derived  as  in  the  periodic  case.  It  can 
be  shown  that  in  important  individual  cases  the  estimate  6.3(38)  in  a 
certain  sense  cannot  be  improved**. 

6.3.7.  For  functions  f(xl9  ...,  xm)  defined  on  the  parallelepiped  Q 
( —  oo  <  av  <  xv  <  6V  <  oo;  v  —  1,  ...,  m),  inequalities  of  the  type 
6.1(22)  hold  which  enable  us  from  the  best  approximations  of  such  func- 
tions by  algebraic  polynomials  to  judge  their  differential  properties  in 
any  m-dimensional  domain  which  together  with  its  boundaries  lies  within 
Q.  They  can  be  obtained  in  the  same  way  as  the  corresponding  estimates 
in  the  periodic  case  if  use  is  made  of  the  inequality  for  the  derivative  of 
an  algebraic  polynomial  which  here  plays  a  fundamental  part  (in  the 
case  q  =  oo,  a  =  — 1,  b  =  1:  see  4.8(31)). 

The  special  feature  of  such  estimates,  for  functions  defined  in  the 
finite  part  of  the  space,  have  already  been  indicated  above  in  the  case 
of  a  single  variable  (see  section  6.1.7). 

Omitting  a  general  formulation  of  the  propositions  which  are  relevant 
here,  we  will  note  only  one  particular  case  for  continuous  functions  and 
the  lemma  similar  to  6.3.51  which  follows  from  it. 

6.3.71.  If  for  some  natural  numbers  Pi9...,pm  and  0  <  a1?...,«m  <  1 
the  sequence  of  best  uniform  approximations  Eni,...9n  (/;  0  of  the  function 


**  S.  M.  Nikol'skii  [131. 
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f(xl9...9xm)  by  algebraic  polynomials  on  Q  satisfies  the  relation 


o>2 1 \  0, . . . ,  0,  UK,  0, . . . ,  0 1 


\ft-l       k 

then  f(xl9...,xm)  possesses  everywhere  within  Q  a  pk-th  partial  derivative 

fiPkf 

—  —  with  respect  to  xk,  which  satisfies  the  condition 

dxf 

(40) 

in  every  domain  G  which  together  with  its  boundaries  lies  within  Q.  Here 
the  constant  M(G)  in  condition  6.3(40)  depends  on  G. 

6.3.72.  If  the  function  f(xi9...,xm)  has  in  the  parallelepiped  Q  a  partial 
derivative  of  order  pv  >  0  with  respect  to  each  of  the  variables  xv(v  =  1  ,  .  .  .  ,  m), 
which  satisfies  in  Q  condition  6.3(40),  then  it  has  within  Q  any  mixed  deriva- 

Qr1+...+rmr 

tive  --  -L.   where  rl5...,rm  are  connected  by  the  relation  6.3(27),  and 


(a2\dx11...dx^'   "'"  '""'  ""'  /^ 

in  every  domain  G  which  together  with  its  boundaries  lies  within  Q. 

Here,  as  in  6.3(71),  the  constant  M(G)  depends  on  G. 

6.3.73.  Let  us  note  that  the  assertions  of  sections  6.3.71,  6.3.72  remain 
valid  for  other  m-dimensional  domains.  This  follows  from  the  fact  that 
if  Q  is  an  arbitrary  bounded  m-dimensional  domain,  then  every  domain 
G,  which  together  with  its  boundaries  lies  within  Q,  can  be  covered  by 
a  finite  number  of  parallelepipeds  located  within  Q. 

6.4.  Differential  properties  and  best  approximations  of  functions  in  various 
metrics.  On  inclusion  theorems  for  some  classes  of  functions 

Using  the  inequalities  for  the  integral  norms  of  integral  functions 
of  finite  degree  established  in  section  4.9,  it  is  possible  to  obtain  estimates 
of  the  structural  characteristics  of  functions  in  a  given  metric  Lqf  from 
their  best  approximations  in  some  other  metric  Lq. 

6.4.1.  Let  1  ^  q  ^  q'  ^  oo  and  let  the  function  f(x),  defined  on  the 
whole  real  axis  —  oo  <  x  <  oo,  belong  to  the  class  Lq,  i.e. 

oo  -L 

{f  \q 

J  } 
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If  the  best  approximation  Aa(f)L  possesses  the  property  that  for  some 
integer  Q  >  0 

oo      p_1+i___ 
v=l 

then  almost  everywhere  on  ( —  oo,  oo)  the  function  f(x)  is  identical  with 
a  function  having  an  absolutely  continuous  derivative  f(p~~1}(x),  a  derivative 
f(p)(x)  of  order  Q  which  belongs  to  the  class  Lq,  (in  the  case  q'  =  oo  contin- 
uous), and  for  any  natural  number  k  satisfies 

__     i  _  i 


(3) 


where  the  constant  Ckip  depends  only  on  Q  and  k. 

To  prove  this  it  is  necessary  to  consider  the  series 


{*£ii(/;  x)  -g((/;  x)},  (4) 


v—0 


where  ^ff(/;  x)  is  an  integral  function  of  degree  <  a  for  which 

Aa(f)  =  ||/(x)-&(/;  *)||L,, 
and  the  integer  p  <  g.  Since,  by  4.8(28)  and  4.9  (29), 


2  " 


then  in  virtue  of  condition  6.4(2)  the  series  6.4(4)  converges  in  mean  in 
the  sense  of  the  metric  Lq.  on  (—  oo,  oo).  Moreover,  reasoning  exactly 
as  in  section  6.1.3,  we  see  that  the  derivative /(p) (x)  exists  almost  everywhere 
and  is  the  limit  in  mean  (in  the  sense  of  the  metric  Lq>  on  (—  oo,  oo))  of 
the  partial  sums  of  the  series  6.4(4)  for  p  —  Q.  Then  repeating  the  same 
estimates  as  in  section  6.1.3,  we  obtain  the  inequality  6.4(3)  for  the  mod- 
ulus of  smoothness  cok 
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6.4.2.  Since  the  series  6.4(2),  where  0<  g  <  a—  I  ---  r)>  converges 

(see  5.1(15))  for  a  function  f(x)  which  satisfies  for  some  natural  /  the  con- 
dition o>i(/;  t)L  =  O  (ta)  (q  ^  1),  it  follows  that  from  theorem  6.4.1.  it  can 
be  asserted  that  almost  everywhere  on  (—  oo,  oo)  any  such  function  f(x)  is 
identical  with  a  function  having  an  absolutely  continuous  derivative  f(p~l)  (x) 
(Q  an  integer),  and  a  derivative  f(p)(x)  of  order  Q  which  belongs  to  the  class 
Lq>  (q  <J  q'  ^  oo)  on  (—  oo,  oo)  and  for  any  natural  number  k  satisfies 


">*(/<p),  Ov  - 


0(t«) 


wAe/i      fl 
when       a 


i                  ll        l  \ 
when       a—  I ,  I  —  < 

\0       0 


__   <kt 
q 


k. 


(5) 


In  particular,  if  use  is  made  of  the  notation  adopted  in  section  3.5.3,  it 
follows  directly  from  this  (sec  3.3.4),  that5**  the  class  W(r)  H(2a)M(Lq)  (r  an 
integer,  0  <  a  <  1,  1  <  q  <  oo)  is  contained  in  the  class  W^H^M*^^. 

for  q'  >  q  and  @+/J  =  r+a— I 7\,  where  Q  is  an  integer  and  0  <  /5 

<  1. 

6.4.3.  A  theorem  similar  to  6.4.1,  is  valid  also  for  functions  of  many 
variables.  If  the  function  f  (x 9  ...,  xm),  defined  throughout  the  whole  of  the 
space  -~  oo  <  xl9  ...,  xm  <  oo,  satisfies  condition  6.3(32)  (q^\)  and  for 
some  integer  Qt^0  the  best  approximation  Affl *(/)/,  satisfies 


iffi ",- <*„ 


oo 


(6) 


when  <?j  =  o1^'  (j  =  1,  ...,  m;  /y  >  0,  /,-  =  1), 


almost  everywhere   in 


the  space  Rm  the  function  f(xl9 ... ,  xm)  is  identical  with  a  function  possessing, 
for  almost  all  xv ,  . . . ,  x-^ ,  xi+i , . . . ,  xm,  a  partial  derivative  — — j-  absolutely 
continuous  with  respect  to  xl9  and  a  partial  derivative — —  of  order  £f  with 
respect  to  x{  for  which 


f 


V«J  l^J 

S-J 

—  oo         —  oo 


8»tf 


dx? 


dxi,...,dx 


f 


oo 


(7) 


»*  S.  M.  Nikol'skii  [13]. 


CONVERSE    THEOREMS  367 

and  for  any  natural  number  k-t 


«, 

v,-=-0 


,(-^iv'  01  .....  v-  .....  "-(/)'-'1 

///e  constant  Cfy.  depends  only  on  m,  kit  Q{,  and  Oj  —  v\J  (j  —  1  ,... 
....  i»;/,=  l). 

The  proof  is  carried  out  in  exactly  the  same  way  as  in  the  case  when 
m  =  I  (see  6.4.1).  It  is  based  on  the  lemma  of  6.3.31  and  on  the  inequal- 
ities 4.8(28),  4.9(34). 

6.4.4.  In  the  case  where  the  function  /(x,...,  xm)  has  an  absolutely 

«rv-l  ,. 

continuous  partial  derivative    —  -—^  with  respect  to  each  of  the  variables 

dxvv 
xv(v  —-  1  ,...,  m)  and 

(0<av<l),          (9) 


'"-'v,,..., 
dxvv 

the  series  6.4(6)  converges  in  virtue  of  5.3.3  if  /,  •=  —  -  —  —  subject  to  the 


r     /i       i  \  \n     i    1 

condition  that  0  ^  Qt  <  (r,-+a(-)   1  —  (T      ^7~"/  /    ---  r     Hence  by 

L       \^       ^    '  j^i  rj  i  (tj  J 

6.4.3  in  this  case  f(x:  ,  .  .  .  ,  xm)  is  identical  almost  everywhere  in  the  space 
Rm  with  a  function  having  with  respect  to  each  variable  xf,  for  almost  all 

dpi~lf 

xl9...9xi-l,  xi+l  ,  .  .  .  ,  xm  ,  an  absolutely  continuous  partial  derivative  --  ~ 

dxp~l 
dpif 
(gi  an  integer),  and  a  partial  derivative  -   of   order  o,   which   satisfies 


condition  6.4.  (7)  and  for  any  natural  number  k, 
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[/I           1  \    m          1        1 
1  - 1 — i.  1  £ -ft  is  respectively  less  than,  equal 

to  or  greater  than  fc/. 

This  implies  immediately  the  validity  of  the  first  of  the  inclusion  the- 
orems for  the  classes  H£l'—rm'*M1...Mm(LJ  formulated  in  section  3.5.81. 

The  second  of  these  theorems  can  be  obtained  in  a  similar  way  from 
the  following  proposition. 

6.4.5.  If  the  function  f(xl9...,  xm),  defined  throughout  the  whole  of  the 
space  —oo  <  xl9...,xm<.  oo,  satisfies  the  condition  6.3(32)  (q^  1)  and 
for  some  integer  QI  ^  0  the  best  approximation  Afflt_t(r  (f)L  satisfies 


£• 


v, ,m(f)L«x>      (q'^q)     (11) 


when  Oj  =  a[j(7  =  1 ,... ,  m;  lj  >  0),  1  ^  i  <  5-  <  m>  then  almost  every- 
where in  the  space  Rm  the  function  f(xl9...9  xm)  is  identical  with  a  function 
which,  for  any  fixed  values  xs+1,...,xm,  as  a  function  of  the  variables 
xl , . . . ,  xs ,  has,  for  almost  all  ^ , . . . ,  xi-l ,  xi+1 , . . . ,  xs ,  an  absolutely 


>,—  1 


f 

continuous   (with  respect   to  xt)  partial  derivative ^-,  and  a  partial 

dx?1   l 

dpif 
derivative    „        with  respect   to  xt  such   that 


—  OO  — 0 


...dxs\   <  oo, 


r,  for  every  natural  number  kt 


Cim) 

^k\ 


1  <  i  <  s,  at 

depending  only  on 


=  v{/(y  =  1,...,  iw;  lt  =  1), 


(12) 


v, <rm(/)L,+ 


__ 


,     (13) 


constant 
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The  proof  here  is  the  same  as  in  the  case  when  s  =  m  (section  6.4.3). 
For  s  <  m,  besides  the  lemma  6.3.31  and  the  inequalities  4.8(28),  4.9(34), 
the  inequality  4.9(35)  is  also  required. 

In  order  to  obtain  from  this  the  theorem  given  in  section  3.  5.  81, 

it  is  necessary  in  virtue  of  5.3.3  to  put  /,-  =  —  and  take  account  of  the 

rj 
inequalities 

T        /I          1  \  v^i  1         1     v^     1 

(14) 

As  was  shown  by  S.  M.  Nikol'skii  [13],  in  a  certain  sense  this  estimate 
for  Qt  cannot  be  improved. 

6.4.6.  In  conclusion  let  us  note  that  theorems  similar  to  6.4.1-6.4.5 
hold  for  functions  periodic  with  respect  to  each  of  the  variables,  if  all 
the  integrals  are  taken  over  a  period  and  instead  of  the  best  approximations 
Affi ff  (/)L  we  consider  best  approximations  by  trigonometric  poly- 
nomials. In  this  case  on  passing  from  the  metric  Lq  to  the  metric  Lq-9  (q'  ^>  q) 
the  corresponding  differential  properties  of  the  functions  are  not  improved 
(see  2.13.3). 

6.5.  The  analyticity  of  functions  and  their  best  approximations 

In  chap.  V  in  the  study  of  the  constructive  properties  of  bounded 
functions,  analytic  in  a  strip  containing  the  real  axis  (see  section  5.7), 
or  on  some  finite  segment  [a,  b]  (see  section  5.4),  it  was  established  that 
for  their  best  approximations  by  transcendental  integral  functions  of 
exponential  type  or  by  algebraic  polynomials,  the  limiting  inequalities 
5.7(9)  and  5.4(2)  are  satisfied.  Here  it  will  be  shown  that  the  corresponding 
classes  of  functions  A^td  (see  section  3.8)  and  AR(a9  b)  (see  section  3.7.31) 
are  completely  described  by  these  properties. 

6.5.1.  Let  the  function  f(x)  be  continuous  on  the  finite  segment  [a,  b]. 
Let  us  prove  that  if  for  the  sequence  of  best  uniform  approximations 

Ett  (/;  a,  b)  the  inequality  5.4(2)   is  satisfied,   where  R>  —  —,     then     the 

function  f(x)  is  analytic  on  [a,  b]  and  belongs  to  the  class  AR(a9  b)**. 

It  is  sufficient  to  consider  the  case  when  a  =  —  1,  b  =  1.   It  follows 

from  5.4(2)  that  for  any  Q  >  —  (Q  <  1)  for  all  values  of  n^  N(Q) 

R 


**  S.N.  Bernstein  [1]. 
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Considering  the  series 

W;  *)  +  I  (Pn+l(fl  z)-  W;  z)}  ,  (2) 

n=l 

where  Pn(/;  x)  is  the  best  uniform  algebraic  polynomial  approximation  of 
order  n  to  the  function  f(x)  on  [—1,  1],  i.e. 

£.(/;-!,  D=    max    |/(x)-Pw(/;  *)|, 

-K*<1 

we  see  that  in  virtue  of  6.5(1)  its  terms  satisfy  for  all  n  >  N(Q)  the  ine- 
quality 

max    \Pn+l(f;x)-Pm(f;x)\<2e".  (3) 

-Kx<I 

Since  the  polynomial  Pn+i(f;  x)—Pn(f;x)  satisfies  the  inequality  6.5(3)  on 
the  segment  [—1,1],  it  follows  that  at  points  z  lying  on  the  ellipse  Cr  with 
foci  at  the  ends  of  the  segment  and  with  the  sum  of  the  semi-axes  equal 
to  r  (see  section  2.13.27), 

|P-n(/;  *)-  W;  *)l  <  2e"r-+1.  (4) 

Hence  for   r  <  —  the  series  6.5(2)  converges  uniformly  within  the 

P 

domain  bounded  by  the  ellipse  Cr,  and  consequently  its  sum  is  there  an 
analytic  function,  which  on  the  segment  [—1,  1]  is  identical  with  the  function 

f(x)  considered.  Hence  in  virtue  of  the  arbitrariness  of  the  choice  of  Q  >  — 

I  R 

and   r  <  —  <  R  it  follows  that  f(x)eAR(—l,  1). 

e 

6.5.2..  Comparing  theorems  6.5.1  and  5.4.1,  we  see  that  a  function  f(x) 
continuous  on  the  finite  segment  [a,b]  belongs  to  the  class  AR(a,b)  if  and 
only  if  the  sequence  of  its  best  approximations  by  algebraic  polynomials  on 
[a,  b]  satisfies  the  limiting  relation  5.4(2).  In  particular,  f  is  an  integral 
function  if  and  only  if 


lim       £JI(/;flfft)=0.  (5) 


H—  >00 


6.5.3.  If  the  function  f(x),  bounded  and  continuous  on  (—  oo,  oo),  pos- 
sesses the  property  that  for  its  best  uniform  approximation  Aff(f)  by 
integral  functions  of  finite  degree  the  inequality  5.7(9)  is  satisfied,  then 
f(x)  belongs  to  the  class  A^^**. 


**  S.  N.  Bernstein  [22]. 
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It  follows  from  5.7(9)  that  for  any  s  <  6  (e  >  0) 

Ao(f)  <  e—  (6) 

for  all  a  >  JV(e)  .  The  terms  of  the  series 


where    &,(/;  z)    is     an    integral    function     of    degree  <  a  for    which 
A*(f)=^      SUP      I/W—  £<r(/;*)l>  satisfy  the  inequality 

—  00<jc<00 

sup     |g.+1(/;  *)-*.(/;  *)|  <  2A.(/)  <  2e--»  (8) 

—  oo<x<oo 

for  n  ^  N(e)  consequently  (see  section  4.8.3), 

)-*»(/;  x+iy)\ 


Thus  for  any  T<e(r>0)the  series  6.5(7)  converges  uniformly 
in  the  strip  bl  <  T,  —  oo  <  x  <  oo,  and  its  sum  in  this  strip  is  a  bounded 
analytic  function,  which  is  identical  with/(.x)  on  the  real  axis.  Hence  in 
virtue  of  the  arbitrariness  of  the  choice  of  e  <  d  and  r  <  e  <  d  (if  use 
is  made  of  Cauchy's  integral  formula)  it  follows  that  the  function  f(x) 
belongs  to  the  class  A^,*- 

6.5.4.  Thus**,  the  continuous  and  bounded  function  f(x)  belongs  to  the 
class  A^^  if  and  only  //*(see  section  5.7.22)  its  best  approximation  by  integral 
functions  of  exponential  type  satisfies  the  inequality  5.7(9).  In  particular, 
a  necessary  and  sufficient  condition  in  order  that  f(x)  e  A^ ^  for  any  d  is 
the  equality 

limj/^U/T-O.  (9) 

d— *oo 

6.5.41.  It  follows  immediately  from  theorem  6.5.4  (see  also  sections 

3.8   and    5.7.22)   that  for  any  function  f(x)    continuous  and  bounded  on 

(— oo  <  *<  oo  )  the  condition  5.7(9)  is  equivalent  to  its  infinite  differen- 
tiability and  the  inequality 

n     /   A/T   f  f\  1 

.    -^  . ,  n<n 

n\ 
and  6.5(9)  is  equivalent  to  the  equality 


ljm  I/ j^LZ.  =  o.  (11) 

M 


**  S.  N.  Bernstein  [45]. 

24* 


372     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

6.6.  On  constructive  characteristics  of  quasi-analytic  classes  of  functions 

Theorems  5.8J,  5.8.3  and  5.8.4  on  the  properties  of  the  best  appro- 
ximation of  infinitely  differentiable  functions  which  satisfy  the  condition 
3.10(1)  and  3.10(12)  form  the  starting  points  of  the  study  of  the  nature 
of  quasi-analyticity  from  the  constructive  point  of  view  and  lead  to  the 
determination  of  new  quasi-analytic  classes  of  functions. 

6.6.1.  Let  the  function  f(x)  be  continuous  on   [a,  b].  The  condition 


Iim]/E~(f;a9b)  <  1,  (1) 

ir-»oo 

which  describes  the  class  of  all  functions  analytic  on  [a,  b]  (see  section 
6.5.2),  completely  determines  such  a  function  f(x)  from  its  values  in  any 
sufficiently  small  interval.  If  the  function  f(x)  which  satisfies  it  is  equal 
to  zero  at  every  point  x  of  some  interval  (a,  /?)  c  [a,  b],  then  it  is  identically 
zero  on  the  whole  segment  [a,  b]. 

It  is  not  difficult  to  see  that  the  last  proposition  remains  valid  if  the 
condition  6.6(1)  is  replaced  by  the  weaker  condition 


lim     £,(/;  g,  6)  <1.  (2) 

/1-*00 

In  fact,  if  6.6(2)  holds  for  the  function  f(x),  there  exists  an  infinite  sequence 
of  natural  numbers  nk  and  a  certain  positive  number  Q  <  1  such  that 

Enk(f;a,b)<Qn*       (fc=  1,2,3,...).  (3) 

Hence  for  the  algebraic  polynomials  Pnk(f\  x)  of  order  nk  which  deviate 
least  from/(*)  on  [a,b],  subject  to  the  condition  that/(jc)  =  0  on  (a,/?), 
the  inequality 

max  |P    (/;  *)|  <  e"*       (k  -  1,2,3,...).  (4) 

a<x<0 

is  satisfied.  Hence  in  virtue  of  section  2.9.11  (see  2.9(9))  it  follows  that 
at  points  x  outside  the  segment  [a,  f3] 


v  (/;*)!<<?"* 


cos/^arccos  - 


ft-a 


(5) 


or 


(91?    \"fc 
7=V  ' 


where  R  is  the  sum  of  the  semi-axes  of  the  ellipse  which  passes  through  x 
with  foci  at  the  points  ft  and  a  (see  4.8(39)).  Taking,  for  example,  the 
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value  R  —  ~^~T~-\  1+- -I,  we  find  that  for  all  x  belonging  to  a  certain 
interval  («i,/?i)  («i  <  a  <  ft  <  /?x;  a— ax  ==  /?i— /?), 

Consequently,  thanks  to  the  inequality  6.6(3), 

max   1/00 1  ^  {>"fc+^"fc  <  2^"fc       (A:  =  1,2,3,...), 


i.e.  /(x)  ==  0  everywhere  on  the  segment  [al9  /?J.  Since  the  difference 
a—  «!  —  /?!—•/?  depends  only  on  the  value  of  Q  and  on  the  length  of  the 
segment  [a,/?],  it  follows  by  repetition  of  the  argument  a  finite  number 
of  times  that  f(x)  =  0  for  all  xe  [a9b]. 

From  the  above  considerations  it  is  obvious  that**  for  any  infinite  se- 
quence of  natural  numbers  nl<n2<  n3<  ...9  the  class  of  functions  f(x) 
continuous  on  [a,  b]9  for  each  of  which 

Enk(fia9b)<Q^(f)i  (7) 

for  some  Q  =  g(/)  <  1  ,  is  quasi-analytic,  i.e.  if  two  functions  fi(x)  and 
fz(x)  which  belong  to  this  class  assume  identical  values  at  the  points  of  an 
arbitrarily  small  interval  (a,/?)  c  [a9b]9  then  they  are  identically  equal 
everywhere  on  [a9  b].  It  is  sufficient  merely  to  consider  the  function  f(x) 
—  A(X)-~A(X)  f°r  which 


and  consequently  for  all  sufficiently  great  values  of  k  and  for  some  r  <  1 


6.6.2.  Thus  any  sequence  of  natural  numbers  {nk}  which  increases 
without  limit  determines  some  quasi-analytic  (in  the  sense  of  S.  N.  Bernste- 
in) class  of  functions,  continuous  on  [a9  b]  and  satisfying  condition  6.6(7). 

It  follows  immediately  from  theorem  6.5.1  that  in  the  case  where  for 

the  sequence  {nk}  the  ratio    k+l-  remains  bounded  as  k-*  oo  |—  —  <  c<  oo  I  , 

nk  \  nk  / 

the  corresponding  quasi-analytic  class  contains  only  functions  analytic  on 
[a,b].  In  this  case,  for  any  n(nk  <^n<  nk+l)9 

En(f\  «>b)  ^  £    (/;  a,b) 


S.  N.  Bernstein  [7]. 
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If,  however,  the  given  ratio  is  unbounded,  then  the  quasi-analytic  class  de- 
termined by  the  sequence  {nk}  necessarily  contains  functions  which  are  not 
analytic.  In  order  to  verify  this,  let  us  consider  the  monotonic  null  sequence 
of  numbers  El  >  E2  ^  E3  ^  . . .  >£„>...  such  that  for  some  Q  <  1 
and  any  value  nk  of  a  given  subsequence  of  the  natural  series  En  —  @nk  when 
nk  ^  n  <  nk+l .  By  theorem  2.5  there  exists  a  function /(X)  for  which 
En(f\  a,b)  =  En  for  any  n  >  1.  Such  a  function  satisfies  the  condition 
6.6(7)  and,  consequently,  belongs  to  the  given  quasi-analytic  class. 
However,  by  theorem  5.4.1,  this  function  cannot  be  analytic  on  [a,b], 

since  En      -i(f'9  a,  b)  =  Qnk,  and  under  the  assumption  that  lim  — —  —  0, 

k+l  l^o  "*+l 

we  have 


According  to  the  character  of  the  sequence  {nk}  the  quasi-analytic  classes 
of  functions  satisfying  conditions  6.6(7)  may  turn  out  to  be  sufficiently 
large.  Functions  quasi-analytic  in  the  sense  of  S.  N.  Bernstein  (i.e.  satis- 
fying condition  6.6(7)  need  not  be  infinitely  differentiable.  Moreover, 
one  cannot  even  guarantee  that  such  functions  will  have  the  first  deriv- 
ative or  a  fractional  derivative  of  an  arbitrary  small  order  r  >Q.  This 
can  be  seen  from  the  following  theorem  of  A.  N.  Markushevich**. 

6.6.3.  Every  function  f(x)  continuous  in  the  interval  [a,  b]  is  the  diffe- 
rence of  two  functions  quasi-analytic  in  the  sense  of  S.  N.  Bernstein. 
Let  Pn(f;x)  be  an  algebraic  polynomial  of  order  <w,  for  which 
En(f;  a,  b)  —  max  \f(x)—Pn(f;  x)\.  It  is  evident  that  for  every  sequence 

a<x<b 

of  numbers  vi   (i  =  0,  1,  2,  ...)  increasing  sufficiently  fast  the  series 

JW  x)  +  I  [PVi+i(/;  x)  -PVj(/;  x)]  (8) 

is  absolutely  and  uniformly  convergent,  i.e.  the  function  f(x)  can  be  rep- 
resented as  the  sum  of  the  absolutely  and  uniformly  convergent  series 


whose  terms  Qn(x)  are  algebraic  polynomials  of    order    </*. 


**  A.  N.  Markushevich  [1],  The  proof  presented  here  is  due  to  S.  N.  Bernstein 
(Coll.  papers,  vol.  I,  p.  549). 
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We  define  two  unbounded  sequences  of  integers  {nk}  and  {mk}  in  such 
a  way  that  0  —  m0  <  n±  <  ml  <  «2  <  m2  <  W3  <  •  •  •  and  f°r  some 
positive  £  <  1 


Z 


Z   IG-(*)I<1,        Z    I 

nt+l  w^mx  +  1 

(10) 

00 

IS.WKe"*,         Z     !&,(*)  I  <e"fc+1. 


Let 


(ll) 


/I  =  Wl  K  +1 


and 

oo  oo 

*=1   "*  2         ft«l  m* 

Then 

00  00 

fvM  —  V  n  <^  ~ 

W£\    /J  "        .Z-J  V£n\    ./       ~  * 


00 

2  -    -    .-. 


Besides,  since  -R,,  (*)  (resp.  Rmk(x))  are  algebraic  polynomials   of  order 
not  exceeding   nk    (respectively    mk)y   we    have 

k  i     °°  i 

En  (/x;  t/,  6)  <  max  \fi(x)—  ^  Rn.(x)\  ~  rnax  |    X!    ^«.(x)| 

00 

<  max      XI     I6n  (*)  I  <  ewfc  •       (13) 

a<*<b  n~mfc  +  l 

and 

k  o° 

2_i  ^m  (^)|  ==    ^naX   I      2>i      ^my-(^')| 

oo 

<  max        2]       IGnWl  <  Qmk-       (14) 


Thus,  the  function  /(jc)  is  the  sum  of  two  functions,  and  each  of  them, 
in  view  of  6.6(13)  and  6.6(14)  is  quasi-analytic  in  the  sense  of  S.  N.  Bern- 
stein. 
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6.6.31.  We  mention  here  that  in  the  case  when  the  function  f(x)  does 
not  possess  a  derivative,  at  least  one  of  the  quasi-analytic  functions/i  (x)  and 
/2(;c)inthe  representation/^)  =fi(x)+f2(x)  does  not  have  a  derivative 
on  a  set  of  positive  measure.  If,  however,  the  function  f(x)  has  a  bounded 
r-th  (r  >  1)  derivative  on  [a,  b]9  then,  by  theorem  5.1.5  and  the  ine- 
quality for  the  derivative  of  an  algebraic  polynomial  (see  4.  8.  (31)  where 
a  =  —  1,  b  —  1)  the  sequence  of  numbers  vt(i  =  0,  1,  2,  ...)  can  be  chosen 
in  such  a  way  that  the  series  6.6(8)  will  converge  absolutely  and  uniform- 
ly on  every  segment  [a^b^  c  (a,  b)  after  differentiation  (r—  1)  times;  in 
other  words,  in  this  case  the  function  f(x)  represented  in  the  form  of 
the  series  6.6(9)  possesses  this  property.  It  is  evident  that  both  functions 
/!  (x)  and/2(#)  represented  as  sums  of  series  6.6(12)  will  have  an  (r—  l)-th 
continuous  derivative  at  each  point  inside  the  interval  (a,  b).  Similar 
considerations  based  on  the  application  of  the  inequality  4.8(32)  show,  that 
if  the  f  unction  /(x)  is  infinitely  differentiable  on  [a,  b]9  then  it  may  be  rep- 
resented as  a  difference  of  two  functions  infinitely  differentiable  on  this 
interval  and  quasi-analytic  in  the  sense  of  S.  N.  Bernstein. 

6.6.4.  We  arrived  at  the  concept  of  the  quasi-analytic  classes  of 
S.  N.  Bernstein  by  considering  the  infinitely  differentiable  functions  satis- 
fying condition  3.10(1).  We  now  see  that  these  classes  may  also  include 
functions  which  are  differentiable  only  a  finite  number  of  times,  or  even 
functions  which  are  not  differentiable  at  all. 

These  differential  properties  of  functions  satisfying  condition  6.6(7) 
depend  upon  how  rapidly  the  sequences  {nk}  defining  particular  classes 
increase  to  infinity.  Thus,  if 


.. 
Inn 


(15) 

^     ' 


then  every  continuous  function /(x)  satisfying  6.6(7)  is  infinitely  differen- 
tiable**. In  fact,  for  the  terms  of  the  series 

CO 

/(*)  =  P*0(fl  X)  +  ^{Pnk  +  l(fl  X)-Pnh(f'9  X)},  (16) 

where  Pn  (/;  x)  is  the  algebraic  polynomial  of  the  w-th  order  best  approx- 
imation of  the  function /(*)  in  the  given  interval,  we  have  for  every  r  >0 
the  inequality  (see  4.8(32)): 

I  Ptf+Af',  x)—P}£ (/;  x)  |  <  2 
**  S.  N.  Bernstein  [7]. 
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Besides,  if  f(x)  satisfies  condition  6.6(7),  and  the  sequence  {nk}  satisfies 
6.6(15),  then 


where  ek  -»  0  as  k  -»  oo.  Thus,  for  every  integer  r,  the  series  6  6(16)  con- 
verges uniformly  after  r-fold  term-by-term  differentiation,  i.e.  f(x)  has 
the  continuous  r-th  derivative  f(r)  (x). 

6.6.5.  In  spite  of  the  fact,  that,  in  general,  a  function  quasi-analytic 
in  the  sense  of  S.  N.  Bernstein  may  turn  out  to  be  non  differentiable, 
such  a  function  f(x)  defined  on  [a,b]  has  always  the  property  that  for  every 
r  >  0  there  exists  a  non-negative  null-sequence  of  numbers  tk  <  I,  for  which 
the  r-th  modulus  of  smoothness  (or(f;  t)  =  cor  (/;  a,/9;  /)  (see  3.3)  where 
[a,/?]  c:  [a,b],  satisfies,  as  tk-+Q  the  relation 


r/Jlnfr) 


b-a 


r\lntk 


(17) 


uniformly  in  a,  /3  and  r**.  In  fact,  for  every  x  and  A,  for  which  a  <  a  < 
8  <&,    we    have 


max 


Thus,  if  /(;c)  satisfies  condition  6.6(7),  then  for  every  sufficiently  small 
f  >0 

,  (is) 


Applying  the  inequality  4.8(51)  for  the  derivative  of  an  algebraic  poly- 
nomial, we  obtain,  passing  to  the  segment  [a,b]: 


max 


X 


where  Cr  is  a  constant  depending  only  on  r,  and,  as  may  be  seen  from 


**  S.  N.  Bernstein  [7],  the  case  when  a,  ft  (a  <  a  <  /S  <  £)  are  fixed. 
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the  proof  of  theorem  4.8.72,  satisfies   the  inequality   Cr  <  Br  for   some 
B  >0.  If  we  substitute  this  estimate  into  6.6(18),  and  use  the  fact  that 


max 


max 


we  get  6.6(17)  for  tk  =  Q  '  . 

6.6.6.  We  now  pass  to  certain  other  properties  of  best  approx- 
imation, connected  with  quasi-analy  ticity.  Let  f(x)  be  an  arbitrary  function 
defined  for  all  real  x,  bounded  and  uniformly  continuous,  whose  optimal 
approximation  with  entire  functions  of  exponential  type  satisfies  5.8(21). 
We  shall  see,  that  every  function  satisfying  the  conditions  stated  above  is 
infinitely  differentiable  and  the  relation  3.10(12)  holds  for  upper  bounds 
of  its  derivatives**. 

Indeed,  if  ga  (/;  x)  is  an  entire  function  of  order  <  <5,  for  which 
A.(f)  -  sup  !/(*)-&,(/;  x)\,  then  (see  2.6.2): 


k-l 

without  loss  of  generality  we  may  assume  that  \f(x)\  <  1.   Under  this 
condition,  the  divergence  of  the  series  5.8(21)  implies  that  for  every  n 


Thus,  since  by  theorem  4.8.2  for  all  integers  n  and  k  >  1: 


sup 

—  oo<fc<-f  oo 


we  have 

-. 


sup 

fc>!  v=l 


sup  A«+ 


Hence  the  function  f(x)  is  infinitely  differentiable,  and 


=      sup 

-co<x<oo 


S.  N.  Bernstein,  the  periodic  case. 
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i.e.  for  all  sufficiently  large  n 


00          1 
Thus  the  series  V  —  -  ----  diverges  together  with  the  series  5.8(21).  We 


come  to  the  conclusion,  that  in  the  class  of  functions  bounded  and  uniformly 
continuous  on  the  whole  axis,  the  condition  5.8(21)  is  not  only  necessary  (see 
5.8(31)),  but  also  sufficient  for  quasi-analyticity  in  the  sense  of  Denjoy. 
6.6.7.  The  condition  5.8(16),  similar  to  5.8(21),  for  best  approximation 
by  algebraic  polynomials  of  functions  f(x)  defined  on  a  finite  segment 
[a,  b]9  is  sufficient  for  infinite  differentiability  off(x)  in  the  interval  (a,  b) 
and  for  the  divergence  of  the  series 

00 

^'      Mn(f;a,b)=    max    |/<">(x)|,          (20) 


for  every  segment  [al9  6J  contained  in  (a,  b).  This  statement  follows  from 
estimates  similar  to  these  presented  in  6.6.6,  if,  instead  of  theorem  4.8.2 
we  use  the  inequality  for  the  derivative  of  an  algebraic  polynomial  (see 
4.8(31)).  There  exist  examples**  showing  that  condition  5.8(16)  is  not 
sufficient  for  the  divergence  of  the  series  6.6(20)  for  a±  =  a  or  b±  =  b. 
We  have  already  met  such  singularities  of  converse  theorems  in  the  case 
of  a  finite  segment  in  6.1.7.  These  singularities  can  be  removed  by  replacing 
the  best  uniform  approximation  by  approximations  of  the  type  discussed 
in  6.2  (see  also  5.2). 

Let/(x)  be  a  continuous  function  on  [—1,  1].  For  arbitrary  integers  n 
and  r  let 

£<'>(/)  =  inf   max  yW~P"W\  (21) 


where  the  inf  is  taken  over  all  algebraic  polynomials  Pn(x)  of  degree 
<n.  If 


J       sup 


(22) 


then  the  function  f(x)  is  infinitely  differentiate  and  satisfies  3.10(12)  on  the 
whole  segment  [—1,1]. 


**  See  S.  N.  Bernstein  [7]  and  Carleman  [1]. 
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For  what  follows  it  is  sufficient  to  assume  that  for  every  positive 
integer  n 

sup  knE^(f)<oo.  (23) 

fc>i 

Further,  the  sequence  of  polynomials  Pkttl(f\x)  for  which 


has  the  property  that 

|n+1.*+2  (/;*)-  A.  n+2  (/;*)! 


Thus,  by  theorem  4.8(73) 

|Pa,n-f2(/;  ^)-Ptt+2(/;  x)\  <  Cnk»{E^»(f}+  £$?(  f)        (24) 
where  C  is  a  constant. 
Since 


it  follows  from  inequalities  6.6(24)  and  6.6(23),  that  the  function  f(x) 
is  infinitely  differentiate,  and 

AT,  (/)  =  max  | /<">(*)  I 

W<i 


max 


OO 

<2Crt    V 


Hence,  by  the  condition  6.6(22)  the  series 

00 

Zv4^ 

.-i  1  Mn(/) 
diverges. 
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6.6.71.  If  we  consider  the  class  of  functions  f(x)  defined  on  the  segment  [a,  b]  and 
satisfying  for  every  integer  n  the  condition 


sup  k  i/£:fc(/;*,Z>)  <  Af  (/)  Qn  ,  (25) 


where  {(?„}  is  some  monotonically  increasing  sequence  of  numbers,  and  M(/)is  a  con- 
stant depending  on  /,  then  it  can  be  shown,  using  the  theorem  of  Carleman  presented 
in  3.  10.  3,  that**  a  necessary  and  sufficient  condition  for  quasi-analyticity  of  this  class  in 

00        j 

the  Denjoy  and  Carleman  sense,  is  the  divergence  of  the  series  ^T  —  .    We  can   arrive  at 

n=-l  ®n 

the  necessity  of  this  condition  by  considering  the  class  R  of  functions  f(x)  defined 
on  [a,  b]  and  possessing  the  property  that  for  every  integer  n 


|/  MB(/)<Af  * 

00        j 

If  the  series  ^  —  converges,  then  by  the  theorem  of  Carleman  mentioned  above 

n=i  ®n 

(see  3.10.3)  there  exists  a  function  f(x)€R  not  vanishing  identically  (0  <  A/0(/)<  1) 
and  assuming  the  value  0  together  with  all  its  derivatives  at  some  point  x0E  [a,  b].  The 
inequality  5.8(18)  shows  that  for  this  function 


sup  k      ER(f\atb)  <B  i 

k>n        *  * 

In  addition,  from  section  5.8.4  and  theorem  6.6.8  presented  below  it 
follows  that  for  such  a  function  the  series  5.8(16)  converges.  On  the  other 
hand,  using  the  lemma  for  numerical  series  presented  in  section  3.10.3, 
we  conclude  that  there  exists  a  number  N  such  that  for  all  n  ^  N  (sec  5.8.3) 


sup  k     Ek(f;a,b)  =  sup  k  \E^fK)  ^  BM 

k>l  k>n 

Thus,  the  function  under  consideration  satisfies  the  inequality  6.6(25)  for 
all  n  >  0,  hence  the  class  defined  by  this  inequality  is  not  quasi-analytic. 

The  sufficiency  follows  from  section  5.8.4  and  theorem  6.6.8. 

6.6.8.  In  chapter  V  (see  5.8.4)  we  mentioned  that  the  best  uniform 
approximation  of  infinitely  diiferentiable  functions  f(x)  satisfying  3.10(12) 

decreases  to  zero  at  least  as  fast  as  the  sequence  of  numbers    .  ,  .    where 

H 


(j)  (x)  is  some  even  weight  function  non-  decreasing  together  with|x|.  Now, 
we  consider  the  class  of  all  functions  /(#)  defined  on  a  given  finite  segment 
[a,b]  and  such  that  for  every  n  =  1,2,  ... 

(26) 


**  S.N.  Bernstein,  Coll.  Papers  vol.  I.,  p.  552. 
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where  <£(#)>!  (—  oo<;c<+oo)  is  a  certain  even  weight  function 
non-decreasing  together  with  |jc|  (see  section  1.8)  and  M  (/)  is  a  constant 
depending  on  f. 

In  the  case  when    $  (x)  =  e51^  (d  >  0)   this  class  consists  of  all  the 
functions  analytic  on  [a,  b]    (see   section   6.5.1).   If,   however, 


lim      0  (n)  =  1  , 

n-»oo 

then,  as  may  be  seen  from  theorems  2.5.1  and  5.4.1,  this  class  must  contain 
non-analytic  functions.  Besides,  for  every  weight  function  (t>(x),  the  cor- 
responding class  defined  by  6.6(26)  is  quasi-analytic  (see  section  3.10.3) 
and  consists  only  of  infinitely  differentiable  functions**. 

We  may  assume  that  a=—  1,6  =  1.  If  the  function  /(#),  defined  on 
[—1,1]  satisfies  6.6(26),  and  Pn(f\  x)  is  an  algebraic  polynomial  of  degree 
<  n  for  which 


then 

/(*)  =  P*(fi  *)  +  2  {Pw+1(/;  x)-pH(f;  x)}, 

n=o 

and,  by  the  inequality  4.  8.  (43)  for  every  positive  integer  r 
l*Ki(/;  *)-PP(fl  x)\  <  (n+W  max  |Pn+1(/;  x)-PB 


Since  however  the  function  0(x)  is  a  weight  function,  we  have 

Mar+2 

sup  -7—  -  <  oo 
,>i  <^(") 

00    nzr 
i.e.  the  series  2  -77-7  converges.  If  follows  that  f(x)  is  infinitely  differen- 

B-10W 

tiable.  Now  we  shall  show  that  if  f(x)  satisfies  6.6(26),  and  at  some  point 
^:0  =  cos  tQ  e  [—1,1]  its  derivatives  f(r)(x0)  (r  =  0,1,2,...)  are  equal  to  zero, 
then  f(x)  E=  0  on  the  whole  segment.  For  this,  let  us  consider  the  Fourier 
series 

oo 

/(cosf)  =  2 

k-0 


**  See  S.  N.  Bernstein  [7]. 
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and  note  that  for  every  integer  r  >  0 

oo  oo 

X  k2rakcosktQ  =  £  A:2r+1^ftsinA:r0  =  0. 

Jt=0  *=1 

Thus  for  every  even  (odd)  algebraic  polynomial  Pn(x)  Qn(x))  we  have: 


Let  us  denote  by  C(jc)  £(#))  a  continuous  function,  whose  graph  is  a 
polygonal  line  with  vertices  at  the  points  (k,  a\k\coskt0)  (k,a\k\  sin£f0) 

* 


respectively    (k  —  0,  ±4,  ±2,...)-     Since 


and    hence 


X 


is  a  weight  function  (see  section  1.8.6),  we  can  for  every  e>0,  select 
polynomials  Pn(x)  and  Qn(x)  so  that  for  all  x(-~  oo<  x<  oo) 


\C(x)-Pn(x)\<e- 


and 


We  then  have: 


a«sin«  kt0  = 


i.e. 


'(i) 


<  e 


°°         /  7  \         I       I 

^  ^  T  Hi 

fc=0        \       '     t2  __ 


0(Ar- 1) 
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Since  for  k  >  1 


»_!(/;  -1,  1)  >~ 

—  7t 


we  have,  by  6.6(26): 


.«!<8e 


n 

—  \  /(cos  0  cos  fed/ 


8fi  W 


It  follows  that  flfc  =  0  for  every  fc  >  0,  i.e.  f  (x)  =  0. 

6.6.81**.  In  the  cases  when  the  weight  function  y(x)  is  an  integral  function  of  type 
1.8(3)  (c/t  >  0),  the  corresponding  quasi-analytical  class  defined  by  6.6(26)  coincides 
with  the  class  of  functions  satisfying  5.8(16).  This  statement  follows  from  the  criterion 
for  weight  functions  given  in  1.8  (see  1.8.3),  by  using  the  results  of  section  5.8.4  and  the 
inequality 


1 


'  Ek(f; a,b) 


1   „,  __ 
mm  —  i  /  *(*)  , 

~->*i    X    ' 


valid  under  the  assumption  6.6(26). 

6.6.82.  Similaily  we  obtain,  that  in  the  class  of  functions  bounded  und  uniformly 
continuous  for  all  —  oo  <  x  <  +00  the  condition 


(27) 


</>(*)  w  ««  integral  weight  function  of  type  1.8(3)  (c&  >  0)  is  equivalent  to  5.8(21), 
i.e.  (see  section  6.6.6)  to  the  condition  3.10(12).  It  may,  therefore,  be  used  as  a  construc- 
tive characterisation  of  functions  quasi-analytic  in  the  Denjoy  sense  for  (—00,  +00). 
6.6.83.  Theorem  6.6.8  shows  the  close  connection  between  quasi-analyticity  and 
weight  functions.  We  mention  here,  that  under  certain  additional  assumptions  the  con- 
verse theorem  is  also  true:  for  the  class  of  all  functions  f(x)  satisfying  6.6(26)  where  <t>(x) 
is  even  non-decreasing  on  (0,oo)  to  be  quasi-analytic  (see  section  3.10.3)  //  15  sufficient 


(see  6.6.8),  and,  in  the  case  when  <p(x)  increases  normally,  i.e.  x 


is  non-negative  and 


-r-r 
4>(x) 

strictly  increasing  to  infinity  together  with   \x\  —  also  necessary,  that  <t>(x)  is  a  weight 
function**. 


S.  N.  Bernstein  [43]. 
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We  have  to  verify  only  the  second  part  of  this  theorem.  If  the  function  <t>(x)  in  the 
inequality  6.6(26)  is  not  a  weight  function,  then  by  a  theorem  of  S.  N.  Bernstein  given 
in  section  1.8  (see  section  1.8.1),  it  cannot  satisfy  condition  1.8(4),  i.e. 

V  min  ~  l/TfrR^  (28) 

,pi*>o* 

Thus,  by  6.6(71),  among  functions  /(*)  for  which 


there  exists  a  function  /0  Oc)  =£  0,  which  is  equal  zero  together  with  all  its  derivatives 
at  some  point  x0  e  [a,  b\.  The  function  «P0W  defined  in  such  a  way  that 


cannot,  by  theorem  6.6.8  be  a  weight  function.  Besides 

n  I      j  1 

sup  k  I/  —  --  < "— 

fc>i       v      VQ(.  )          2  min  —  ^4 

x>0  •£ 


4-  min  ~  j/>0  («  >  min  ~  l/^  W  •  (29> 

L    fc>l    ^    r  jc>0    ^    r 


If  </>(*)  increases  normally,  then  the  function 


is  not  bounded  and  strictly  increases  as  \x  \  -+  oo  .  Thus,  for  all  sufficiently  large  values 
of  n  there  exists  one  and  only  one  value  x  =  x(ft)  at  which  the  function  —  ]/  <KO 

achieves  its  minimum  on  (0,oo).  Conversely,  to  each  x  >  0  there  corresponds  some 
n  =  n(x)  for  which  such  a  function  achieves  its  minimum  at  the  point  x.  Putting  n  =  n(x) 
we  find,  using  the  inequality  6.6(29),  that  for  every  x  >  1 


i.e.  </>(•*•)  <  <t>o(x).  It  follows  therefore,  that  under  the  condition  6.6(28)  the  function 
</>(*)  cannot  be  a  weight  function,  hence  in  the  class  of  normally  increasing  functions 
condition  1.8(4)  is  not  only  sufficient,  but  also  necessary  for  <t>(x)  to  be  a  weight  function 
(see  section  1.8.2). 
Moreover,  since 

En(f\  a,b)  =  ~T-f  ^r  <  -77-  r- 

4»0(/0        <K>0 
the  class  of  functions  satisfying  6.6(26)  contains  /0(x),  and  hence  is  not  quasi-analytic. 

25  Theory  of  Approximation 


386      APPROXIMATION    OF    FUNCTIONS     OF    A     REAL     VARIABLE: 

6.6.9.  Theorem  6.6.8  shows  that  quasi-analyticity  may  hold  even  in 
the  case  when  condition  6.6(2)  is  not  satisfied. 

We  see,  however,  that  in  these  cases  the  corresponding  quasi-analytic 
classes  are  already  defined  by  the  condition  which  makes  use  not  of  some 
part  of  the  sequence  of  best  approximations,  but  of  the  whole  sequence 
(see  sections  6.6.6.-6.6.8).  It  turns  out  that  such  a  singularity  of  classes 
of  functions,  for  which  lim\/En(f;  a,  b)  —  1  is  essential  here,  and  is 

/7—  >00 

closely  connected  with  their  quasi-analyticity.  For  every  sequence  of  numbers 
En  decreasing  monotonically  to  zero  and  such  that  lim  j/  £"„  —  1  there 

n—  >co 

exists  a  function  f(x)  not  vanishing  identically  on  the  segment  [a,b]  ami 
vanishing  everywhere  on  the  part  [a,  c]  (a  <  c<  b)  of  [a,  b]  with  the  best 
approximations  En(f;a*b)  satisfying  the  inequality  En(f\  a,  b)  •<  En 
for  an  infinite  number  of  subscripts  an  chosen  from  any  previously  specified 
increasing  sequence  of  integers**. 

We  assume  for  simplicity  that  a  =  --  1  ,  c  --=  0,  b  =  1.  We  shall  show 
that  if  lim  ]/  En  —  1,  then  for  a  fixed  m,  for  every  algebraic  polynomial 


n~  >oo 


Rm(x)  of  degree  <  m  there  exists  a  sequence  of  algebraic  polynomials 
Qn(x)  of  degree  <n  tending  uniformly  to  Rm(x)  on  [0,1]  and  satisfying 
the  condition 

eB(0)-0,        max    \Qn(x)\<  En9  (30) 

-    K.X-SI) 

for  all  n  =  0,1,  2,... 

In  the  case  Rm(x)^=  1  we  consider  the  binomial  series 


if 

2 


"r 


r 


IV  l.3...12Jk-3)l 
2^      2.4...2k-    V 

where  r  —  r(n)  is  an  arbitrary  integer-valued  function  increasing  to  infinity 
with  n.  Thanks  to  the  uniform  convergence  of  the  expansion  of  ]/  \  —  t  in 
a  power  series  of  /in  —1  <  /  <  1,  the  partial  sums  of  the  series  6.6(31) 


**  S.  N.  Bernstein  [7]. 
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converge  uniformly  to  x  on   [0,1]  as  H  ->  oo,  and  for  —  1  <*   CO  they 
satisfy  the  inequality 


V        l-3...(2fc-3)   /,          1  \* 

2,          274^72*-       '    >     ' 

A  -  w  i  l  ^  ' 


~  k-n  !   1 

The   right-hand    side   of  6.6(33)    is,   as   n  ->  oo,   of  order   not    exceeding 

1  \"  r2      " 

— -j  ,  i.e.      5   er~  .    Thus,    if    an  <  1    is   any   arbitrary   numerical 

sequence  for  which   lim  jj/  an  —  1 ,  then   for 

/J— >OO 

r2  ^    r2 (n)  <  mm    —^~ ,  w 2  (34) 

we  have,  for  all  sufficiently  large  n  (n  ^  N)  and  —  1    --  x  <0: 

max 


Putting  att  -         £2«-i  i'  Qn(x)    '-  0   if   0  <  w  <  27V    and   Q2n  ^(x)  -  Q2n(x) 

—  P2n(x)—  P2w(0)  («>7V),   we   obtain   the  sequence  of  polynomials,  for 
which  6.6(30)  holds,  and  lim   max   £?n(*)—  •*  =  ^-    Taking  an  arbitrary 


fixed  polynomial  Rm(x)  #0,  in  order  to  construct  the  sequence  Qn(x)* 
let  us  consider  the  polynomials  Qm+2n(x)  —  P2n(x)  Rm(x),  where  the  P2n(x) 
are  the  partial  sums  of  6.6(32)  for  r  —  r(ii)  satisfying  6.6(34)  with 


We  put  Qn(x)  v=  0  for  0  <  n  <  m+2N  and  Qm4.2n+iW  =  2m+2«W 
=^  2m+2»(JC)~~  2w|2w(^)  f°r  "  >  ^,  and  thus  we  obtain  a  sequence  of 
polynomials  for  which  6.6(30)  holds  and  lim  max  \Qn(x)  ~xRtn(x)\  =  0. 

/J—  ><X>  0<.\s^l 

From  the  above-proved  theorem  il  follows  that,  having  a  sequence  of 
integers,  one  can  choose  consecutively  from  it  an  unbounded  subsequence 
HO<  nL  <  /72  <  «3  <  ...  and  construct  the  corresponding  sequence  of 
algebraic  polynomials  Sn  (x)  of  the  degree  nk  so  that 


max  |S 


, 

-KM) 


max  |S    (*)-S        (x)|  <  -~£  (A:  :>=  1). 

^ 


(35) 
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By  the  inequalities  6.6(35)  the  function 


satisfies  the  condition:  for  every  x  e  [— 1,0] 
and  for  every  x  e  [0,1] 


/(*)  =  limS Bfc(*)  = 

Wfc— »00 


7      IE  y"j_  =  £ 

'"v       2    "*^2V          "*' 
Thus,  for  every  k  =  0,  1,  2,...,  and  for  all  x  e  [—1,1]  we  have: 

\f(x)-Snk(x)\<Enk, 

i.e.  En  (f;  —  l,l)<  Enk  and  f(x)  vanishes  identically  on  [—1,  0]  and  does 
not  vanish  identically  on  [0,  1], 

6.6.10.  The  singularity  of  classes  of  functions  for  which  lim  !/£"„(/;  # ,  b)— 1 , 

w— >oo 

mentioned  in  section  6.6.9,  leads  to  the  following  important  characterization 
of  analytic  functions,  selecting  them  from  among  all  possible  quasi-ana- 
lytic classes**.  A  function  is  analytic  on  [a,b]  if  and  only  if  each  modification 
of  it  on  any  part  of  an  arbitrary  interval  contained  in  (ayb)  implies  the 
lowering  of  the  order  of  the  best  approximation  En(f\  a,  b)for  all  sufficiently 
large  values  of  n. 

On  the  one  hand,  if  f(x)  is  analytic  on  [a,  b]  then,  by  theorem  5.4.1 
we  have  limy^X/;  a,  b)  <  1.  Changing  f(x)  on  a  part  of  any  interval 

n — »oo 

contained  in  (a,  b)  we  obtain  a  certain  new  function  F(x)  which  coincides 
with/(X)  on  a  sufficiently  small  interval.  If  we  had  lim !/"£„(/;  a,b)<  1 

n— »oo 

then  by  theorem  6.6.1  these  functions  would  have  to  coincide  everywhere 
on  [a,  b].  Consequently,  lim  Y En(f\  a,b)  =  1 ,  i.e.  for  all  sufficiently  large  n 


On  the  other  hand,  if  a  bounded  function  F(x)  is  not  analytic  then  by 
theorem    6.5.1    lim  YEn(F;  a,  b)  =  1,    i.e.    there  exists   an   unbounded 


S.  N.  Bernstein  [3]. 
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Vfc . 

sequence  of  numbers  ^  <  *>2  <  r3  <  ...  for  which  lim   yEv(F;  a,  b)  =  1 . 

Vfc->°° 

For  a  subsequence  of  numbers  En  such  that  En  =  Ev(F',a,b)  for 
vk  <n<  rfc.K  (v0  =  1)  __ 

lim'J/E,,-  1. 

/J->00 

Thus,  from  the  considerations  of  section  6.6.9  it  follows  that  there 
exists  a  function  f(x)  not  vanishing  identically,  which  satisfies  the  property 

that/(X)  r^  0  everywhere  on  the  segment    a,— —    and    with    the    best 

approximation    En(f\a,b\    satisfying    the   inequality    En(f;a,b)<En 
for  an  infinite  subsequence  {nk}  of  values  n  from  the  sequence  {vk}. 
For  any  d  >  0  the  function  </>(x)  —  /W+^/Cx)  obtained  from  F(x) 

by  changing  it  at  the  points    of  the   interval  I— ^ — ,  b\    has   the  best 

approximation  £*n(0  ;  a,  b)  which  for  n  =  nk(k  =  0,  1,2,  ...)  satisfies  the 
inequality 

Enk(4> ;  *,  b)  < E»k(F-9a,  b)+6Enk(f;  a,  b) 

<  Ettk(F;  a,  b)+dEah  ^  (l  +  d)Enk(F;  a,  b). 

Thus,  after  the  change  of  function  F(x)  given  above,  the  order  of  its  best 
approximation  is  not  worse,  at  least  for  values  of  n  chosen  from  some 
unbounded  subsequence  of  natural  numbers. 

6.7.  Certain  converse  theorems  for  conjugate  classes  of  functions 

Now  we  shall  briefly  deal  with  the  problem  of  differential  properties 
of  functions  conjugate  to  functions  from  a  given  sequence  of  best 
approximations,  and  we  shall  prove  certain  inequalities  similar  to  those 
given  in  section  6.1. 

6.7.1.  If  f(x)  is  an  essentially  bounded  measurable  function  of  period 
27u,  then  the  condition  lim  E*(f)  =  0  for  /(#),  as  has  been  already 

n— >oo 

mentioned  in  sections  3.11.3  and  5.9.2,  does  not  imply  the  continuity  of 
the  conjugate  function  f(x).  Thus  the  estimate  of  the  number  eo(/,  /) 
for  t  -»  0  is  meaningful  only  under  certain  restrictions  imposed  upon  the 
sequence  of  best  approximations  E*(f).  The  considerations  of 
sections  5.9.2  and  6.1.1  show  that  such  a  restriction  could  be,  for  instance, 
the  convergence  of  the  series 
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In  those  cases   when   the  series  (1)  converges  the  conjugate  function  f(.\) 
is  continuous,  and  for  all  integers  n  and  k 


where  Ck  is  a  constant,  depending  only  on  /:**. 

The  inequality  6.7(2)  is  a  consequence  of  theorems  6.1.1   and  5.9.2. 
By  theorem  6.1.1 


Using  the  estimate   5.9(15),  we  get 

•!>! 

V^     1      *  V^     1      *       } 

1  /,  —£*(/*)+  /,      £*(/)}      (3) 

H-v  M   ^       ^  n-n+L  I*        l  ' 

and  after  changing  the  order  of  summation  in  the  second  term  of  the 
right-hand  side  of  6.7(3)  we  get  6.7(2). 

6.7.11.  The  condition  of  convergence  of  the  series  6.7(1)  is  sufficient 
for  the  continuity  of  the  conjugate  function  f(x)9  in  general  however, 
it  is  not  necessary.  Let  us  consider,  for  instance  the  function 

00 

/(*)  =  ZtffcCosfct,  (4) 

where 


fnln(fcTl)  ' 

Since  ak  =  O\  -- — — -  ,t  -    I ,  the  series  6.7(4),  and  also  the  series 
k          \k\nk\n1\nk/  v 

00 

^]  aksinkx 

k~2 

are  uniformly  convergent.  Consequently,  in  this  case,  the  conjugate  func- 
tion f(x)  is  continuous  together  with/(x).  Moreover,  since 


max 


N.  K.  Bari  and  S.  B.  Stcchkin  [1]. 
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it    follows    from    the    inequality    5.11(7),    for    some    constant    C>0 

£*m  c 

" (*'  ^  in(>7Tr)lnln(/7  \- 1)  ' 

i.e.  the  scries  6.7(1)  diverges. 

6.7.2.  Theorem  6.7.1  admits  the  following  generalisation  **.  If  for  some 
integer  r  >  0   the  sequence  of  best  approximations  E*  (/)    of  a   function 
f(x)  with  period  2n  satisfies  the  condition 

/  i    '  v  V  J  '   *~~~-~  \ ) 

v-  1 

then  the  conjugate  function  f(x)  has  an  r-th  continuous  derivative,  and 
for  all  integers  n  and  k 

1  n  <^o  \ 

v     nil  ' 

where  Ckl.  is  a  constant  depending  only  on  k  and  r.  This  generalisation, 
like  to  that  of  section  6,7.1  for  r  —  0,  follows  immediately  from  the- 
orem 5.9.4  and  6.1.1. 

6.7.3.  From  the  inequality  5.1(16)  and  6.7.1  it  follows  at  once  that*** 
if  E(t)   is  a  function   non-increasing  on    [0 ,  oo)  (£(0)  —  1 ,  lim  E(t)  —  0), 

t— »oo 

satisfying  6.1(20)  and  6.1(21),  and  for  a  periodic  function  f(x)  of  period  2n 
we  have  <nk(f,  t)  =  OJ^I  — I  ,  then  (ok(f,  t)  =  O  £1  —  I  .  In  particular 

putting  for  t  >  I  E(f)  —  rfl(0  <  a  <  k)  we  obtain****  from  the 
condition  «>k  (/;  t)  =  0(fa)(O  <  a  <  k)  the  relation  <ok(f,  t)  =  O(ta). 

6.7.4.  In  a  similar  way,  using  theorems  5.1.4  and  6.7.2  we  see,  that** 
//  a  periodic  function  f(x)  of  period  2n  has,  for  a  certain  integer  r  a  con- 
tinuous r-th  derivative  f(r)(x)    with  Mk(f(r\   t)  =  O  El      1    ,    then    under 

the  conditions  6.1(20)  and  6.1(21),  the  conjugate  function  f(x)  has  the 
same  property,  i.e.  it  has  continuous  r-th  derivative,  and  o)k(f(r);  t) 


-"[•(4)]- 


In  particular,  if  (ok(f(r\  /)  ^  O(ta)  (0<  a<  k),  then  f(x)  has  a  con- 
tinuous   r-th    derivative   for    which   oyk(f(r},  t)  —•  O(ta). 


**  N.  K.  Bari  and  S.  B.  Stechkin  [1]. 

***  In  a  slightly  different  form,  equivalent  to  ours  (see  section  6.9.5)  this  result  was 
obtained  by  N.  K.  Bari  [1]. 

I.  I.  Privalov  [1],  case  k  —  1  ;  A   Zygmund  [2],  case  k  =  2. 


392      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

6.7.5.  We  mention  also,  that  since  condition  3.11(24)  implies,  by  the 
inequality  5.1(16),  the  convergence  of  the  series  6.7(5),  then  from  6.7.2  we 
obtain  the  theorem  presented  in  section  3.11.3,  if  only  in  the  estimate 
6.7(6)  we  use  the  relation  5.1(16)  (for  k  =  /)  and  replace  sums  by  integrals 
(see  for  instance  section  6.1.61). 

6.7.6.  It   is    understood,    that    estimates    similar    to    those    given    in 
6.7.1-6.7.4,  and  also  the  inequalities  on  which  these  estimates  are  based, 
remain  valid  if  we  pass  to  the  integral  metric  Lq  (q  >  1).  Here,  obviously, 
besides  the  case  q  =  oo  considered  above,  owing  to  the  inequality  3.11(5) 
of  M.  Riesz  (see  also  5.11(18))  only  is  of  interest. 

6.8.  Converse  theorems  and  some   constructive  characteristics  of  compact 
sets  in  Banach  spaces 

In  this  section  we  shall  consider  the  problem  of  theorems  converse  to 
the  general  inequality  5.10(2)  and  we  shall  present  some  estimations  con- 
cerning this  inequality,  supplementing  to  theorem  2.5.1. 

6.8.1.  For  every  normed  linear  space  F  we  have  the  following  theorem 
which  is,  in  a  certain  sense,  converse  to  5.10:  For  every  e  >  0,  every 
compact  set  W  c  F  and  every  linearly  independent  system  9C.  {XQ,  xl9  x%,  ...} 
we  have  the  following  inequality 


lo&          +  n*(e)+l}  lo&n(e)+29          (1) 
where  /^(e)  is  the  e-entropy  of  the  set  W  (see  section  3.1.3),  M  =  sup  \\x\\ 

xtW 

and  n  =  n^(e)  is  the  smallest  non-negative  number  for  which 

(2) 


To  prove  the  estimate  6.8(1),  it  suffices  to  assume  that  e  <M  and 
consider  the  set  of  all  polynomials 

V(£) 

yn(x)  =  Z  c*xv,  (3) 

v  =  0 

whose  distance  from  elements  x  e  W  is  smallest.  Since  ||>>n(*)||  <2A/ 
for  all  x  e  W,  the  coefficients  of  the  polynomials  6.8(3)  satisfy  for  every 
x  e  W  the  inequality  (see  2.13.1) 

.,  A     ,,    ^   2M  /xx 

sup  \\c*xv\\  <  —  -,  (4) 
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where 

</*=    inf 


\\Xv\\     ck 


If 


then  for  every  polynomial  6.8(3)  one  can  find  a  polynomial  of  the  form 
c^xv  such  that 


This  means  that  for  any  x  e  W,  for  a  given  n  =  n*  (e)  there   exists 


n      ( I,  ) 

a  certain  polynomial  ^  cv  v  *v  such  that 


I!        y    (fcv)     • 

||^V  j/     i      »^y  ^Vy 


Choosing  any  element  x  e  W  from  each  sphere  of  radius  2s  with  the 
centre  ]T  c^*v)^v  we  obtain  a  4e-net  for  the  set    W.   Since  however  the 

v  =  0 

number  of  those  elements  does  not  exceed  the  number  of  polynomials 


v-O 

not  more  than 


of  the  form  £  cfv)xv  and  <$  <  1 ,  the  minimal  4e-net  for  W  consists  of 

(2Hii)]+ir« 


elements.  Thus 


It  remains  to  use  the  fact  that  for  each  (n+\)-dimensional  Banach  space  there 
exists  a  system  of  n+l  elements  z0,  zl9  ...9znfor  which  \\zk\\  =  1  (k  =  0, 
1,  ...,n)  anrf  d^  =  1**,  and  also  use  the  fact  that  for  any  e  >0  and 


**  In  the  (/i-h  l)-dimensional  space  under  consideration,  such  a  property  is  possessed 

n 

by  the  solution  of  the  system  Xk  =  XI  /v  fe)  rv  (A:  =  0, 1,  ... ,  n)  where  /0,/i,  ...,/«  are 

v^O 

linear  functional  in  F  with  ||/v||  =  1  (y  =  0,  1  ,...,/*)  for  which  the  determinant  of  the 
system  achieves  its  maximal  possible  value.  This  fact,  due  to  G.  Auerbach  (see  S.  Banach 
[1],  p.  205)  was  pointed  out  to  the  author  by  M.I.  Kadets. 


394      APPROXIMATION     OF    FUNCTIONS     OF    A     REAL    VARIABLE 

n  =  n^(e)9  for  the  system  ,2(z0,  zl9  ...9zn9xn  +  l9  ...)  the  inequality  n&(f) 
<  Hj^(e)  holds. 

6.8.2.  The  inequality  6.8(1),  and  also  5.10(2)  may  be  used  to  estimate 
the  increase  of  e-entropy  of  compact  sets  in  given  specific  cases. 

6.8.21.  As  an  example,  let  us  consider  in  the  space  C  of  functions  /(/) 

continuous  on   [—1,1]  with  ||/||  -    sup    |/(/)|,  the  class   AR(K)(—\,l) 

-Kf<l 

(see  section  3.7.21)  and  as  a  class  SV  (*0,  :q,  x2,  •••}  let  us  ta^e  tnc 
system  l,/,r2,  ....  It  follows  from  5.4(4)  that  in  this  case 


(5) 
Thus,  it  follows  from  6.8(1)  that** 

(6) 


6.8.22.  Let  KH%+a)M(L*M)  be  the  set    of   all    periodic    functions 
/(/!,  ...,  tin)  with  period  2rc  from  the  class 

J72(ri  '  «i 'm+am)^  _  _  A/m(L*(ffl)), 

/•j.  -T  ...  =  rm  =  r  integer;      0  <  at  —  ...  —  am  =  a  <  1 , 

M-,  =        —  A/f          M 
i        •  •  •        'K/ /»        ;F/  • 

(see  section  3.8.5),  for  which 

2TT          2Tt  1 

Lq  I  J  J  »  m  J 

0   '       0 

It  follows  from  theorem  6.3.4  that  the  set  of  all  functions  /eL*("l) 

with   \\f\\  *<„,)  <  K  for  which 
(LH 

1 


V        1 

is,  for  a  sufficiently  small  value  of  the  constant  C>0,  contained  in  the 
set  #//2(r|a)M(L*(m)).  Thus,  from  the  inequality  5.10(2)  we  get: 


In  fact,  as  it  was  shown  by  A.  G.  Vitushkin  [1],  we  have: 
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i.e.  as  e  ->  0: 


>  M<m,ra)   --  (8) 

On   the  other  hand,  for  functions  feKH£r  la)M(L*(m)   we  have,  by  be 
inequality  5.3(7): 


where  C  is  a  constant.  Consequently,  for  every  integer  s 


<?«,,  :>•»(*/#  '  a)M(L*<'»>))  ^  sup  £*...„(/) 

f  £W|<' 


, 
and  for  .?  = 


Thus,  in  this  case 


/  I  \r4  " 

i.e.  for  e  ->  0  the  function  /7H/(V)  increases  no  faster  than  I  —  I       .  Thus, 
by  the  basic  inequality  6.8(1),  we  get  the  estimate  from  above  equal  to 


for  the  order  of  increase  of  the£-entropy/^/7('-i«)M(L*('»))(e) 

as  £-+0.    Combining    this    result  with  the  inequality  6.8(8)  we  get  the 
asymptotic  estimate 


2 


(9) 


6.8.23.  If  J^laM(L*(m))  is  the  set  of  all  periodic  functions  /(/!,...,/,„) 
satisfying     condition     6.8(7)     and    the    condition    o>2(/;  0,...,  /rv,...,  0) 


**  For  ^  —  oo,  0  <  «  <  1,  A.  N.  Kolmogorov  [6]  has  obtained  an  estimate  which 
does  not  contain  the  factor  Jog2-   ,  i.e.  whose  order  coincides  with  the  right-hand  side 

of  6. 8. (8).  Kolmogorov's  result  shows  that  in  this  case  the  inequality  5.10(2)  becomes 
an  equality  in  the  sense  of  order  of  decrease. 
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<  M  \log2hv\~~a  (v  =l,...,w;a>0),  then  from  considerations  similar  to 
those  of  section  6.8.22  it  follows  that  in  this  case,  as  n  ->  oo  the  order  of 
decrease  of  the  function  0KA  M(L*(m))»W>  inverse  to  the  entropy,  equals 


Oog2«)a  * 

6.8.3.  Theorems  5.10  and  2.5  show  that  in  an  arbitrary  infinite-dimen- 
sional Banach  space  F  there  exist  sets,  whose  e-entropy  increases  arbi- 
trarily fast  as  e  -»  0**.  This  indicates  the  need  for  the  introduction  of  a 
scale  of  increase  of  entropy  /£(e)  as  s  ->  0.  Let  us  denote  by  59i£(F)  the 
class  of  sets  W  c=  F  for  which 


where  (Iog2)fc  /fr  (e)  is  the  iterated  logarithm  of  order  k(k  =  0,  1  ,  2,  ...)  of 
Iw(s),  B  and  A  are  some  positive  constants  and  /?>0. 

L.  S.  Pontryagin  and  L.  G.    Shnirel'man    [1]  have   shown  that  the 

Ioga7 
inequality  inf  —  -^—     >  0  holds  only  in  the  case  when  the  set  W  is  finite- 


dimensional,  i.e.  only  in  the  case  when  inf  C(W)  —  0  for  all  sufficiently 

'JV 
large  n.  In  the  general  case  the  lower  bound  of  inf  £%(W)  taken  over  all 

ST 

possible  linearly  independent  systems  (X  in  F,  may  serve  as  a  characteristic 
of  the  degree  of  deviation  of  this  set  from  all  possible  sets  of  given 
dimension  n. 

We  mention  some  properties  which  follow  from  the  inequality  6.8(1), 
giving  the  estimate  of  inf  £*(W)  for  sets 


6.8.31.  If  wre-93tg(F)(]8>l),  then  for  all  sufficiently  large  n 


SY 
where  Q<  I  is  a  positive  constant  independent  of  n. 

6.8.32.  If    W  e  9)if  (F)  (0  <  p  <  1),  then  for  all   sufficiently   large    n 

inf  f*(  W)  ^  0W  [cn(log2  /i)>j  , 

a* 

where  C  is  a  positive  constant  independent  of  n. 
**  A.  N.  Kolmogorov  [7]. 
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6.8.33.  If  We9)lf(f)OJ>l),  then  for  all  sufficiently  large  n 


9C 

where  Q  <  1  is  a  constant  independent  of  n. 

6.8.34.  If  WeWlKF),  where  k  >  2,  then  for  all  sufficiently  large  * 


6.9  Various  problems  and  theorems 

1.  A  function  f(x)  from  the  class  Lq(l  *^.q<^  oo)  on  (—00,  +00)  satisfies  the  gen- 
eralised condition  of  Dini-Lipschitz:  o>(/;0z<  In  /->  0  as  f->0  if  and  only  if  lim  Aa 

a—  >oo 

In  a  =  0  (see  6.1(18))  and  5.1(15)). 


2.  If  a  functions  f  (x)  defined  on  (—00,  +00)  belongs  to  the  class  Lq  and  a  >  0,  the 

00     _      /      1  \  °° 

series  V  «~aa>(/;  —  1     and  V  n~clAn(f)La  are  either  both  convergent  or  both  di- 

A-J  \      n  IT  z—  J  ^ 

n-1  v  /  Lq  n=l 

vergent.  The  same  holds  in  the  periodic  case  if  we  replace  An  (f)Lq  by  E*n  (/)L  . 

For  the  cases  q  —  2  and  q  =  oo  and  f(x)  continuous  and  periodic  see  S.  B.  Stechkin 
[6].  Use  the  inequalities  5.1(9)  and  6.1(1  8)  (&  =  1)  and  apply  Abel's  transformation. 

3.  If  the  function  /(;c)  defined  on  (—00,  +00)  belongs  to  the  class  Lq  and  has  the 
property  that  for  a  certain  integer  k 


then 


See  6.1(18). 

4.  Theorems  6.1.61  (see  also  6.1.2)  remain  valid  if  we  replace  O  by  o. 

5.  Conditions  6.1(30)  and  6.1(21)  are,  respectively,  equivalent  to  the  existence 
of  a  constant  C  >l  such  that 


(-} 


E\~T 

and 


-  ,(i) 

N.  K.  Bari  and  S.  B.  Stechkin  [1], 


(D 

t~- *oo 


(2) 
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6.  Let  f(x)  be  a  periodic  function  of  period  2n  and  let  er,,(/;  x)  denote  the  arith- 
metic means  of  partial  sums  of  its  Fourier  series  (Fcj£r  sums).   The  function  /(*)  sat- 
isfies  the   Lipschitz  condition  w(/,  t)  —  O(ta)  (0  <  «  <  1)   if  and   only   if  co(an;t) 
—  O(/a)   uniformly   in   n. 

A.  Zygmund  [1]. 

7.  The  function  f(x)  continuous  and  bounded  on  (  -oo,  -f  oo)  satisfies  the  Lips- 
chitz condition  eo  (/;  t)      O  (t*)  (0  <  a  --:'  1)  if  and  only  if  the  entire  functions  Ga  (x)  —  Gff 
(J\x)    of    the    best    uniform    approximation   satisfy   on   (-00,  +00)    the  condition 
(o(Gal  t)  —  O(t*}  uniformly  in   cr. 

8.  If  a  sequence  of  positive  numbers  E1  >  E2>  E^>-  ...  is  such  that  the  series 

CO 

^  n    lEn  is  divergent,  then  there  exists  a  function /(*)  with  a  discontinuous  r-th  deriv- 

w=-l 

ative,  for  which  for  all  /*   the  best  approximation  by  algebraic  polynomials  satisfies 
the   inequality   En(f;  —  1 ,  -|  1)  <  En. 
S.  N.  Bernstein  [1]. 

9.  If  the  sequence  of  best  approximations   En  (f)^    of  a  periodic  function  f(x)  of 

period    2rr    satisfies   the  condition  En  (/)L    ~  O\~  *]    (0<a<l),   then    for   every 

q          \/l  ! 
positive  ft<  a   there  exists   the  derivative  f      (x)  (see  section  3. 5.6)  and  E*(f^)L 


D.  Kralik  [1]. 

10.  If  a  function  /(AW)  defined  in  some  bounded  plane  set  G  has  the  property 
that  for  the  sequence  of  best  uniform  approximations  by  algebraic  polynomials 
on  G:  lim  £*,,„(/;  G)  --  0  and  lim  £"„,/(/;  G)  =  0,  then 


Use  the  inequality  2.2(10). 

11.  If  a  function  f(x,y)  is  periodic  with  period  27t  with  respect  to  each  variable, 

d*f  d2f 

and  has  the  partial  derivatives    s  2   and    ^  ;2    such  that 


r    c  i 
i   S  ( 


(3) 


then  the   mixed   derivative    ^    ^     exists  and 


S  ifer 

oo  oo 

S.  N.  Bernstein  [1].  Use  the  Parseval  equality. 
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12.  The  equation  of  elliptic  type: 

d2u  d'2u  d2n 

A          H   2B  +  C  -  °       ^AC-B*  >  0) 


()//       dn 
where  A,  /?,  C  are  functions  of  A,  _y,  //,  ^7,  -r-   does   not   have    solutions    periodic 

in  A-  and  y  with  finite  derivatives  of  the  first  two  orders,  except  the  solution  identically 
constant. 

S.  N.  Bernstein  [1].  See  section  6.9.11. 

13.  The  function  f(x)  continuous  on  [a,  b]  has  the  r-th  derivative  /(r)  (x)  satisfying 
the  Lipschitz  condition    oj(/(r);  r)  —  O(ta)    (0  <  a  c;  1)   if  and  only  if  for  every  two 
points  .YI,  x2  E  [a,  b] 

Er(f;xi,xJ<Cr\Xi-Xi\'  +  *9  (5) 

where  Cr  is  a  constant  depending  on  r. 
D.  A.  Raikov  [1]. 

14.  A  function  f(x)  continuous  on  [a,b]  has  a  continuous  r-th  derivative  (r       1) 
if  and  only  if 


uniformly  with  respect  to  .Y  as  fi  -  a    >  0,  «  <  x  <  p. 
S.  N.  Bernstein  [21]. 

15.  Let  f(x)  be  defined  on   [a,  b], 


x«  <oo, 

a 

and  let  En  (/;  «,  b)^    be  its  best  mean   approximation   by   algebraic  polynomials   of 
order      //.     The    condition    lim    '!/  Kn(f;a,  b)^  <  1  holds  if  and  only  if  /(.Y)  coin- 

/i—  >co  ^ 

cides  almost  everywhere  on   [«,  b]  with  an  analytic  function. 
S.  N.  Bernstein  [7]. 


16.  (continuation).   If   lim    j/£,,(/;  a,  b)Lq<  1  and  /(*)  equals  zero  for  almost 

n-~>oo 

all  points  of  an  interval  («,  /?)  c:  [«,  />]  then/C^)  —  0  almost  everywhere  on   [a,  b]. 
S.  N.  Bernstein  [7]. 

17.  A  function  f(x)  continuous  and  bounded  on  O  oo,  f  oo)  is  infinitely  differen- 
tiable   if  and  only  if  lim  rrr  Aa(f)  —  0  for  every  r. 

/,—  >  00 

18.  If  a  function  /(x)  bounded  and  continues  on  (  —  00,   |  oo)  equals  zero  on  some 


interval  and  has  the  property  that  lim    }f  Aa(f)<  1,  then/(A')  =  0. 

a~-  >oo 

19.  If  a  function  /(A:)  is  quasi-analytic  in  the  sense  of  S.  N.  Bernstein  then  its  in- 
definite integral  satisfies  the  same  condition. 
S.  N.  Bernstein  [7]. 
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20.  The  function 

^  cos  n  \  arc  cos  x 


is  not  analytic  on  [—1,4-1]  and  is  infinitely  differentiable  and  quasi-analytic  in  the 
sense  of  S.  N.  Bernstein. 

S.  N.  Bernstein  [7].  See  sections  6.6.2  and  6.6.4. 

21.  The  function 


where  7^0)  =  1,  F(n+l)  =  2/;(n-)  (/z  =  0,  1,  2,  ...)  is  not  differentiable  at  any  point  of 
the  interval  —  1  <  x  <  1  and  is  quasi-analytic  in  the  sense  of  S.  N.  Bernstein. 

S.  N.  Bernstein  [7].  See  section  6.6.2. 

22.  If  a  periodic  function  f(x)  has  the  property  that  for  a  certain  indefinitely  in- 
creasing sequence  nk  and  a  certain  null-sequence  hk 


uniformly  in  x,  then 

\Alf(x)\<(M*nh\\nh\)n 

uniformly  in  x  for  all  n  and  a  certain  infinite  set  of  values  of  h  tending  to  zero. 
S.  N.  Bernstein  [7].  See  sections  5.8.2  and  6.6.5. 
23.  If  a  periodic  function  f(X)  satisfies  the  property  that 


for  a  certain  indefinitely  increasing  sequence  r//t,  then  for  every  n 


for  a  certain  infinite  set  of  values  of  t  tending  to  zero. 
S.  N.  Bernstein  [11].  See  section  6.6.5. 
24.  The  function 


_     ... ,  <9> 

m=  1  * 

satisfies  for  every  r  the  condition  of  the  preceding  theorem  and  does  not  have  any  deriv- 
atives. 

S.  N.  Bernstein  [7]. 

25.  If  a  sequence  of  positive  numbers  El  >  E2  >  E3  >  ...  has  the  property  that 

oo     .. 

^]  — En  diverges,  then   there  exists    a   continuous    function  f(x)    with   period   2TU, 
with  discontinuous  conjugate  function  f(x)  and  E*(f)<  En  for  every  n. 

oo 

N.  K.  Bari  [1].   Consider  the  function  f(x)  =  V  / 
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26.  Let  a  bounded   function  f(x)  defined   on  (—  oo,  -j  oo)   satisfy   the  condition 

eoa(/;f)=  o  (fa)  (0  <  a  <  1),   and  let  f(t)  be  the   function   conjugate    in  the   sense 
3.11(20).  If  there  exists  a  constant  C  such  that  the  integral 


is  bounded  for  all  xy  then  the  function  /(jc)  is  also  bounded  and  o>a(/;  r) 
N.  I.  Akhiezer  [3]. 


26  Theory  of  Approximation! 


CHAPTER   VII 

FURTHER   THEOREMS    CONNECTING   THE 

BEST   APPROXIMATIONS   OF 

FUNCTIONS   WITH   THEIR   STRUCTURAL 

PROPERTIES 

7.1.  On  the  exact  order  of  decrease  of  best  approximations 

The  results  of  the  preceding  chapter  (see  section  6.1)  show  that  in  all 
the  cases  when  the  best  approximation  Aff(f)L  of  a  function  f(x)  from 
the  class  Lq  (1^  q  ^  co)  defined  on  (— oo,+oo)  satisfies,  for  a  certain 
integer  k,  the  condition 

n 

_2  (v+\?~lAv(f)Lq  =  0[A.(f)LJ, 

then  the  modulus  of  smoothness  <wJ/; — 1     has,  as   or ->  oo,  the  same 

order  of  tendency  to  0  as  Aff(f)L  .  Owing  to  this  fact,  in  the  study  of  diffe- 
rential characteristics  of  functions  with  a  given  sequence  of  best  approx- 
imations En  the  special  role  is  played  by  functions,  for  which  the  sequence 
{£*„}  satisfies,  for  a  certain  integer  k  >  0  the  property 

~ -J  (r  f  1  )*-'£,-  0(En).  (I) 

v  — 0 

We  shall  describe  the  class  of  such  functions  in  structural  terms. 

7.1.1.  A  periodic  function  of  period  2ic  of  the  class  Lq  has  the 
sequence  E*  (f)L  =  En  of  best  approximations  satisfying  condition 
7.1(1)  //  and  only  if  as  / ->  0** 

i       ff.\ 
t"  J  ~j£L-q-  d«  =  O  K  (/;  OL,  (2) 


*^  For  q  =  oo,  in  the  case  when  /(.v)  is  continuous,  an  equivalent  theorem  can  be 
found  in  papers  of  S.  M.  Lozinskii  [3]  and  N.  K.  Bari  and  S.  B.  Stechkin  [1]. 

[402] 
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If  for  the  sequence  En  =  E*(f)L  we  have  7.1(1),  then  by  the  inequality 
5.1(16)  (see    also    5.11(1)    and    6. 1(1)) 


£  ( /")/   <  «>*  I  /; -V       <  C?  £*  ( /*) r  ,  (3) 

nUyL9  ky  '     H+l/L,  nVJLq>  W 

where  M*  and  C*  are  positive  constants  depending  only  on  k.  Thus,  using 
the  fact  that  for  — —  <  t  <  — 


£    <W;")L_              1  V  f  a)k(f',u) 

\    —  t-i-1        dw  ^  -T  /  \ r-irr 

J             Mk+1                         Hfc  ^— J  ,)  Wfc+1 

V  =   1 


!  V     If  l\     C    dw    -  fi*  V  *  i    //•  l\ 

7? 2,^  /;  7 L    )  Ipf  ^  ^-  2,  **-H  /;  7 

v^i\          '  q    i  v=i  \          /^ 


we  have 

i 


f  «>*(/;  «)L,      ^  stcf  y       n*.i 

J  ""ii*-1-"1"  "        ^  ""/i*^"  ^—"  ^        ^ 


;  -A,J    1  = 


To  prove  the  converse  statement,  we  prove  first  the  following  lemma. 
7.1.11.  Every    modulus    of   smoothness    cok(t)  =  cok(f'9t\    satisfying 
condition  7.1(2)  has  the  property  that 

(4) 


uniformly  with  respect  to  all  positive  v  <  %  and  t  <.  J-. 

Let-  —  _  -  <  t  <  -    and  -  —  r  <  7;  <  —  .  It  is  evident  that 
n         m+l  ~"  m 


JL 

n 

1 


1               "~L             /        -t        \      /•  J                                                 "-*-                        I  i 

^>                \^      /          I  i  du             ak      \r^  k__l     1 1 

^  (w_|_n*  Z-i    k\v-irij  j  "^fc+i  -^  fwj-i)fc'^j r     CO/C\V 

v-l          V                      i  V                    v=l                    \ 

where  ak  is  a  positive  constant. 
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It  follows  that  when  7.1(2)  is  satisfied 

*  mn 

1  v  ,  , 


)"(«+!)*  £*' 
Moreover 


(6) 


i    \ 

r 

^/v 


'  v=G'-l)n  +  l 

where  ak  is  a  positive  constant.  By  3.3(5),  for  every  integer  j  >  1  we  have 
the  inequality: 


J  K  \      ^^ 

Thus 


Combining  the  last  relation  with  the  inequality  7.1(6)  we  obtain 


Inm     k\ 
or 


7.1.12.  Using  lemma  7.11.1  we  find  easily  that  condition  7.1(2)  implies 
7.1(3).  Indeed,  by  inequality  5.1(16)  (see  also  5.11(1)): 


Thus,  if  7.  1  (2)  holds,  then  there  exists  a  constant  /?fc,  such  that  for  all  n 
we  have 
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Besides,  by  theorem  6.1.1  for  every  integer  m^  1  we  have 


Consequently 


i.e. 


or 


tf 


On  the  other  hand,  7.1(2)  implies  7.1(7),  and,  consequently,  as  m  ->  oo 
the  second  term  of  the  right-hand  side  of  7.1(9)  becomes  infinitely  small 

in  comparison  with  cok  \  /;  -     .  It  follows  that  m  may  be  chosen  in 
k\J     mn]Lq 

such  a   way   that    (see    section    3.3.5): 


which,  together  with  5.1(16)  (see  also  5.11(1))  proves  7.1(3). 

7.1.13.  To  complete  the  proof  of  theorem  7.1.1  it  remains  to  notice 
that  7.1(18)  and  7.1(3)  imply  7.1(1). 

Thus,  in  all  cases  when  for  some  k  the  modulus  of  smoothness  &>*(/;  i)L 
satisfies  7.1(2),  the  exact  order  of  decrease  of  best  approximations  E*(f)L 

coincides  with  the  order  of  cok  I  /;  —  I    • 

\       n/L<i 

7.1.2.  In  connection  with  theorem  6.1.3  (see  also  section  6.1.6)  among 
the  functions,  whose  sequence  of  best  approximations  satisfies   a  con- 


406      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

dition  of  the  type  7.1(1),  the  functions  for  which  for  some  positive  inte- 
ger k 

oo 

£  vr~lEv  <  oo 

v-1 

and 

oo 

(10) 


are  of  special  interest. 

A  periodic  function  f(x)  of  period  2-ru,  with  the  r-th  derivative  f(r)  (x) 
e  Lq(l  <  q  <  oo)  has  the  sequence  of  best  approximations  E*(f)L  =  En 
(n=  1,2,...)  satisfying  7.1(10)  and 

n 

-EJ-  V  (v+  O'+'-^v  =  O  (£•„) ,       (k  >  0  wte^r)  (1 1) 


if  and  only  if  as  t  -»  0 

("    « 

;  t]  (12) 


and 

«>(r)wL 

-dw  =  ^[^(/(r);0^  (13) 


If  the  sequence  En  =  E?(f)L    satisfies  7.1(10),  then  by  5.6(27)  and 
5.6(28)  (see  also  5.11.4) 


where  M^  r  and  Ckr  are  positive  constants.  In  this  case  7.1(11)  is  equi- 
valent to 


By  theorem  7.1.1  the  last  equality  is  equivalent  to  7.1(13).  Also  from 
the  inequalities  5.1(18)  (see  also  5.11(2))  and  6.1(9)  it  follows  that 

f)L.  (16) 


**  For  q  =  oo  an  equivalent  theorem  can  be  found  in  papers  of  S.  M.  Lozinskii 
[3],  N.  K.  Bari  and  S.  B.  Stechkin  [1]. 
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where  M?  r  and  Cfr  are  positive  constants.  Thus,  since  for  —  —  < 

n~\-  1  n 


'    and  C?r  are  positive  constants,  ihus,  since  lor  — 

,r  K,r  r  n 

we  have: 

«'  Wk(f(r);u)r  ?  vk(f(r);  «)/ 

^  ,    .  i  _^__       xdw 

0 

_1_ 

^(/(r);w)j 


^Ui)     ^uy-U;! 

-i     ^l-7         v/,      J      u      ^  J-^  v     *\J         v/f 

x  v  = 


we  obtain: 


To  prove  the  second  part  of  the  theorem  we  use  the  following  lemma. 
7.1.21.  //  (*>k(t)  =  a>k(JW;t)L    satisfies  condition  7.1(12),  then 


uniformly  for  all  positive  v  <  i  and  /  <  i"« 

Let  --  -  <  t  <  —  and  -  —  -  <  v  <  —  .    Then 
n+l  n  m-hl  ~  m 


i 

/HI 


V    l 

>     —  CM*    - 
^--  v    kv 
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where  a%  is  a  positive  constant.  It  follows  that  when  condition  7.1(12) 
is  satisfied 


V     !      /^A*     il 

2_i  T^MT r^fe*a)*  TT 

,=rii "    \r/ 


i.e. 


him 

7.1.22.  We  shall  show  that  7.1(12)  and  7.1(13)  imply  7.1(16).  On  one 
hand,  by  the  inequality  5.1(18)  (see  also  5.11(2))  we  have 


-  0\(  — ^2-diij' 

IJ  *  J 


and,  consequently,  by  condition  7.1(12)  there  exists  a  constant  fif  such 
that 

:-^)   ,  08) 

'  ^q 

where  m  and  n  are  arbitrary  natural  numbers. 

On  the  other  hand,  since  by  theorem  7.1.1,  condition  7.1(13)  implies 
that 

~T  Jfr+D^E*^^  =  0\E*(f<'>)Lg\ 

v-O 

we  have,  by  inequalities  5.6(27)  and  5.6(28)  (see  also  5.11.4) 


=  0[£T(/«")Lf]  =  o[rfE*(f)Lq+   Yi   "P"I£*(/)LJ'        (19) 

V«=fl  +  l 

and  according  to  theorem  6.1.3  we  get 

.  (20) 
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The  inequalities  7.1(18)  and  7.1(20)  imply,   that  for  some  values  of 
the  positive  constants  A*>r  and  B*tf 


>^> 

Since,  however,  7.1(12)  implies  7.1(17),  the  second  term  on  the  right-hand 

(1  \ 
/(r);— I 

as  m  increases. 

Thus,  we  can  choose  m  in  such  a  way  that  for  all  n^  1 


where  Akif  is  a  constant.  The  first  of  the  inequalities  7.^16)  has  already 
been  obtained  in  Chapter  V  (see  5.1(8)  and  5.11(2)). 

7.1.23.  To  complete  the  proof  of  theorem  7.1.2  it  remains  to  note 
that  7.1(18),  7.1(19)  and  7.1(16)  imply  7.1(10)  and  7.1(11). 
Thus,  in  all  cases  when  the  function  f(x)  has  the  r-th  derivative  f^(x)  e  Lq 
and  for  some  k  the  modulus  of  smoothness  o>fc(/(r) ;  OL    satisfies  7.1(12) 
and  7.1(13),  the  exact  order  of  decrease  of  best  approximations  E*(f)L 

coincides  with  the  order  of  —  a>k  I  /(r) ;  —  I    . 

n'       \          *lLq 

7.1.3.  We   see   easily   that   the   theorems  similar   to  those  found  in 
sections  7.1.1  and  7.1.2  for  the  periodic  case,  remain  valid  also  in  the 
case  when  we  consider  functions  f(x)  of  the  class  Lq   on  (—00,  +00) 
and    their    best    approximations    Aff(f)L    by  arbitrary  entire  functions 
of  exponential  type. 

7.1.4.  Theorems  7.1.13  and  7.1.23  allow  us,  in  certain  cases,  to  find 
the  exact  order  of  decrease  of  best   approximations  for  some  specific 
functions. 

7.1.41.  Let  us  consider,  for  instance,  the  function  f(t)  =  |cosf|a, 
where  0<  a<  1.  Since  in  this  case  o>2(/;  t)  is,  for  t -*  0  of  order  fa, 
and  consequently,  it  satisfies  7.1(2)  (q  =  oo9k~2),  we  find  by  7.1.13 

that  the  exact  order  of  decrease  of  E*(f)  as  n  ->  oo  equals  — . 

n 

Similarly,  if  f(f)  is  an  even  function  of  period  2rc,  which  coin- 
cides with  the  function  o>  I— 1  on  [0,7r]  (where  co(0  is  the  modulus  of 

w 
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continuity  considered  in  section  3.2.4.),  then,  since  in  this  case  co(/;f) 

=  co(  — 1,  f<7t,  and  co(t)  is  of  order  /log32  for  /->0,  the  exact  order 
\7r/ 

of  decrease   of  best    approximations   £*(/)  for   this    function    (differ- 
entiable  almost   everywhere),   equals  —^^-- 

The  function  f(f)  =  |cos/|1+a,  where  0<  a<  1   has  the    derivative 

7t 


i  o  r       \j  "--~^  «.  ^-c^  "  _  , 

/'(/)  = 

-a)|cosr|asinr       for       — 

for  which  co2(/';  t)  as  f-»0,  is  of  order  /*,  and  consequently, 
satisfies  7.1(12)  and  7.1(13)  (k  —  2).  Thus,  by  7.1.23,  the  exact  order  of 
decrease  of  best  approximations  E*(f)  as  «->oo  for  this  function 

equals  — r-r— . 

wl  +  a 

If  /(/)  =  (cos/)r~1[cosf |1+a,  where  r>0,  is  an  integer,  and 
—  1  <  «<  1,  then  the  derivative  /(r~1}(0  exists,  and  it  can  be  written  in 
the  form  of  a  sum 

f(r~l)(t)  —  rh(r+o)  ...  (a+2)]cos^|1+a+^r(/1), 

where  yr(t)  is  a  function  with  a  bounded  second  derivative  for  a  ^  0, 
and  bounded  first  derivative  if  a  <  0. 

Since  the  function  <p(t)=^  |cos/|1+a  has  the  modulus  of  smoothness 
(o2((f/;t)  of  order  t1+a  as  /~»0,  then  co2(f(r~l\  t)  has  the  same  order 
of  decrease.  Thus,  by  7.1.23,  the  exact  order  of  decrease  of  the  sequence 
of  best  approximations  E*(f)  for  /(/)  =  (cos/)1""1.  |cos^|1+a  for  any 

positive  integer  r  and  —1  <  a<  1  equals  — 7^-. 

The  same  considerations  show  that  for  any  number  c  with  \c  <  1, 
the  exact  order  of  decrease  of  the  sequence  of  best  approximations  E*(f) 
of  the  function  f(t)  —  (cosf— c)r~l  \cost— c|1+ot,  for  any  positive  integer 

r  and  —  1  <  a  <  1   equals      r+a    as  n  ->  oo. 

It  follows  directly  that  for  any  positive  integer  r  and  —  1  <  a  <  1  the 
exact  order  of  decrease  of  best  approximations  En(f,  —1,1)  by  alge- 
braic polynomials  of  the  function  f(x)  =  (x— c)1*"1!*— c\l+ct  for  |c|  <  1 

and   n  ->  oo   equals  -7^- 


In  the  case  r  =  1,  a  =  0,  this  result  has  been  obtained  by  S.  N.  Bernstein  (see  [15]). 
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l  +  X 

By  the  substitution  y2  =  —  -^—  ,   we   easily   find   that   in    the  case 

c==±l,  a  7^0,    f/iw   order   equals  -^r^. 

7.1.42.  For  some  positive  integer  m  and  0  <  a  <  1  let 

f(t)  -  |cosf|a(ln|cosf|)m.  (22) 

Here    ft>2(/;  0   is  of    order    /a|ln  f|m    as    /-»0,    and   consequently,    it 
satisfies    7.1(2)   (q  —  oo,  k  —  2)  the  exact    order    of  decrease   of  best 

(\uri)m 
approximations  E*(f)  equals,  as  ?z->  oo,  -  -  -.  The  function 

f(t)  ^  cos  t  (In  |cos  t  |)m  (23) 

has   the  modulus  of  smoothness  co2(/;  /)  of  order  /|ln|m~1:**  as  /-»0. 
Thus  we  conclude  that  in  this  case  the  exact  order  of  decrease  of  £*(/) 

t     (to/i)1"-1     T, 

as  n  -»  oo,  equals  -  .  If 
n 

,  (24) 


where  s  is  an  arbitrary  positive  number,  then  (if  s  is  an  even  integer),  the 
function  7.1(24)  has  an  (s—  l)-th  derivative  which  can  be  written  in  the 
form  of  the  sum 


where  ys(i)  has  a  bounded  first  derivative.  Thus,  the  modulus  of  smooth- 
ness oy^(f(s-l\  t),  as  £-»0,  is  of  order  't\ In  t \m'\  and  satisfies  7.1(12) 
and  7.1(13).  Hence  for  even  values  of  s,  by  7.1.23,  the  exact  order  of  de- 
crease of  best  approximations  E*(f)for  the  function  7.1(24)  equals  — — -- — 

It  follows  from  similar  considerations  that  for  all  remaining  values  of 

/.  /     (ln«)m 

s,    this  order  equals  — — ——. 

Since  the  best  approximation  of  function  \x\s  (ln|;c|)m  by  al- 
gebraic polynomials  on  [—1,1]  coincide  with  the  best  approximations 
of  the  function  7.1(24)  by  trigonometric  polynomials  of  the  same  order, 
we  have  in  consequence:  the  exact  order  of  decrease  of  best  approximations 

**  Using  the  remark  made  in  section  3.5.71  it  suffices  to  verify  that  the  function 
7.1(23)  satisfies  this  property  on  the  segment  I  —  y,  -yj. 
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|*(ln  |*|)m;  —  1,1]  C?>0,  w>0  an  integer),  as  «-»oo  equals 


n 
if  s  is  an  even  integer  and  —  ~-s  —  in  all  remaining  cases. 

7.1.43.  The  integral  modulus  of  smoothness  o)2(fQ;t)L  (q^  1)  of  an 
odd   periodic   function    of  period   2ru: 


/o(0  = 


—sin/,     0</< 


sin  /,        — 


(25) 


__ 

is,  as  t  ->  0,  of  the  order  tq. 

Thus,  by  7.1.13  the  exact  order  of  decrease  of  the  sequence  E*(fQ)L 

is,  as  n  ->  oo,  equal  to  —  r. 

n« 
If  for  some  integer  r^Q 

/(0  =  (cosOr-1|cosr|,  (26) 

then  there  exists  the  derivative  /(r)(/),  and  it  can  be  written  as  the  sum 


where  yr(/)  is  a  function  which  has  a  first  derivative,  with  integral  modulus 


of  continuity  a)(ip'r;  i)L     of  the  order  tq  .    Consequently   the  integral 


modulus  of  continuity  co2(/(r);  f)L  is,  as  t  -*  0,  of  the  order  tq  ,  i.e.  it 
satisfies  conditions  7.1(12)  and  7.1(13).  Thus,  by  7.1.23,  the  exact  order 
of  decrease  of  best  approximations  E*(f)L  for  the  function  7.1(26) 

1 
equals  to  -  j  ,  as  n  ->  oo  . 

nr+T 

From  the  same  considerations  it  follows  that  for  every  c  with  \c\<  1, 
the  exact  order  of  decrease  of  the  sequence  of  best  integral  approxima- 
tions E%(f)L  for  the  function  f(t)  =  (cos  t—  c)r~1|cos  t—  c\  for  every 

integer  r^Q  and  n  ->  oo  equals  -  ^. 

n^ 

Similarly  it  can  be  shown  that,  for  every  integer  r  ^  0  and  \c\  <  1 
the  exact  order  of  decrease  of  best  approximations  E*[(x—cY~~l  \x—c\: 

—  ML   equals  -  ^-  as  n  ->  oo. 
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7.1.44.  If,  instead  of  the  function  7.1(25),  we  consider  the  derivative 

m 

of  the  finite  sum  2  ^vlcos—  cv|  ,  where  |cv|  <  1  ,  (v  =  1  ,  2,  ...  ,  m),  then, 


just  as  in  section  7.1.43,  we  show  that  the  exact  order  of  decrease  of  best 
approximations  E*(f)L    of  the  function 

f(f)  =  f]  Av(cost-cv)r-l\cost-cv\  (27) 

v=l 

or  of  the  best  approximations  En(F;  —1,1)  of  the  function 

F(x)  =  £  Av(x-cvrl\x-cv\  (28) 

v=l 

is,  for  every  fixed  m  and  |cv|<  l(v  =  1,  2,  ...,  m)  equal  to—^j~ 

7.1.45.  The  examples  considered,  despite  their  specialised  character,  may 
be  used  to  investigate  the  exact  order  of  decrease  of  the  best  approxima- 
tions of  functions  with  this  type  of  singularity.  This  remark  is  based 
on  the  obvious  fact,  that  for  every  function  f(x)  of  the  form 

f(x)  =  <H*)+v(*)  (29) 

where    En(y)  =  o  [£„(</>)],    the   best  approximation    of  /(#),  as   n  ->  oo, 
asymptotically  coincides  with  the  best  approximation  of  (f>(x). 

The  last  remark  is,  in  some  cases,  useful  also  for  investigating  of  the 
order  of  decrease  of  best  approximations  of  functions  with  various 
singularities  of  another  character.  Thus  if  for  instance 

(01)  (30) 


where  y(x)  is  an  arbitrary  function,  analytic  in  some  elliptical  domain 
containing  the  point  c,  then  by  5.4.1,  as  n  -»  oo,  the  best  approximation 

Em(f;  -1,1)  equals  ,      -y—  —  .,-  (see  2.11(4)),  neglecting  terms 

(c2-l)(c+|/(c2-l)) 
of  higher  order. 

7.1.5.  To  complete  this  section,  we  shall  consider  another  convenient 
criterion  for  the  exact  order  of  decrease  of  best  approximations  of 
periodic  functions  by  trigonometric  polynomials,  in  the  cases  when  these 
functions  are  defined  by  their  Fourier  series**.  For  an  arbitrary  function 
f(x)  with  the  Fourier  series 

00 

f(x)  =  2  (akcosnkx+bks'mnkx)  (31) 


**  See  also  section  2.11.2. 
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where  — — -  ^  A  >  1  (A:  =  1 ,  2,  ...)**  the  order  of  decrease  of  the  sequence 

Hk 

of  best   uniform    approximations   E*(f),  asn-*oo,   coincides  with   the 


order  of  Rn(f)  =    X    Qk>  where  nv  <  n  <  nv+I  and  $k  =  j/a|+6|***. 

fc=v  +  l 

Since  for  wv^«<wv+1  we  have 

(*)-Sn*(/;  *)l  <  *„(/),  (32) 


where  Sn(f;  x)  is  the  partial  sum  of  n-th  order  of  the  Fourier  series  of  the 
function  /(#),  it  follows  that  for  every  such  function  the  partial  sums  of 
the  Fourier  scries  have  the  deviation  of  the  same  order  as  the  polynomials 
of  the  best  uniform  approximation. 

The  proof  of  the  above  statement  is  based  on  the  fact****  that  for  every 
function    f(x)     with    Fourier    series    7.1(31)     satisfying    the    condition 


-         >  A  >  1  (k  -  1  ,  2,  ...)  we  have 
nk 

(x)|  (33) 


for  some  constant  C(A)  depending  only  on  A. 
Inequality  7.1(33)  shows  that  for  every  n 

Rn(f)<C(X)rn(f).  (34) 

Besides,  since 


S^fix)-^..  +Sfv+.^f:x) 

nv+1-nv 

we  have  for  v  —  1,2,...    (sec  inequality  8.4(5)): 
A  „ 

*T      ^  A*,. -1-1 


and,  consequently, 

Rn^ 
In  the  case  nv<  n<  nv+1: 


**  Such  trigonometric  series  are  called  lacunary  (or  trigonometric  series  with 
gaps.  Translator). 

***  S.  B.  Stechkin  [4]. 

****  S.  Szidon  [1].  The  proof  of  inequality  7.1(33)  may  be  found  in  the 
well-known  monograph  of  A.  Zygmund  [1]. 
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Thus,  if  some  y  >  1,    QV+I  <  y^v+1(/),  then 


*(/). 
If,  however,  £v+1  >  y^nv+1(/),  then  the  difference 


fc-l  Jt-v 


at  2nv+1  >  2n~\-2  points  xr  =  -  —  (r^  1,  2,...,  2«H_1)  inside  the  period 

nv+l 

of   the   function,    assumes   with  the  consecutive  change  of  sign  values 

y  _    J 

greater  than  -  —  -£v+i  in  absolute  value.  Consequently,  by  theorem  2.10, 

the    best   approximation   E*(f)   of  the  function  f(x)  by  trigonometric 
polynomials  of  order  <w  satisfies  the  inequality 


E*(f)  >em>  (7 

=  (7-1)  [Rtt(f)-Qv+J  >  (y-V)Rn(f)-VE*(f) 
i.e. 

^(/X 

y 
Thus,  in  both  cases  for  all  n 

Rn(f)<C*(X)E*(f).  (35) 

The  inequality  obtained,  together  with  7.1(32),  proves  the  theorem. 

7.2.  Asymptotic   properties  of  the  best   uniform   approximation   of  some 
simple  functions  with  singularities 

The  basic  idea  of  the  proof  of  the  classical  theorem  of  Weierstrass, 
presented  in  section  1  ,  1,  is  based  on  replacing  the  graph  of  the  continuous 
function  approximated  on  [a,b]  by  a  polygonal  line  inscribed  in  it,  i.e. 
by  the  graph  of  some  function  of  the  type 

m 

Ax+B+  X  Ak\x-ck\9  (1) 

Jk=l 

where  a  <  ^  <  c2  <  c3  <  ...  <  cm  <  b. 
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Since  the  sum  7.2(1)  represents  a  simple  continuous  function  which 
is  not  a  polynomial,  it  is  natural,  that  in  the  constructive  theory  of  func- 
tions an  important  problem'**  arises,  concerning  the  character  of  the  be- 
haviour of  the  sequence  of  its  best  uniform  approximations  by  polynomials. 
We  have  already  seen  (see  sections  7.1.41  and  7.1.44)  that  this  sequence 
decreases  fairly  regularly  and  in  respect  of  order  always  behaves  like  the 

sequence  of  numbers  —  (n  =  1,  2,  3,  ...).  It  turns  out  that  the  n-th  best 

n  ....  .1 

approximation  of  the  function  7.2(1)  is  identical  with  the  quantity  — 

not  only  in  order,  but  apart  from  a  constant  factor  it  is  asymptotically 
(as  n  ->  oo  )  equal  to  it.  The  sequences  of  best  approximations  of  the 
other  elementary  functions  considered  in  section  7.1.4  also  possess 
similar  asymptotic  properties. 

7.2.1.***  Whatever  the  natural  number  r  and  —  1  <  a  <  1,  for  the  best 
approximation  of  the  function  x?~^  \x\1+ct  by  algebraic  polynomials  on 
[—1,  1]  the  limit 

lim  if+-£n(xr-1|x|1+«;  -1,  1)  -  p(r9  a)  >  0,  (2) 


n—  NX> 


exists,  i.e.  En(xr~l\x\l+a]  —1,1)  is  asymptotically  equal  to   the  quantity 

p(r,  a) 

r  .      as  n  ->  oo  . 
«r+a 

Let  us  first  note  that  if  for  some  k  >  0  the  continuous  function  f(x) 
defined  on  (—00,  oo),  satisfies  the  condition  f(x)  =  0(|x|k),  then  for 
any  a  >  0  there  exists  an  integral  function  ga(x)  of  degree  <  cr,  which 
possesses  the  property 

sup     \f(x)~ga(x)\  <  oo, 

—  oo<jc<oo 

i.e.  Aff(f)  <  oo  for  any  cr  >  0.  Such  a  function  ga(x)  is,  for  example,  the 
function  Qa(f;  x)  defined  in  section  5.1.3,  where  r  ^  %(k+2). 

As  a  result  of  this,  for  all  a  >  0  the  relation  2.6(8)  (see  section  5.4.6) 
is  applicable  to  the  function  /(x)  =  xr"~1|.x|1'l~a  considered  here.  In  parti- 
cular, 

lim  Hm  Eu(*-*  |x|*+";  -  ^-,  -=-£-)  =  A&f-*  \x\l+*)-          (3) 

e->0  n-»oo         \  1~t~6      l^B/ 

But  as 

^.C*-1  |*I1+";  -A,A)  =  |A|'+-£.(*-*|*|1+«;-l,  1), 


**  This  problem,  in  the  case  m  =  1,  cx  =  0,  was  first  considered  by  VallSe-Poussin 
in  1908. 

***  S.  N.  Bernstein  [18]  for  r  odd.  See  also  S.  N.  Bernstein  [29],  1. 1.  Ibragimov  [2]. 
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it  follows  that 

limnr+*En(xr~l  |x|l+a;  -1,1)  =  /41(xr-1|.x|1-fa).  (4) 

n—  »oo 

This  proves  the  existence  of  the  limit  7.2(2)  and  also    establishes  that 
p(r,a)  =^1(^-1W14C). 

7.2.2.  Theorem  7.2.1  can  be  generalised  as  follows**.  If  —  1  <  c  <  1  , 
then  whatever  the  natural  number  r  and  —  1  <  a  <  1  ,  for  the  best  approx- 
imation of  the  function  f(x)  —  (x—  c)1*"1  \x  —  c|14a  by  algebraic  polynomials 
on  [—1,1]  as  TZ  ->  oo  the  limit  of  the  product 

rf+aE.[(x-cy-1\x-c\1*a;  -1,1] 


lira 

n—  »oo 


-cl1*-,  -1,1]  =  (i/l 


,  a),        (5) 


where  ^(r,  a)  is  the  constant  of  7.2(2). 

Following  S.  N.  Bernstein  [20],  let  us  divide  the  proof  into  several 
stages. 

7.2.21  .  For  any  d  >  0  t  he  inequality 

f  14-  (5V"  -1-1 


-  a 

>    a> 


1+a* 


_ 

Q    |    fi\m_r_a  _  1        mV 

w  satisfied  for  all  integral  m  on  the  segments  [a,  6],  w&ere  a  <  0  <  &.  //" 


max 

a<x<\ 

then  fo  r  any  6  >  0 
max 

a^jc^Z 

i.e. 
max 


l(— V"1 

|\H-«/ 


Consequently  there  exists  a  polynomial 


such  that 


max 


{(1 +«)m 


**  S.  N.  Bernstein  [20],  r  odd. 
27  Theory  of  Approximation 
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Hence  we  obtain  7.2(6).  It  is  also  obvious  that  if  —  1  <  c<  1  then 
Em-i[<x-cy-1\x-c\l+",  -I,  1]  =  E^torl\x\l+";  -l-c,  l-c) 

L  l-c  l-c) 

a—  '          ' 


7.2.22.  Let  us  denote  by  EntqM(f;a,b)  the  best  uniform  approxi- 
mation of  the  function  f(x)  by  algebraic  polynomials  Pn  (x)  of  degree 
<  n  on  [a,  fe]  with  weight  q(x),  i.e. 

£„.*(*)(/;  *>  fc)  =  inf  max  I^Wl  l/W-^-WU  (8> 

Pndx)  a<x<b 

and  let  us  prove  that  if  —  -l^a<0<6^1,  f/jen 

•£t  llX.(^-1W1^;  a,  6)  <  (l+rn)En(x'-i\xr*;  a,  6),  (9) 

where  rrt->0  «5  «->  oo. 

For  this  purpose,  putting  h  =  lnn  and  k  =  [In2w],  let  us  consider 
the  polynomials 


v-0  '  v=0 

It  is  obvious  that 

nx*  -  X*(x)+ek(x),      n-*z  =  Qzk(x)+s*(x), 
where  for  \x\  <  1  and  n  >  e2  (see  3.7(2)) 


and  similarly 


where  B  is  some  constant.  Consequently 
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where  /?„  ->  0  as  n  -»  oo.  Hence 

^..KttWCuwC*'"1  W1+";  «>  *) 

But  if  m  =  n+2k,  then 


and,  in  addition, 

E».RtM(*-l\x\1+';  a,  b)  <  EmiRzk(x)(x'-i\x\^«Q2h  (x)\a, 


f+»-'L\x\»-,  a,  b).       (12) 


Since  on  the  segment  considered  |/?2jt(*)l  <  w>  ^  follows  that 

P  /Yr+2v-l|Y|l  1  or.  n    h\  <^  rjf?    /Vr-f2v-l|  v|l+a  .  n    K\ 

£m,R2k(x)\X  \X\         9  a,  D)  <^  n£,m(X  |A|         ,  Cl,  D). 

The  function  f(x)  =  xr  '  2v-1|^:|14a  has  a  derivative  of  order  pv  —  r+2v+  [a], 
which  on  [—1,  1]  satisfies  the  condition 

co(/(pv>  ;  /)  <  J50r+2v(r+2^)r+2v/a-ta],  (13) 

where  B0  is  some  constant  not  depending  on  v.  Therefore,  if  use  is  made 
of  the  inequality  5.2(15),  we  obtain 


i.e. 


C2^*ryf2v+irr4-2i'y+2v  /  w  \a 

v^^o  e  >  y-t-^;          I—  —I 

wr+2v+a  I  w_  r  I 


Consequently,  for  sufficiently    great  values  of  w 


nr* 


where  B±  is  a  constant  not  depending  oxi  v. 
Thus 
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and  hence,  taking  into  account  that  hlnn  and  k  =  [In2n],   we  have 
\^  hv 


F         ,    (xr+2v-l\x\1+*'  a 

^xA*  H         »  a> 


where  B29  J?3  and  54  are  certain  constants.  On  substituting  these  esti- 
mates in  7.2(12),  we  obtain  the  inequality 


from  which  in  virtue  of  7.2(10)  and  7.2(11) 


9       (15) 
where  /?„  ->  0  as  w  ->  oo.  Since    for    a  <  0  <  b  by   theorem    7.2.1 


when  «->  oo,  the  inequality  7.2(15)  indicates  that 

^.(x)^-1!^!1^;  a,  b)  <  (l+yJ^-M*!1**;  a,  &),  (16) 


where  yrt  ->  0  as  n  ->  oo. 

In  order  to  obtain  7.2.  (9)  from  this,  let  us  make  use  of  the  inequality 
7.2(6),  substituting  in  it  (l+d)n-r~*  =  2m.  Then  for  sufficiently  great  m 
we  obtain 


2m— 
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Hence,  since  k  =  [In2  n],  we  obtain  the  estimate 


;  a' 


where   rjk  ->  0  as  n^-ao.  If  we   compare   this   inequality   with   7.2(16), 
then  for  sufficiently  great  n  we  shall  have 

^.j.uu)(^M*l1+";  o,  *)  <  (i+%)  (i+y.)Em(3f-l\x\l+-,  a,  b). 

Thus 

JWC*"1!*!1*";*.*) 

<  Em,^M(^\x\^;  a,  b)  max  -— 


i.e.  7.2(9)  is  satisfied. 

7.2.23.  For  any  arbitrarily  small  values  of  f)  >  0  and  B  >  0  //  is  possible 
to  find  an  N,  such  that  for  every  n  ^  N  there  exists  an  algebraic  polynomial 
Pn(x)  of  degree  ^  n  which  satisfies  the  inequality 

\Pn(x)-(x-crl\x-c\l+*\  <  (l+ftEn[(x-cri\x-c\l+*;  -1,  1]       (17) 
on  the  whole  of  the  segment  [—1,  1]  and  the  inequality 

\Pn(x)-(x-c)'-i\x-c\^*\  <  pEn[(x-cr-i\x-c\^*;  -1,  1]      (18) 

'/  \x—c\  >  e. 

This  assertion  follows  directly  from  section  7.2.22.  In  the  case  where 

l  —  c 
c  >  0,  let  us  consider  the  segment   [—1,  b],  where  ^^TTT"'  anc*  Put 


From  the  inequality  7.2(9)  follows  the  existence  of  polynomials  P*(y) 
such  that 
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on  the  whole  of  the  segment  —  1  <  y  <  b  and 

|/-i|;,f  +«-p*GOI  <  -W-W*";  -1,6) 


•V-  _  ft 

for  \y\  ^  d.   After  the  substitution  y  =  -—  —  ,  we  obtain  the  inequality 


"\l+c 
<  (l+Tn)En[(x-cr-i\x-c\i+°;  -I,  1] 

on  the  segment  —  1  <  x  ^  1  and  the  inequality 

ft    \ 

—  I 


n[(x-cy^\x-c\i+  ;  -1,  1] 
n 

for  |x—  c|  >  <5(l+c)  =  8.  It   remains  to  choose  N  so  that  for  n^N 

I   e  \2 
we    have   rn  <  ft   and    !+/?  <  /9«'1+t-'  . 

If,  however,  c  <  0,  then  in  exactly  the  same  way  we  apply  the  propo- 

l+c 

sition   of  7.2.22   to   the   segment  [a,  1],   where   a—  —  -,—  ,  and  put 

1—  c 

X      C 


j 

1—  c  1—  c 

7.2.24.  Let  —  1<  a  «?<&<!.  Denote  by  En(f\  a,  /;  M)  the 
best  approximation  of  the  function  f(x)  on  [a,  b]  by  the  algebraic  poly- 
nomials Pn(x)  of  degree  <  n,  which  for  —1  <  x  <  a  and  6  <  «  <  1 
satisfy  the  condition  [Pn(x)|  <  M. 

Let  us  prove  that  //  c—  a  ^  —  ;  -,  &—  c  ^  ~—  ,  0  <  a  <  |,    r/7^?i,    what- 

ever h  >  0  may  fee,  /or  aw.y  arbitrarily  small  e  >  0  zV  /,?  possible  to  find  an 
N  such  that  for  all  n^  N 


>  (i^s)En[(x-cri\x-c\^i  -1,  1].        (19) 
Let  us  put  A  =  [np],  where  26  <  Q  <  1  ,   and 
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It  is  obvious  that 

E..t(,>[(x-cy-l\x-c\*+";-l,l} 

^Em[(x-c)r-l\x-c\1+"q(x);  -1,1],       (20) 

where  m  =  n+2A,  and 

^[(Jf-cy-'ljc-cp-rt*);-!,!] 
^..[Cc-cy-1!*-^-*;  -1,  1]- 


The    function  /(x)  =(x~c)r+2v~1|,x:--c|l"fa  has    a    derivative    of   order 
pv  =  r+2v—  [a],  which  on   [—1,1]  satisfies  condition  7.2(13). 
Hence  in  virtue  of  7.2(14)  for  n  ^  r  we  have 


»V'-1lY     rl1+g 


v—  r  \2v  1 

I    •  _  1    11 

i+|C|/  '    '  J 


_ 


Consequently,  for  sufficiently  great  values  of  n 

x—r     Zv 

- 


[ 
<*- 


where  J5X  is  a  constant  which  does  not  depend  on  v. 
Thus 


2v 


Here 
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where  C0  and  Cx  are  certain  constants,  and 

2v 


\2v  =  v  u_v~  ts* 

m  /         ^U-r/      \   m2   / 


Hence,    since   X  =  [«e]  (0  <  Q  <  1)   and   w  =  w  +2A, 


as  n  ->  oo.  Since  the  exact  order  of  decrease  of  Em[(x—c)r-l\x—c\l+<*'9—\9  1], 
when  —  1  <  c  <  1  ,  is  equal  to  •  r+g  (see  section  7.1.41),  then  in  virtue  of 
7.2(21) 

Em((x-cr-l\x-c\i+*q(x);  -I,  1] 

>  (l+^^t^-^-^-cl1^;  -1,  1],       (22) 
where  yn  ->  0  as  w  ->  oo. 

»  Let  us  now  make  use  of  the  inequality  7.2(7),  in  which  we  put 
(l+<5)m-f-fa  =  2m.  Then  as  in  section  7.2.22 


~r~a     i    1 


and  consequently 

.  2m+l 


2m- ] 

x\  xS^iL^X      C)       \X      C\         ')        I»IJ 

-  Q+^Em[(x-cy-i\x-c\"'-,  -1,  1], 
where  rn  -»  0  as  n  ->  oo. 

The  last  estimate  together  with  7.2(20)  and  7.2(22)  leads  to  the  ine- 
quality 

>  /j g)£'r(x cV"1!^ c]1+oe* 1  11        (23) 

in  which  en  ~>  0  as  w  ->  oo. 
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If  the  polynomial  Pn(x)  of  degree  <  n  satisfies  the  condition  \Pn(x)\  <  nh 
on  the  whole  of  the  segment  [—  1,  1],  then  when  \x—c\  >  -- 
for  sufficiently  great  values  of  n 


(24) 


But  since  the  exact  order  of  decrease  of  the  sequence 
#«[(*--<Ol'-1|x--c|l+«;  —  1,  1]  is  equal  to  -^  (see   section    7.1.41),    then 
from  7.2(23)  and  7.2(24),  for  sufficiently  great  w,  at  the  points  where 

\x—  c\  ^  —  we  obtain  the  inequality 
1         '       H*  n 

q(x)\Pn(x)-(x-cr-*\x-c\"*\  <  En>qM[(x-cY-i\x-cr";  -1,  1], 

as  a  result  of  which,  since  \q(x)\  ^  1,  we  have  for  any  polynomial  Pn(x) 
considered 


max    q(x)\(x-cY-i\x-c\*+'-Pm(x)\ 

Kx<l  '  ' 

zx\(x--cy-i\x~c\^*-Pn(x)\q(x) 

x<b*  ' 

max  \(x—cyr"l\x—c\l+a—Pa(x)\9 


a^x^b 

i.e. 

7.2.25.  Now  let  f(t)  be  a  continuous  function  of  period  47t.  Let  us 
denote  by  £"**(/)  its  best  uniform  approximation  by  trigonometric 
polynomials  of  the  form 


(25) 
i.e.   £**(/)=  inf  max  \f(t)-T*(f)\.   It  is   obvious    that  in  the    case 


where  f(x)  has  period  2u  we  have  E*(f)  =  E*n*(f)  (see  section  2.6.21). 

Let  us  also  denote  by  £**(/;  a,  6;  M)  the  best  uniform  approximation 

on  [a,  fc](—  27t  <  a  <  b  <  27i)  of  the  function  /(f)  by  trigonometric  poly- 

nomials Tf(i)  of  the  type  7.2(25),  which  for  —  2n  <  /  <  a  and  i  <  r  <  2re 
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satisfy  the  condition  \T*(f)\  <  M.  It  follows  from  7.2.24  after  the  subs- 
titution x  =  sin-y  that,   whatever   h  >  0   may  be,  for  0  <  a  <  J   and 


(a  <  2-ri)  we  have 


t 

sm— 


Ha  1 

;~a'a;"J 


/ 

sm— 


(26) 


where  sn  ->  0  when  n  ~>  oo . 

In  addition,  we  see  from  7.2.23  that  for  any  arbitrarily  small  values 
of  ft  >  0  and  &  >  0  //  is  possible  to  find  an  N(s,  /?)  SHC/Z  that  for  every  n^  N 
there  exists  a  polynomial  T*(/)  o/  //ze  type  7.2(25)  wA/c/*  satisfies  the  ine- 
quality 

+  |l-l-a 


sm- 


/or  #//  f  and  the  inequality 


(27) 


(28) 


Sln~2 


>  e. 


We  make  use  of  the  last  two  remarks  in  order  to  prove  theorem  7.2.2. 


In  the  first  place  we  note  that  if  c  ==  cos?0  lO  <  tQ  <-,  then 


0  lO 


==  E*  [(cos  /—cos  /o)'-1  |cos  /—cos  /0[1+a] 
=  £"2**  [(cos  t-cos  /o)1*-1  icos  /—cos  /0|1+a] 


1+al 


Let  r  be  odd  and  s  =  r+a.  Consider  the  identity 


sm 


=  (sin/0)s| 


sin- 


sm- 


1 


where 


v(0  = 


.     /-/0 
sm — — - 


—  (sin/o)s      sin 


-(siiU0)sl-(si 


(sin/0)2s. 
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Since  the  function  y(0  has  a  bounded  derivative  of  order  r+l  +  [a],  then 
by    Jackson's    theorem    (see    section    5.1.41),    E*(y)  —  O I    s+3_g+[g]  I  • 


Therefore 


sin- 


.   t+t0 
sm-y- 


Ea[(x-c)\x-c  1s ;-!, 


sm 


-I- 


Let  us  verify    the  fact  tliat  as  n  ->  oo 


•    t-t( 

sin  — - r— 


sm— ; 


sin 


sm  — x— 


[l+o(l)]E** 

II 


.    t 
sin  — 


(30) 


sm  — ~ 


[sinjain^]. 


=  sinf0[l+o(l)]E** 


In  fact,  if  T*(0  =  r*r,a(0  are  the  trigonometric  polynomials  7.2(25),  which 
satisfy  the  inequalities  7.2(27)  and  7.2(28)  for  any  arbitrarily  small  (I  >  0 

and  e  <  /0  <  ?0+e  <  — ,  whenn  >  JV(e,  /?),  then  for  all  ^ 


sin- 


[sinf], 


and 


sm__sm    -^ 


sm 


sin 


1 


[sin 


Silly 
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i.e.  as  n  ->  oo 

o  \v~»  r\ 

.     t 


E*    si: 


[f 
sin-y-°'Sin~y^| 


sin- 


[1  +*(!)]£** 


2 
^  si 


sin- 


.     (31) 


On  the  other  hand,  if  there  existed  an  infinite  sequence  of  ordinary  tri- 
gonometric polynomials   Tnk(f)  such  that  for  some  (5  >  0 

.       .    Is 


max 


sm- 


sin 


V 


<  (l- 


*[sini  I' 


**| 

2nk 


or 


max 


.   t-tQ  . 
sin— ^  sin 


sm~~ 


sm- 


~TH(t) 


then  in  a  sufficiently  small  interval  /0~fo< 
the  inequality  j 


sin 


we  should  have 


.    t 


or  the  inequality 


— sm 


t-t0    /+/„ 

/+/0 

t 

<C1M   /     /"I 

o\  17**    c:n  * 

.       f 

2    "m    2 

sin 

L 

sm  IQ\I 

P)£'2nk  [Sm2 

sin  ^ 

Since 


and 


it  would  follow  from  this  that 

s 


/5)£** 
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or  for  sufficiently  small  values  of  s0 


429 


.[sin^ 


•      t-tQ 

sm^r-^ 


but  this  is  incompatible  with  7.2(26). 
Thus  in  virtue  of  the  estimate  7.2(31) 


sin- 


sin 


]= 


[!  + 


.t 


.    t 
sin— 


.t 

sm 


and 


sin- 


sm- 


11 


sin-~  sin-^     , 

i.e.  7.2(30)  is  satisfied. 

Thus  by  7.2(29),  as   n  ->  oo  and  for  any  integer  r  >  0 

En[(x-cr-*\x-c\"-,  -\,  1]  =  |2sin/0r-[l+o(l)]x 


.      (32) 


Putting  here  c  =  0  and  using  theorem  7.2.1,  we  find  that  as  n  -»  oo 

.    t 


If  we  substitute  this  estimate  in  7.2(32),  we  obtain  the  limiting  inequality 
7.2(5). 

7.2.26.  Here  let  us  note  a  remarkable  corollary  of  theorem  7.2.2  in  the 
case  when  r  =  1,  a  =  0.  If  the  vertex  c  of  an  angle  is  located  on  the  segment 
[— 1,  1],  and  its  arms  pass  through  given  points  with  co-ordinates  (— 1,  a) 
and  (+1,  b)  (a  >  0,  b  >  0),  then  for  all  sufficiently  great  n  the  minimum 
of  the  best  uniform  approximation  of  the  zig-zag  line  acbby  polynomials  of 
degree  ^  n  on  [—  1, 1]  is  obtained  when  the  point  c  is  such  that  the  angle 
of  incidence  is  equal  to  the  angle  of  reflection**. 

a 


In  the  general  case  the  tangents  of  these  angles  are  equal  to 


l+c 


and 


l-c 


**  S.  N.  Bernstein  [22]. 
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The  best  approximation  considered  for  n  >  1  is  not  changed  if  to 
the  function  with  a  given  graph  is  added  the  arbitrary  linear  function 
X(x—  c).  As  a  result  of  this**  the  best  approximation  considered  of 
order  n  for  n  ^  1  is  identical  with  the  best  approximation  of  the  function 


—  —  2(1—  c2)  -  l*~cl»  an(^  consequently,  when  n  -»  oo,  it  is  asymptoti- 
cally equal  to  the  quantity 


which  assumes  its  least  value  when  c=  -  -,  i.e.  when-  ---  =  -;  --  . 

a+b  1-f  c        \—c 

7.2.3.  It  is  now  not  difficult  to  verify  that  for  every  function  7.2(1) 
the  best  approximation  by  algebraic  polynomials  of  degree  ^J  n  on  any 
finite  segment  [a,  b]  is  apart  from  a  constant  factor,  asymptotically 

1 
(as  n  -»  oo)  equal  to—. 

Moreover,  // 

/(*)  -  2  4k(*-**r1i*-<*il+a  (34) 

fc^l 

where  r  is  a  natural  number,  —  -  1  <  a  <  1  and  —  1  =  c0  <  cx  <  c2  <  c3  .  .  . 
...  <  cm  <  1,  then  as  n  -»  oo  the  limit  of  the  product  ?ir+<xEn  (/;  —1,  1) 
always  exists  and 

lim  rf+*En(f;  -  1  ,  1)  =  max  \Ak\  (|/!^7f)'+>(r,  «).  (35) 


Let  PHik(x)(k  =  1,2,...,  m)  be  an  algebraic  polynomial  of  degree  ^n 
which  satisfies  inequalities  7.2(17)  and  7.2(18),  where  c  =  ck,  for 
arbitrarily  small  /?  >  0  and  e<£  min  (cv+1—  cv),  when  n 

0<v<w 

It  is   obvious   that  at  any  point  xe[—  1,  1] 


i.e. 

max  \Ak\En[(x—cJyr~l\x—ck\l+ct;—l9l].     (36) 
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Contrary  to  the  above  assertion,  suppose  that  there  exists  for  some 
>  0  an  infinite  sequence  of  polynomials  Pnv(x)  such  that 

max    \f(x)-Pttv(x)\  <  (1-2^3)  max  \Ak\Env[(x-Cltrl\x-ck\*+<;  -1,1]. 


Let  us  take  into  consideration  the  existence  in  virtue  of  7.2.23  of  the  po- 
lynomials Qnj(x)  of  degree  ^  n  such  that  at  the  points  x  E(CJ—  e, 
for  sufficiently  great  values  of  n, 


<  £  max  \Ak\En[(X~ckr-^X-ck\^';  -I,  1], 

Kk<m 

and  for  these  sufficiently  great  n  let  us  choose  j  such  that** 

I4.|£n[(*-c,y-*ix-c,r«;--i,i] 

=  max  \Ak\En[(x-ckr-l\x-ck\^;~},\]. 


Then  the  polynomials  Rn  j(x)  =  Pn  (x)—Qn  j(x)   possess    the   property 
that  for  Cj—e  <  x  <  c/+e 


<  (I-/?)  |4|  SJGc-c,)'-1  Ix-c^+'j  -1,  1], 
i.e.  for  sufficiently  great  nv 

E.JAjtx-CjY-^x  -Cj\"",cj-f,.cj+e;  M] 

<  (i-/?)  141  E^x-cj-y-^x-cj^-,  -i,  i], 

m 

where  M  =  4  XI  M*l-  We  have  arrived  at  a  contradiction  of  proposition 

fc=i 
7.2.24. 

Consequently,  as  n  ->  oo 

£„(/;  -1,  1)  >  [l-o(l)]  max  M,|  Ett[(x-cJ-i\x-ck\*+*;  -1,  1], 

K/c<m 

which  together  with  7.2(36)  and  7.2(5)  leads  to  7.2(34). 

7.3.  The  best  uniform  approximation  of  functions   which   have   a   discon- 
tinuous derivative  of  bounded  variation 

This  limit  theorems  established  in  section  7.2  for  the  best  approxim- 
ation of  the  simple  functions  considered  there,  play  a  fundamental  part 
in  the  study  of  the  asymptotic  properties  of  the  best  approximation  by  poly- 
nomials of  other  functions  with  singularities  of  the  same  type. 

**  In  virtue  of  theorem  7.2.2,  for  sufficiently  great  values  of  n  the  given  number/ 
does  not  depend  on  n. 
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In  particular,  starting  from  them  it  is  possible  to  show  that  all  functions 
which  have  a  discontinuous  derivative  of  bounded  variation  possess  si- 
milar asymptotic  properties. 

7.3.1.  In  the  first  place  let  us  consider  from  this  point  of  view  functions 
of  the  type 

/(*)  =  f  Ak(x-ckY-*  |*-c4|l+«,  (1) 

*=i 

where  r  is  a  natural  number,  —  1  <  a  <  1,  and 

CO 

Z  M*l  <  oo.  (2) 

fc  =  l 

We  will  prove  that**  if  \ck\  <  1  (k  =  1,  2,  ...),  then  as  n  ->  oo  the 
limit  of  the  product  nr+*E  (/;  —1,1)  exists  and 


lim  ff+*E»(f;  -1,  1)  -  max  |^|(jI^)'+Xr,  a),  (3) 

w-»oo  K*<oo 

^(r,  a)  w  the  constant  of  7.2(2). 
Let 

11     /1=)'+*  =  max  |AI(/T=^y+«, 


and  for  a  given  e  >  0  choose  m  >y  so  that 

f   IAI<«. 

k-m+l 

Then 

/W  -  Z  ^(^-c^^lx-c. 

k=l 

where 


Since 

».  £.[(x-cy-«|x-c|l+«;  -1,  1] 

<  ^.[(jf-c^lje-cl"';  c-2,  c+2] 

-  £;(^»|x|»+«;  -2,2)  =  2T+"£;(^1U|1+';  -1,  1), 


**  S.  M.  NikoFskii  [5]  in  the  case  where  r  is  odd. 
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then  in  virtue  of  theorem  7.2.1  there  exists  a  constant  a  such  that  for  all 
*"*>  i 

+a  a 

„[(*— c)      \x—c\      ,  —  ,    J      ~n7+^~- 

Therefore 

00 
»•»     x      \        -x-  X  i     j      r  T-»    /•  N  »•      1  i  !1_L»».  -t        -11        ^»          MC 


fc«=m 

and 


;  -i,  1] 


Consequently,  for  all  such  n 

(\-e)\Aj\(\  T^)'+V(/-,  a)-flc  <  nT+'JS'.C/-;-!,  0 


.e. 


Jim  «'+'£„(/;  -1,  1)  <HnTn'+-£'n(/;  -1,  1) 


*=•! 

But,  by  theorem  7.2.3,  for  all  sufficiently  great  values  of  n 


In  view  of  the  arbitrariness  of  s  >  0,  7.3(3)  follows. 

7.3.2.  Let/(x)  have  on  [—1,  1]  an  r-th  (r  >  1  an  integer)  derivative 
/<r>  (x)  =  <^(x),  which  is  a  discontinuous  function  of  bounded  variation. 
It  is  known  that  such  a  function  <j)(x)  can  have  only  discontinuities  of  the 
first  kind,  and  not  more  than  an  enumerable  number  of  these.  Let  us  denote 

28  Theory  of  Approximation 
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the  points  of  discontinuity  of  the  function  $(;c)  by  ck(k  =  1,2,  ...)  and 
let  us  suppose  that  at  each  of  these  points  (f)(x)  is  continuous  on  the  right, 
that  is,  <l>(ck)  —  <£(Cfc+0).  We  shall  prove  that**  as  n  -»  oo  the  limit  of  the 
product  nr  En(f:  —1,  1)  exists  and  the  equality 

UmnrEn(f,  -1,  1) 


-    max  |/-<'>(x+0)-/<"(x-0)|>l-;t,      (4) 

-       -\<x<\ 


is  satisfied,  in  which  fi(r,  0)  is  the  constant  of  7.2(2). 
Since  as  k  ->  oo 


<c*-     ->  oo 
there  exists  a  y  such  that 
max    <A 


max  Kli/T^f)'  =  |,y/i  =  3)',        (5) 

K/c<oo 


and  for  a  given  e  >  0  an  m^j  such  that  ]^|  <  e  for  all  ^  ^  m. 
Let  us  consider  the  simplest  step  functions 

fO,       ~l<r<x, 


and  represent  the  function  0(f)  in  the  form  of  the  sum 

(7) 


In  virtue  of  the  choice  of  m  the  function  y(t)  possesses  the  property  that 
for  all  points  of  the  segment  [—1,  1] 


Hence  each  point  t  e  [—  1,  1]  has  a  neighbourhood***  (/—  77,  t+rf)  (77  >  0), 
for  all  points  x  of  which  \y(x)—  y(f)\  <  e.  Selecting  (as  is  possible 
in  virtue  of  the  Borel-Lebesgue  lemma)  from  the  system  of  segments 

1  1—-~,  t-}--~  I  a  finite  number  which  cover  the  segment  [—  1,  1]  and 
denoting  by  26  the  length  of  the  least  of  them,  we  obtain  co(^;  <5)  <  2e. 


**  S.  M.  Nikol'skii  [5].  See  also  1. 1.  Ibragimov  [6]. 

***  At  the  ends  of  the  segment  [— 1, 1]  a  one-sided  neighbourhood  is  considered. 
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2 
Consequently,  by  Jackson's  theorem  (see  5.1(1)),  if  «  >  —  , 


En(y;  -1,  1)  <  Ceo      ;  -H  <  2eC.  (8) 

Since  the  function  f(x)  can  be  represented  in  the  form  (see  3.5(5)) 


X 

=  -^i)f  5  (*-/r- 


where  P^Ot)  is  an  algebraic  polynomial  of  degree  <  r—  \,  then,  taking 
account  of  7.3(7),  we  have 


But 


—  I 
Hence 


r 
0 


m 

= -377  2]  ^*(*— 


-^x7  \  (x-/ 

— ii    »J 


where  gr(^c)  is   some  algebraic  polynomial   of  degree   <  r. 

The  second  expression  on  the  right-hand  side  of  7.3(9)  is  a  function 
yr(x)9  the  r-th  derivative  of  which,  v*(0>  has  a  best  approximation  which 
satisfies  the  inequality  7.3(8).  Hence  if  use  is  made  of  the  inequality  5.2(15), 

2 

we  see  that  for  n—  r>-^ 

o 


where  Cr  is  a  constant  depending  only  r. 

28* 
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Thus 


/"* 

^-c^lx-c^  -1,  l]  -  --^  <  En(f;  -1,  1) 


/> 

~ 


and  by  theorem  7.2.3,  for  all  sufficiently  great  n, 


or 


rWi-jjf-t-Cr*  <  \™_n'En(f-  -i,  i) 


<  lim  nrEn(f\  -1, 


It  follows  from  this  in  virtue  of  the  arbitrariness  of  s  >  0  that 
lim  «'£„(/;  -1,1)  =  ^'J»  |4|(i/I=3)', 

«—  >oo  ^-'  • 

i.e.  7.3(4)  is  satisfied. 

7.3.3.  Theorem  7.3.2  can  be  extended  to  the  case  of  a"  fractional  deri- 
vative of  any  order  r  >  0.  For  this  it  is  merely  necessary,  reasoning  exactly 
as  in  sections  7.2.1-7.2.3,  to  obtain  similar  results  for  the  best  approxim- 
ation of  the  function 


We  will  limit  ourselves  here  to  the  formulation  of  the  final  results. 
If  on  [—  1,  1]  the  function  /(x)  can  be  represented  in  the  form 


(10) 

where  r  >  0,  and  cj>  (t)  is  a  discontinuous  function  of  bounded  variation, 
then  as  n-*  ao  the  limit  of  the  product  nrEn(f\  —11)  exists  and  the  equality 

Urn  *'£„(/,  -1,1)  =  -  [*'—    max    |<^+0)-cH*-0)l(/l^)'     (11) 

«-»oo  Zl  VT-lJ    -l<jc<l 

is  satisfied,  in  which 

l*,  =  Al[(x+\x\)\xn  (12) 
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7.4.  On  the  best  mean  approximation  of  the  simpler  functions  with  sin- 
gularities 

A  number  of  extremal  problems,  formulated  in  a  uniform  metric 
(see,  for  example,  sections  5.5.1,  5.7.2,  5.9.1),  reduce  to  corresponding 
problems  on  the  best  integral  approximation  of  individual  functions 
possessing  certain  singularities.  As  in  the  case  of  uniform  approximation,  in 
the  study  of  the  asymptotic  properties  of  the  best  approximation  of  such 
functions  a  fundamental  part  is  frequently  played  by  the  simplest  of  them. 

We  will  consider  here  from  this  point  of  view  only  periodic  functions 
which  have  derivatives  with  discontinuities  of  the  first  kind. 

7.4.1.  The  simplest  periodic  function  whose  (r—  l)-th  (r  >  1)  deri- 
vative has  a  discontinuity  of  the  first  kind,  is  the  function  D(0r^(x)  defined 
in  section  3.5.5  (see  3.5(16)),  which  has  in  a  period  [0,27u)  only  one  such 
singularity,  at  the  point  x  =  0.  Knowing  the  exact  value  of  the  best  appro- 
ximation of  this  function  by  trigonometric  polynomials  in  the  metric  L 
(see  section  2.11.4  or  2.11.5),  it  is  possible  to  determine  the  asymptotic 
behaviour  of  the  best  approximation  E*(f)L  also  for  other  functions  f(x) 
with  singularities  of  the  same  type.  A  fundamental  part  is  played  here 
by  the  lemma  of  5.6.32  (see  5.6(17))  and  by  the  following  proposition, 
which  is  similar  to  7.2.24. 

If  we  denote  by  E*(f;  a,  b;  M)L  the  best  integral  approximation  (in 
the  metric  L)  of  the  function  f(x)  on  [a,  b]  (— TU  <  a  <  b  <  TT)  by  trigono- 
metric polynomials  Tn(x)  of  order  <  n  for  which 


J  |rB(x)|dx+J|rn(x)|d*<M,  (1) 


then  whatever  h  >  0  and  0  <  a  <  $  may  be,  for  any  arbitrarily  small  e  >  0 
it  is  possible  to  find  an  N  such  that  for  all  n^  N 


(i-^Wk-  (2) 

Let  us  put  A  =  [ne],  where  2a  <  Q  <  1,  and  let 
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It  is  obvious  that  for  the  given  best  approximation  by  trigonometric 
polynomials 


Tn    -n 

the  inequality 

E*tq(x)[D^]L  >  E^[q(x)D(^(x)]L  (3) 

is  satisfied,  where  m  =  n+L  Thus 

00  (r)  V  /  ^ 

v-_  i    \ 

Everywhere,  except  at  the  points  *  ==  2^rc  (/:  an  integer),  the  function 
f(x)  =  (sin^"l  Dor)(x)  has  a  bounded  derivative  of  order  r  +  2^— 1  for 
any  i>  =  1,  2,  ...,  A,  and 


where  ^(J  is  some  constant  not  depending  on  v.  Hence  (see  5.5(11)  and 
5.5(14)) 

2v 


and 


where  C0  and  Q  are  certain  constants.  But  since  A  =  [nQ]  (Q  <  I)  it  follows 
that  as  n  -*  oo 


Consequently,  we  find  from  7.4(4)  (see  section  2.  1  1.  4)  that 

EXflWWVJk^  E*m[D^}L-o(±^  =  ^-r—  0(-L),          (5) 
where  Kr  is  the  constant  of  2.ll(lO). 
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If  Tn  (x)  is   an   arbitrary   trigonometric   polynomial   of  order    ^  n 

2 

which  satisfies  condition  7.4(1),  where  M  =  nh,  then,  since  \Dfr\x)\  <-^-, 

6 

we  have 


q(x)\D<'\x)--Tn(x)\dx+ 


^  max  (1—  sm--^- 
i  ^  ^ 


+$ 

i 


where  C  is  some  constant.  Therefore  in  virtue  of  7.4(3)  and  7.4(4)  the 
inequality 


\  dx 


is  satisfied  for  such  polynomials,  and  a  fortiori 


i 


i.e. 

"  L  °  '     if*  if    \L  ° 

where  s  -^  0  as  n  ->  oo. 
7.4.2.  Now  let 
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where  0  <  cx  <  c2  <  c3  <  ...  <  cm  <  IK.  We  will  prove  that  as  n  -»  co 
the  limit  of  the  product  nrE*(f)L  exists  and 

limnrE*(f)L  =  nKr  ^  \AV\,  (8) 

n-»oo  v=l 

where  Kr  is  the  constant  of  2. 11  (10). 

It  follows  from  2.11(12)  that  for  any  n^Q 

T-^  _*M 

4v|^*[^r)(^~cv)]L- 

On   the  other  hand,   if  Tn(x)   and    Tntf(x)    are   the   corresponding 
trigonometric  polynomials   of  order  ^  n  for  which 

27T 


0 

2TT 


0 

then  for  sufficiently  small  d  >  0 


m       * 

Z  {  J 

= 


But  since  for  any  v  =  1,  2,  ...,  m  the  sequence  of  polynomials 

m 

T;(X)  =  X!  A7;,r(^-O 
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possesses  the  property  that 

P  m 

}  \Tn(x)-  2  AkTntr(x-cJ\  dx 


n=l 


<  2    ]  \f(x)\  dx+2  X  \Ak\  }   \D(Qr\x)\  dx  -  M, 

—  7C  *=1  — 7T 

then  in  virtue   of  the   assertion   of  7.4.1,    whatever   e  >  0,  h  >  0  and 
Q  <  6  <%  may  be,  for  all  sufficiently  great  n 


cv-d 


\x);  -d,  d;  M]L  ^  \AA 
Moreover,  by  the  lemma  of  5.6.32 

cv+d 

S       I  Z  APr^-^-^.r^-O]    d^  =  0(-U  = 
cy-3    *-l  \  "    / 

fc^v 

Consequently,  for  any  e  >  0, 


v=l 

for  all  sufficiently  great  w,  or 


Thus  in  virtue  of  the  arbitrariness  of  s  >  0  we  have 


The  relation  7.4(8)  follows  from  this  inequality  and  7.4(9). 

7.4.3..  Let  us  consider  an  arbitrary  periodic  function  f(x)  of  period 
2-n  of  the  form 

,  (10) 
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where  0  <  cv  <  2rc(v  =  1 ,  2,  ...),  c*  7*  cv(k  ^  v), 

CO 

0<  S  \AV\<  oo, 

v-1 

and  ip(x)  has  an  absolutely  continuous  derivative  of  the  (r—  l)-th  (r  ^  1) 
order.  Any  such  function/^)  has  an  (r—  l)-th  discontinuous  (at  the  point  cv) 
derivative  of  bounded  variation. 
Here  since 


/>?>(*)  - 


— 
— -- --,  0  <  *  <  7T, 


2 
it  follows  that 


Let  us  verify  that  for  the  function  7.4(10)  the  limit  of  the  product  nrE*(f)L 
exists  as  n  ->  oo  and 

]imn'£*(/\  =  7tJ?:r2|/q,  (11) 

n^oo  v=l 

where  Kr  is  the  constant  of  2. 11  (10). 

Since  for  the  function  y(x)  there  exists  an  absolutely  continuous  deri- 
vative ^(r~1)(x),  the  derivative  y(r\x)  is  integrable  over  [0,  2rc],  and  as 
n  -»  oo  (see  5.11.2)  we  have 


02) 
Also,  given  an  arbitrary  e  >  0,  let  us  choose  m  so  that 


I   Mvl<«. 


Then  we  will  have  the  inequality 


It  follows  from  this  in  virtue  of  theorem  7.4.2,  2.11(12)  and  7.4(12),  that 
for  all  sufficiently  great  n 


,  .  r      , 
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i.e. 

**rS  \Av\-enKr-e  <  lim  rfE*(f)L 

n-»oo 

m 

<  iSn  rfE*(f)L  <  TrfT,  £  Mv|+CTc*r+e. 

n-*oo  v^l 

Proceeding  to  the  limit  when  s  -»  0,  we  obtain  7.4(11). 

7.4.4.  The  propositions  derived  in  this  section  were  announced  without 
proof  by  S.M.  Nikol'skii**,  who  considered  similar  problems  for  the  best 
mean  approximations  by  algebraic  polynomials  of  functions  defined  on 
a  finite  segment.  In  the  latter  case  the  simplest  function  possessing  an 
r-th  derivative  with  discontinuities  of  the  first  kind  is  the  function  (jc—  c)1""1 
|;t—  c\,  which  plays  the  same  part  as  is  played  in  the  periodic  case  by  the 
function  D(0r+l\x). 

To  S.M.  Nikols'skii***  is  due  also  a  series  of  results  which  establish 
the  corresponding  asymptotic  properties  of  the  best  approximation  by  alge- 
braic polynomials  in  the  metric  L  of  the  function  \x—  c\r+ct  (r  >  0  an 
integer,  —I  <  a  <  I)  and  other  functions  with  singularities  of  the  same 
type. 

7.5.  On  the  asymptotic  behaviour  of  the  best  uniform  approximation  of 
some  analytic  functions 

The  limit  theorems  established  in  sections  7.2  and  7.3  refer  to  functions 
whose  the  singularities  are  located  on  the  segment  where  their  best  appro- 
ximation is  studied.  Here  we  will  consider  from  the  same  point  of  view 
the  best  approximation  of  functions  analytic  on  this  segment,  but  possess- 
ing singularities  elsewhere  on  the  real  axis.  In  some  cases  it  is  possible,  for 
such  functions,  to  obtain  an  improvement  of  theorem  5.4.1.  We  have 
already  indicated  one  of  these  cases  in  section  7.1.45. 

7.5.1.  Let  us  consider  the  function 

,  (i) 


where  c  >  1  and  r  is  a  natural  number,  which  is  the  simplest  function 
with  a  unique  pole  of  order  r  at  the  point  c. 


**  The  proofs  were  given  by  V.  K.  Dzyadyk  [1]. 

***  S.  M.  Nikol'skii  [6,  7].  Note  also  the  paper  1. 1.  Ibragimov  [4],  and  also  the 
work  of  V.  I.  Gukevich  [1],  in  which  the  case  of  singularities  of  logarithmic  type  was 
studied. 
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By  considering  the  investigation  of  the  quantity  Er 


\X-c>       l' 


carried  out  in  section  2.11.1,  it  is  not  difficult  to  determine  an  asymptotic 
expression  for  En(fi  —1,1)  for  any  r  >  1  .  For  any  natural  number  r, 


where  sn  ->  0  as  n  ->  oo  **. 

If  Pn(x)  is  the  polynomial  2.11(5),  then  on  differentiation  with  respect 
to  the  parameter  c  we  obtain 

A'"1   p,^_  (r—  -1)!        d1*"1  cos  [ware  cos  x+4>(x)] 
d^T    .  W  =  ~£—f  ~  d^=T  ^TT)  (c+  l/^Tp  ' 
where 

JL/  \  ex—  1 

(p(x)  =  arccos  -  . 
x  —  c 

Now 
d1"-1  cos[«arccosjc+(/>(;c)]  _  cos  [ware  cos  x+(j>(x)]  dr~l  I 


d  fcostnarccosAr+c^^)]!  dr~2  1 

-  )  i  ^ 


But  for  any  k  ~^  0, 


when  w  ->  oo  and 

dfc  cos  [ware  cos  # 


__  _          __ 
uniformly  with  respect  to  x  and  «  .  Consequently 


where  8n(x)  ->  0  uniformly  with  respect  to  x  as  n  ->  oo . 
Thus  the  difference 


dc'-1 


**  S.  N.  Bernstein  [15].  In  the  same  work  S.  N.  Bernstein  obtained  an  asymptotic 

expression  for  En  I : ;  —1,11  for  any  value  of  r. 

L(c-x)  J 
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where 


assumes  its  maximum  value  in  absolute  magnitude 

nr-l 


with  consecutive  alternations  of  sign  at  the  n+2  points  of  the  segment 

dr~l 
[—  1,  1]   at  which   cos  [ware  cos  x+(fr(x)]  =  ^1.   Since      pi^^nC*)  is  an 

algebraic  polynomial  of  degree  <  n,  then,  by  theorem  2.7.2, 
En(Fn;  -1,1)=  ^jJL-^^. 

It  follows  that 


where  en  -*•  0  as  w->  oo,  i.e.  7.5(2)  holds. 

7.5.2.  In  virtue  of  the  remark  in  section  7.1.45  it  immediately  follows 
from  7.5(2)  that  if 


where  c  >  1  ,  r  fj  a  natural  number,  y(x)  is  any  function  analytic  in  a  certain 
ellipse  which  contains  within  it  the  point  c  and  with  foci  at  the  ends  of  the 
segment  [  —  1,  1],  the  equality 


«/;  -I  .  i)  -  H 

is  satisfied  as  n  ->  oo  . 
7.5.3.  Now  let 

f(x)  =  (c~xYln(c-x),  (5) 

where  c  >  1  and  r  is  an  arbitrary  integral  non-negative  number. 

The  best  approximation  by  algebraic  polynomials  of  this  function,  which 
has  a  unique  singularity  of  logarithmic  type  at  the  point  c,  satisfies  the  asymp- 
totic equality** 


(6) 


**  S.  N.  Bernstein  [15]. 
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Choosing  some  value  b  >  c,  let  us  integrate  2.11(5)  with  respect  to 
the  parameter  a  from  c  to  b.  We  then  obtain 


(•„,,,        t 
i  *•<*>  ^  =  ^ 


x     f  cos[narccosx+0(X>] 
^  J     ^-  ia^t         ' 


where  (/>(x)  =  arc  cos-  --  ,  or  after  integration  by  parts 

X      a 


cos  [n  arc  cos  x+ </>(*)] 
n  [tf^l  (a+  i/a*^)" 


a~b 


1  r1  d   f  cos  [n 

~^ 


1  r1 

7  J 


da 


da 


cos  [ware  cos 
=  In  (c-x)  —  In  (6-x)-  -----  7---=/  --  ;-^=\  ~ 

w|/fla-l  a+]  a2-!  " 


1       i/a2—  I         d  cos  [n  arccosx+(/>(X)] 
n2   //7-u  i//72Zrn   da  i  /fl2"_.r 


But  since  for  any  k 


d   cos  [«arccos 


(8) 


-  l/0^1  =  0(1) 

r 


(9) 


uniformly  with  respect  to  xe  [—  1,  1],  ae  [c,  &]  and  «,  then  the  last  two 
terms  on  the  right-hand  side  of  7.5(8)  are  quantities  of  the  order 


o 


uniformly  with  respect  to  x  and  » .  Moreover,  as  n  ->  oo 
cos  [n  arccosx+(/)(x)]          __ 
Ti/F^oTl/^TT1  fl=b  " 

uniformly  with  respect  to  x  e  [—  1,  1]. 
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Thus  equation  7.5(7)  can  be  written  in  the  form 


£,,(tf  >  x) 


447 


In  (a-*)-  In  (b-x)~    Pn(x)  da 

cos[n 


(10) 


where  en(a,  x)  ->  0  uniformly  with  respect  to  x  e  [—  1,  1]  and  a  e  [c,  b] 
as  n  -»  oo  . 

Let  us  suppose  that  for  some  r  ^  0  and  for  c  ^  a  <  b  the  equality 

(a-x)r  In  (a-x)+Qr(x)  In  (b~x)-Rn(x) 
r!//a2~    '"1  cos 


+<j)(x)]+ett(a9x) 


has  already  been  established,  in  which  Qr(x)  and  Rn(x)  are  algebraic 
polynomials  depending  on  a,  respectively  of  degree  not  higher  than  r 
and  n,  and  sn(a,  x)  is  a  sequence  of  functions  possessing  the  property 
that  £„(#,  x)  ->  0  uniformly  with  respect  to  x  e  [—  1,  1]  and  a  e  [c,  b] 
as  n  -»  oo .  Integrating  the  left-  and  right-hand  sides  of  7.5(11)  with  respect 
to  the  parameter  a  from  c  to  b,  we  obtain 

-  °  ^     In  (c-x)+er*t-i (x)  In (b-x)-  jj  Rn(x)  da-   C ~^^^^    ^ 

c 

r\    £  (j/a2-— l)r+1  cos  [ft  arccos  ^+<^>(A:)]  ^         f    1     f  da          1 


r!     (i/a5^!)'  cos  [n  arccos  x 


""'' 


^?^^ 


Here  in  virtue  of  7.5(9) 


«(a+|/a2— l)r 


2—  1  )r  cos  [n  arccos  x 
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b 


Consequently 

(c-x)'*1  ln(c-x)+Qr+i(x)  ln(b-x)~R*(x) 

__   (r+l)!(]/a2-l)rcos  [«  arccosx+<K*)]+<5,,O,  x) 


nr+2(a+}/a2-l)n 

where  <5n(#,  x)  -»  0  uniformly  with  respect  to  x  e  [—  1,  1]  and  a  e  [c,  b] 
as  H  -»  oo  . 

Thus  the  equality  7.5(11),  if  valid  for  a  given  r,  also  holds  for  the  value 
r+1  •  But  this  relation  has  already  been  established  for  r  =  0  (see  7.5(10)). 
Hence  it  is  true  for  any  r  ^  0.  It  follows  that  the  difference  Fn(x)—  Rn(x)9 
where 


and  J?n(x)  is  some  algebraic  polynomial  of  degree  <  «,  assumes  its  maximum 
absolute  value 


at  the  n+2  points  of  the  segment  [—  1,  1]  where  cos 

=  ±1,  with  consecutive  alternations  of  sign.  By  theorem  2.7.2  it  follows 

that 

rt(i/c^rTV>~1 
Em(Fm;  -1,  1)  =  -f--.  (12) 


If  we  now  take  into  account  the  remark  in  section  7.1.45,  then  from  7.5(12) 
we  obtain  7.5(6). 

7.5.4.  It  should  be  noted  that  the  estimate  7.5(6)  is  not  uniform  with 
respect  to  c  as  c  ->  1  .  Hence  the  case  when  c  =  1  (the  singularity  of  the 
function  occurs  at  the  end  of  the  segment)  requires  separate  consideration. 
Reasoning  exactly  as  in  section  7.2.1,  it  is  not  difficult  to  show  that  what- 
ever the  natural  number  r  may  be,  as  n  -»  oo  the  limit  of  the  product 
Ai2r£'n[(l—  x)rln(l—  x);  —1,1]  exists  and 

lim  »*£„[(!-*)'  to  (l-*);--l,  1]  -  —A^x*  In  |x|),          (13) 

n—  >oo  £ 
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where   A^x-1"  In  \x\)    is   the   best   approximation  of  the  function  x-r  In  \x\ 
by  integral  functions  of  degree  ^  1  on  (— -  oo,  oo). 
In  fact,  after  the  substitution  2y2  =  1— ,r  we  have 

^E2n(y^[n\y\i  -1,  1) 


E2n(x-rln\x\;  —  2«,  2?i).  (14) 

But  the  relation  2.6(8)  is  applicable  to  the  function  *2rln|*|  for  all  a  >  0 
(see  sections  7.2.1  and  5.4.6).  Therefore 

Km  E2n(x~r  ln\x\m,  —  2«,  2n)  =  Xj^Mn]*!), 

n— >oo 

and  consequently  7.5(13)  follows  from  7.5(14). 

Similarly,  applying  theorem  7.2.1,  it  is  possible  to  obtain  an  asymptotic 
estimate  for  the  best  approximation  on  [—1,  1]  of  the  function  (l—*)r|a, 
where  r  is  a  non-negative  integer  and  0  <  a  <  I  (see  7.8.2). 

7.5.5.  Let  us  make  a  comparison  of  the  best  approximation  7.5(2) 

with  the  value  of  the  uniform  deviation  of  the  function  ^  —  :--  (c  >  1) 

I  S* VI* 


^ 
(c—  x)r 


from  the  partial  sums  of  its  expansion 


(15) 


in  a  Fourier  series  of  Chebyshev  polynomials,  i.e.  with  the  quantity 


=    max 


z — i 

k^n+l 


rl  cos  /care  cos  x 


Let  us  start  with  the  formula  (sec  3.7(8)) 

if      k 


2   f     COS  kt 

-cos/ 


2  f    cos^ 

7C  J  C~-C( 
0 

1  ?      dt 

TC   }   C  —  COS/ 


(16) 


Thus 


if      fc==0. 


__  0 /../.(!)_ 2 

Z,C      CQ  X,, 


2P  Theory  of  Approximation 
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and  since  for  any  k  ^  1 


7T  J        C  —  COS? 
0 


k  k    1 


then 


and 


1     __  _  1  ___  jo 
~~ 


cosA;arccos.x; 


(    } 


Differentiating   the  left-  and  right-hand  sides  of  7.5(17)  r—  1    times 
with  respect  to  the  parameter  c,  we  see  that  for  any  k  >  1 

d'"1  2 


Formula  7.5(18)  shows  that 


(18) 
(19) 


where  e  £r)  -»  0  as  k  -»  oo .  Therefore,  when  n  increases  indefinitely, 


max 


E., 


4r)  cos  k  arc  cos  ^ 


But 


L—l 


k=n HI ' 

oo 

r-i  V 


and  £rt+|y;r]  = 
i 


,).  'Consequently,  as  «  ->  oo 


—   max 


-  [1+0(1)]-  .- 


(20) 
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Comparing  equation  7.5(20)  with  7.5(2),  we  obtain  the  relation 


It  is  not  difficult  to  understand  that  in  virtue  of  the  inequality  3.7(9) 
such  a  relationship  between  En(f\  —1,1)  and  the  remainder  rn(f)  of  the 
Fourier  series  should  hold  for  any  function  of  the  type  7.5(3). 

Thus  as  the  singularity  c  recedes  to  infinity  the  partial  sums  of  order 
n  of  the  Fourier  series  of  the  function  7.5(3)  give  a  uniform  approximation  , 
asymptotically  identical  with  the  quantity  En(f;  —1,  1). 

Moreover,  it  follows  from  7.5(2)  and  7.5(19)  that  for  every  such  function 
/(*) 

£„(-/;  -  1  ,  1)  =  [1  +*(!)]  —^-  (22) 

2*  I/  C         I 

as  n  ->  oo  ,  where 

Tt 

2  f 


cn  = 

TC 
0 


is  the  n-th  coefficient  of  the  Fourier  series  of  the  function  f  (cos  f)  . 

7.5.6.  The  relations  7.5(21)  and  7.5(22)  were  established  by  S.  N. 
Bernstein  [15],  who  also  indicated  their  validity  in  certain  other  cases. 
In  particular,  he  proved  that  7.5(22)  and  the  equality 


(23) 


where  rn(f)  =  max  |    ^    ckcoskt\,  are  valid  for  any  function  f(x)  of  the 

t        k-n+l 

form 


Vv       (^>0;  *=1,2,...),  (24) 

v-l   ^C       X) 

which  has  an  essential  singularity  at  the  point  c  >  1  . 

7.6.  On  a  constructive  property  of  regularly  monotonic  functions 

The  functions  7.5(1),  7.5(5)  and  7.5(24)  (Av  ^  0)  are  the  simplest 
examples  of  functions  regularly  monotonic  on  [—  1,  1]  (see  section  3.9.1). 
Such  functions  possess  a  remarkable  property,  which  lies  at  the  basis  of 
the  investigation  carried  out  in  the  preceding  section**.  Any  function  f(x) 


**  S.N.  Bernstein  [15]. 

29* 
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regularly  monotonic  on  [—1,  1]  possesses  the  property  that  if  Pn(f;  x)  is 
an  algebraic  polynomial  of  degree  ^  n  for  which 

£„(/;-  1,1)  =    max    \f(x)~Pn(f;  x)\, 
-KJC^I 

then  for  any  natural  number  n  the  number  of  points  f£n)  in  [—  1  ,  1]  at  which 

\f(£*)-Pn(f;  ^)\  =  W;  -  1  ,  i)  >o  (i) 

is  equal  to  w+2,  and 


...<COS<f<"><#>==l.          (2) 

7.6.1.  If  f(x)  is  regularly  monotonic,  then  by  Rolle's  theorem,  for  any 
«,  the  system  of  functions  1,  x,  x1,  ...,  xn,f(x)  satisfies  Haar's  condition 
(see  sections  2.3  and  2.3.2,  (5))  and  there  are  not  more  than  n  points  f[n) 
within  the  interval  (—  1,  1)  at  which  7.6(1)  holds. 

On  the  other  hand,  by  theorem  2.7.2,  there  are  not  less  than  n+2  such 
points.  Consequently  there  are  exactly  n+2  of  them,  of  which  two  coincide 
with  the  ends  of  the  given  segment. 

7.6.2.  Let 

__  1    __    tM     ^    t(n)  <^    t(/i)     ^          ^    t(n)  ^    t(n)  __   1  /1\ 

1  —  ±n+i  <-  sn     <^  s/i~i  ^.  ...  <.  gx     ^,  g0     —  i  \J) 

and 

<t>n(x)  =f(x)—Pn(f',  *)-  £n  cos  ware  cos  ,Y, 
&nW  =f(x)-Pn(fl  x)+Encosn*rccosx9  (  } 

where  En  =  Ett(f;  -I,  I). 

If  it  is  considered  that/(l)-Pn(/;  1)  =  En,  then  (see  7.6.1) 

M"))-^(/;f?))  =  (-i)*^,  (5) 

i.e.  0II(^1)  =  ^B(-1)  =  0,  and 

(-l)^n(^)  >  0,       (-l)**^)  >  0.  (6) 

Moreover, 

0.  (7) 


In  virtue  of  the  regular  monotonicity  of  the  function  f(x)  ,  the  function 
cf)n(x)  (correspondingly  0n(x))  has  on  [—1,  1]  exactly  n+l  zeros**  (taking 


**  Consider  the  relationship  between  the  graphs  of  the  functions  f(x)—Pn(fl  x) 
and  ±£/»cos/zarccosA:,  and  also  use  the  fact  that  the  derivative /(/l+1)  ( x)  does  not  have 
a  zero  anywhere  within  (— 1,  1). 
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into  account  the  multiplicity  of  those  which  lie  within  (—1  ,  1)).  It  is  ob- 
vious, that  if  any  of  the  points  f[n)  (k  =  0,  1,  ...,  n+l)  is  a  zero  of  the 

function  $n(x)  (0n(x)),  then  |[M)  =  cos  —  -  where   v  is  an  integer,  and 

conversely,  if  </>,,{cos  —  -)  =  0  (correspondingly  d^/cos  —  1  =  0),   then 
\        n  I  \        n  I 

cos—-  is  identical  with  one  of  the  points  f£n).  In  this  case,  within  the 

interval   (-1,1)   the   points    |[n)  where  (/>n(££"))  =  0   (<Pw(fin))  =  0),  are 
double  zeros  of  the  function  4>n(x)  (0n(x)}. 

Let  us  note  also  that  in  the  case  when  at  any  of  the  points  7.6(3)  we  have 
0n(f*n))  =  0  (correspondingly  $n(£!"))  =  0),  then  at  the  neighbouring 
points  fj^  and  Ij^  the  function  <t>n(x)  (<?„(*))  does  not  vanish.  Assuming 
the  contrary,  we  would  be  able  to  find  two  adjacent  points  ^  and  fj^ 
(0  <  k  <  /i),  at  which  (see  7.6(5)) 


and 


Considering  the  relationship  between  the  graphs  of  the  functions 
f(x)—Pn(f\  x)  and  En  coswarccos  x,  we  see  that  with  such  an  assumption 
their  difference  $n(x)  would  have  to  have  on  [—1,  1],  at  least  («+2)  zeros 
(taking  account  of  the  multiplicity  of  those  which  lie  within  (—1,  1)). 
But  this  is  impossible,  since  (j)n(x)  has  only  n+l  zeros  altogether. 

Hence  it  follows  that  (see  the  footnote  on  page  452) 

»> 


cos—  <  fi»>      and       li»>  <  cos. 
n  n 

7.6.3.  Let  us  now  verify  that  if  neither  of  a  given  pair  of  neighbouring 


points  |[")  and  Ij^  is  a  point  of  the  type  cos  —  (/  an  integer),  then  within 


n 


the  interval  (|j["-i,  £[n))  there  cannot  be  more  than  one  value  of  cos 

In  fact,  in  this  case  </>n(f£rt))  ^  0  and  (f>n(g$L)  ^  0  (see  section  7.6.2). 
Therefore  (see  7.6(6))  in  the  interval  (|["}i,  £[n))  there  occurs  one  and 
only  one  (in  virtue  of  the  regular  monotonicity  of  f(x);  see  the  footnote 
on  page  452)  zero  of  the  function  </>„(*).  Hence  in  (IJt+i?  ffcn))  there  cannot 


fall  more  than  two  points  of  the  type  cos—-  (v  an  integer)  (see  7.6(7)). 


454     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

But  if  for  some  integer  v  we  had 


then,  since  between  cos 


V~\-  1 


and  cos  -  there  is  a  zero  of  the  function 
n 


(t>n(x)  (see  7.6(7)),  we  would  have  the  inequalities 


>  0, 


«   >  0. 


Hence  in  virtue  of  7.6(6)  and  7.6(7)  it  would  follow  that 


Tc   <  0, 


the  function  &n(x)  on  [f£+i,  fin)]  would  have  not  less  than  two,  and  con- 
sequently on  [—1,  1]  not  less  than  n+2,  zeros  (see  the  footnote  on  page 
452),  which  is  impossible  (see  section  7.6.2). 

7.6.4.  Let  us  also  show  that  within  (—  1  ,  1)  there  are  no  points  ££n) 

which  coincide  with  cos  —  •  for  any  integer  v.  If  such  a  point  f£w)  were 

to  exist,  then  it  would  be  a  zero  either  of  (j>n(x)  or  of  &n(x).  Without  re- 
striction of  generality  it  is  possible  to  suppose  that  0n(fin))  =  0.  But  then 
(see  section  7.6.2) 

Wf&^O,       ^(ffc^O  (8) 


and  (see  7.6(6))  &( 
Moreover,  since 


>  0. 


>)-  Pn(f\ 


then 


Hence  (see  7.6(6)), 


=  E  cos  ware  cos 


lin))]cos«arccos^  >  0. 


-7u  >  0, 


0. 
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As  a  result  of  this  it  is  possible  to  write  the  inequalities 


<  0,      ^(^^^cos-Tc   <  0,         (9) 


each  of  which  can  become  an  equality  only  when 

</>Jcos  -  TTI  —  0      or      ^Jcos  -  Til  =  0 

(see  7.6(8)). 

Since  the  point  f£n)  is  a  double  zero  of  $n(x)  (see  7.6.2),  there  cannot 
be  other  zeros  of  the  function  <t>n(x)  on  the  segment  [f^l5  ffcy  (see  the 
footnote  on  page  452).  Hence  in  virtue  of  7.6(9)  it  follows  that  the  points 

v—l  v+l 

cos  -  -7c  and  cos  -  TU  are  located  outside  this  segment. 
n  n 

Thus,  if  a  point  f  £n)  existed  which  coincided  with  cos  -  (v  an  in- 
teger), then  the  two  half-open  intervals  [f^,  f£n))  and  (|£n),  fj^J  abut- 

ting on  it  would  not  contain  values  of  cos  —  for  integral  /. 

n 

Comparing  this  result  with  the  assertions  of  7.6.2  and  7.6.3,  we  reach 
the  conclusion  that  there  cannot  be  within  (—  1,  1)  points  |[n)  =  cos  ---  , 

and  all  the  n—  1    values    of    cos  —  (/—  1,2,  ...  n—1)  are  situated  each 
in  one  of  the  intervals  (££+1,  lln)).  This  proves  theorem  7.6. 

7.7.  The  asymptotic  behaviour  of  the  best  uniform  approximation  by  poly- 
nomials of  some  transcendental  integral  functions 

In  sections  7.2,  7.3  and  7.5  we  studied  the  asymptotic  behaviour  of 
the  best  uniform  approximation  by  polynomials  of  functions  which  on 
the  segment  considered  or  outside  it  have  some  singularity.  Let  us  now 
consider  the  case  when  the  function  f(x)  being  approximated  has  no  sin- 
gularities (i.e.  it  is  an  integral  function)  and  let  us  prove  the  following 
theorem*. 


7.7.1.  If 


/(*)  =   L  Cn*'  (1) 

«=0 


456     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

is  an  integral  function  which  possesses  the  property  that  for  some  sequence 
of  the  natural  numbers  nL  <  «2  <  n3  <  ...  increasing  without  limit 


(2, 


uniformly    with    respect    to    m  ^  1 ,    ///e/z    //?£   &&s/   approximation   En  _l 
(/;  —1,  1)  satisfies  the  limiting  equality 

2"*-X-i(/;-l,l> 
lim ^- =1,  (3) 

"&->oo  \^nk\ 

i.e.  the  sequence  En  -i  (/;  —  1,  1)  is  asymptotically   (as  %->oo)   identical 
with  the  sequence  of  numbers — ^^\cn  \. 

7.7.2.  The  proof  of  this  theorem  is  based  on  a  similar  proposition 
for  integral  functions  of  period  27u**. 


c"}          (4) 

1  an  integral  function  and  {nk}   a  sequence  of  natural  numbers  n±  <  «2 
w3  <  ...  increasing  without  limit,  for  which 

?»,  *  0)  (5) 


uniformly  with  respect  to  m  >  i***.  Then 

"~*   '     =1.  (6) 


»*-»~          6  nfc 

Let  us  consider  the  sequence  of  partial  sums 

"k  '  v  =  0 

The  difference 

oo 

F^-S^^F;  0  =  S 


**  S.  N.  Bernstein  [15]. 

***  It  is  not  difficult  to  verify  that  such  a  sequence  always  exists.  This  follows  directly 
from  the  fact  that  for  any  integral  function  F(t)  of  period  2-n:  the  equation  lim  i '  Qn^  0 

n->oo 

is  satisfied  (see  3.12.15). 
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at  the  2nk  points  t*  =  -  -  (y  =  0,  1  ,  ...  ,  2nk—  1)  on  a  period  assumes 

nk 

the  values 

oo 

F(tj)-Sa    AF-.tj)^  (-iy<?n.+     H    e.cosO^-a,). 

*  *  V  =  nk  +  l 

But  for  any  s  >  0  there  exists  in  virtue  of  7.7(5)  an  JV  such  that  for  all 
nk^  N  and  v  >  nk 


Hence,  supposing  that  nk  >  N  and  s  <  £,  we  have  the  inequality 

oo  oo  oo 

I     \  ^  \^  \ ^       v— m  c 

as  a  result  of  which 

'  -1 — r  e»t 


From  theorem  2.10  it  follows  from  this  that 


On  the  other  hand,  we  have  in  virtue  of  7.7(8) 

oo 

Thus 


i.e. 

r?*      /m  17*       //r\ 

e 


M 

lim  — * <  lim  —  <  1  + 


Since  the  value  of  e  >  0  is  arbitrary,  this  is  equivalent  to  7.7(6). 

7.7.3.  Let  us  now  consider  the  integral  function  F(t)—f(cost)  of 
period  2?r,  where /(x)  is  the  function  7.7(1),  which  satisfies  the  conditions 
of  theorem  7.7.1,  and  let 


00 


F(t)  -        tfncos«/.  (10) 
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The  Fourier  coefficients  of  the  series  7.7(10)  can  be  expressed  in  terms 
of  the  coefficients  cn  of  the  Taylor  series  7.7(1).  We  have 


jF(0=/(cosO= 


But  as 


if      n  =  2p , 


where  p  ^  0  is  an  integer,  then 


Consequently 

00 


l\P-v, 


C*P 


Thus  for  any  n '. 


an  =  4 


2"  * 


2. 


p-v 


if    "  = 
if    »  = 


or 


(ID 


If  for   a    given    sequence    of  indices    nl<n2<nz<  ...    increasing 
to   infinity    the   coefficients  cn  satisfy   condition    7.7(2),    then,    putting 
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m  =  v+2j  (a  >  0  an  integer)  and  choosing  an  arbitrarily  small  e  >  0, 
we  have  for  any  7=1,2,...  and  for  all  sufficiently  great  nk) 


(12) 


Hence  for  e2  < 

oo 

2- 

J-l 
and  in  virtue  of  7.7(11),  for  any  integer  ^  ^  0, 


nk+/j,     l-£ 


if  kj    £"+2 1 


Dividing  the  second  of  these  inequalities  by  the  first  for  p  =  0  and 
taking  account  of  the  fact  that  by  7.7(2) 


for  all  sufficiently  great  values  of  nk ,  we  obtain  the  inequality 

^ 
nt  1  e2 


2"(1  ~2e2) 


which  is  thus,  vah'd  for  all  sufficiently  great  values  of  nk  and  for  any  in- 
teger ft>  I.  By  theorem  7.7.2  it  follows  that 


,. 

hm 


t 

—  1  . 


(14) 


ttk 


If  we  now  observe  that  in  virtue  of  7.7(13) 


lira 


=  1 


and  £*k-1(F)  =  JS:iljk_1(/;-l>l)f  then  from  7.7(14)  we  obtain  7.7(3). 

7.7.4.  In  those  cases  when  there  is  no  sequence  {nk}  for  which  7.7(2) 

holds  uniformly  with  respect  to  m  >  1,  it  is  possible  to  find  some  s  >  0 
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and  for  every  arbitrarily  great  N  a  sequence  of  values  mL  <  w2  <  /7/3  < 
increasing  to  infinity,  such  that 


i.e.  in  these  cases  lim  «Vlcn|>  0. 

n->00 

Consequently  theorem  7.7.1   is  always  applicable  to  functions  f(x) 
for  which,  as  n  ->  oo  , 

(15) 


Vn 

Frequently  the  sequence  {nk}  indicated  in  this  theorem  is  identical  with  the 
whole  sequence  of  natural  numbers  or  with  a  sequence  of  all  integers  with 
the  same  parity.  In  these  cases  it  is  possible  for  us  to  judge  the  asymptotic 
value  of  the  quantity  En(f\  —1,1)  for  any  arbitrarily  great  n.  We  will 
limit  ourselves  to  a  single  example. 
Let 


Here 

0,  if      n  =  2k+l 

and  the  condition  7.7(2)  is  satisfied  for  the  sequence  of  numbers  nk  —  2k. 
Hence,  taking  into  account  the  evenness  of  the  function  considered,  we 
see  in  virtue  of  theorem  8.7.1,  that 


;  -1,1)  =  E2k(cosLx;  -1,1)= 

as  k  ->  oo . 

7.8.  Various  problems  and  theorems 

1.  If— l<c<l,  then  for  any  natural  numbers  m  and  s>  0  the  exact  order  of 
decrease  of  the  sequence  of  best  approximations  En[\x-c\s  (In  \x-c\)m;   -1,  1]  as 

t  ,     (\nn)m~l      u  .  ,  (in/2)m  .      fl    u 

n->  oo  is  equal  to  — —  when  s  is  an  even  integer,  and  — -/—  in  all  the  remam- 

n  n 

ing  cases.  Consider  also  the  case,  when  c  =  ±  1 . 
See  section  7.1.42. 
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2.  If  r  is  a  non-negative  integer  and  0  <  a  <  1  ,  then  as  n  —>  oo 
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(1) 


where  /4i(|*|2r+2a)  is  the  best  approximation  of  the  function  |# 


by  integral  func- 


tions of  degree  <J  1  on  (—00,  oo). 
See  sections  7.2.1  and  7.5.4. 
3.  When  r  increases  without  limit,  assuming  odd  values,  and  —  1  <  a  <  1,  the 


constant  /*(>,  a)  (see  section  7.2.1)  is  asymptotically  equal  to  — 


.   r+a 


/Xr-fa). 


S.  N.  Bernstein  [18]. 

4.  If  —1  <  a  <  1,  then  as  a->  1  the  constant  /*(!,  a)  is  asymptotically  identical 
1 


with  the  quantity  — 

7T 

S.  N.  Bernstein  [18]. 

5.  If   -I  <  ck<  1  (k  -  1,  ...,  m),   cv^  Ck(v=£k)9  0  <  ^  <  s2  <  ^  <  ...  <  sm, 
Ai^Q  and  Si  is  not  an  even  number,  then  as  «->oo 


lx-Ckf*",  -1,  1]  -  [1-1  0 


(2) 


See  sections  7.1.41,  7.1.45  and  7.2.2. 

6.  For  any  periodic  function  /(x)  of  period  2n  with  Fourier  series  7.1(31),  in  which 


lim  -k—  —  oo,  the  asymptotic  equality 


is  satisfied,  where  7?M(/)  is  defined  just  as  in  section  7.1.5. 
S.  B.  Stechkin  [4]. 
7.  If  c>  0,  then  as  ;*->  oo 


S.  N.  Bernstein  [32]. 

8.  If  m  is  a  natural  number  and  the  value  s>  0  is  not  even,  then 

En[\x\5  Qn  \x\fl  -1,  1]  - 


(3) 


(4) 


(5) 


where  ^!(|A:|S)  is  the  best  approximation  of  the  function   \x\s  by  integral  functions  of 
degree  <  1  on  (—00,  oo). 

S.  N.  Bernstein  [29]. 

9.  If  m  and  k  are  natural  numbers,  then  as  «->  oo 


2k 


En[x2  (\n\x\Tl  -1,  1]  = 


,(x2k  In 


(6) 


2fc 


where  ^  (,v2  In  \x\)  is  the  best  approximation  of  the  function  xzk  \n\x\    by   integral 
functions  of  degree  <I  1  on  (—00,  oo). 
S.  N.  Bernstein  [29]. 
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10.  If  \c\  <  1  and  s>  —1,  then  as  n-*oo 

ns+1 
where 


00  00 


ir"-  S  |cos/l  S 


s+l. 


For  any  ,s>  0  the  constant  Ms  can  be  written  in  the  form 

.     sin 


S.  M.  Nikol'skii  [7].  See  also  S.  N.  Bernstein  [20]. 
11.  Let  —  1  <  cx  <  c2  <  c3  <  ...  <  cm  <  1  and  s>  —  1. 

If  q(x)>  0  is  a  function  continuous  on  [—1,  1],  then  for  the  best  weighted  mean 
approximation  by  algebraic  polynomials,  Entq(x)[f\  —  1,  !]L>  of  the  function 


we  have,  as  n  ->  oo ,  the  asymptotic  equality 

,    Ms 


2?      .  -iff-  i    \\T  == 

where  Ms  is  the  constant  7.8(8). 
S.  M.  Nikol'skii  [6]. 
12.  If  s>  —1,  then  as  «->  c 


00) 


(11) 


N.  I.  Akhiezer  [3]. 

13.  As  /z->oo  the  asymptotic  equality 

ftnnd-Jt);  -1,  Ik  =  [l 


is  satisfied. 

N.  I.  Akhiezer  [3].  See  section  2.12.33. 

14.  If  c>  1  and  r^  0,  —1,   —2,  —3,  ...,  then  as  w->  oo 


Formula  7.8(14)  is  a  generalisation  of  7.5(2). 
S.  N.  Bernstein  [29]. 
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15.  The  asymptotic  relation 

£„(/';  -1,  1)  =  [1  +"U)]y==-  En(f;  -1,  1) 

=  [1+0(1)]-^-  £„(/;-!,!)         (15) 

is  satisfied  for  the  function  7.5(3)  and  its  derivative,  as  n~>oo. 
S.  N.  Bernstein  [15], 

16.  If  Aa(f)  is  the  best  approximation  of  the  function  f(x)  by  integral  functions 
of  degree  <  a  on  (—00,  oo),  then  whatever  the  real  value  of  c,  in  the  case  where  r  ^  0, 
—  1,  —2,  —3,  ...,  the  asymptotic  equality 

-  06) 


is  satisfied  for  cr->oo. 
S.  N.  Bernstein  [29]. 

17.  If  the  function  /(X)  defined  on  [—1,  1]  is  infinitely  differentiate,  then  for  some 
unbounded  sequence  of  values  of  n  there  exist  algebraic  polynomials  Pn(x)  for  which 

max     \f(x)~Pn(x)\  -  [l+o(l)]En(f;  -1,  1) 

-Kx<l 

and  such  that  the  points  f  £n),  where  the  maximum  modulus  of  the  difference  \f(x)  —  Pn(x)\ 
is  attained,  satisfy  the  limiting  equality 

Hm(f£°-cos—  )  =  0.  (17) 


n 

S.  N.  Bernstein  [15]. 

18.  If  c>  1  and  the  function  0(x)  is  analytic  in  a  certain  ellipse  containing  the 
point  c  within  it  and  with  foci  at  the  ends  of  the  segment  [—  1,  11,  then,  subject  to  the 
conditions  that  <3>(c)  ^  0  and  m  is  not  an  integer,  the  asymptotic  equality 

En{(c-x)m®(x)\  -1,  1]  -  [1  +o(l)]  \®(c)\En[(c-x)m;  -1,  1]  US) 

is  always  satisfied  as  n  ->  oo  . 
S.  N.  Bernstein  [33]. 

19.  Show  that  the  sequence  of  best  approximations  £*(/)  of  the  function 

/w  - 

always  satisfies  the  asymptotic  equation 


as  n  ->  oo  . 

See  section  7.7.2. 
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20.  Show  that  as  k~>  oo 

sinA*;  —1,1)  =  /^-^sinA*;  —1,  1) 

A2k+1 


See  section  7.7.4. 

21.  Show  that  as  n->  oo 


See  section  7.7.4. 

22.  Show  that  as  k  ->  oo 


See  section  7.8.21. 
23.  Show  that  as 


*;  -1,  1)  =  [l+o(l)]  2n'(>|          .  (22) 


(23) 


^*-i(e-x;  -1,1)  =  £2*-2(e-*;  -1,  1)  ^  -= 
See  section  7.8.21. 


CHAPTER  VIII 

LINEAR  PROCESSES 

OF  APPROXIMATION  OF  FUNCTIONS 

BY  POLYNOMIALS  AND  SOME  ESTIMATES 

CONNECTED  WITH  THEM 

8.1.  On  the  convergence  of  linear  processes  of  approximation  of  functions 
by  polynomials 

In  connection  with  Weierstrass's  theorem  (see  Chap.  I)  and  the  results 
of  Chap.  V  which  form  an  extension  of  it,  there  arose  the  problem  of  the 
study  of  the  methods  most  convenient,  in  this  or  that  respect,  of  construct- 
ing for  each  function  /considered  sequences  of  polynomials  approximating 
to  it.  If  use  is  made  of  the  terminology  of  functional  analysis,  then  to  every 
such  method  there  corresponds  a  certain  sequence  of  finite-dimensional 
(polynomial)  operators  Un(f),  defined  in  the  function  space  F  considered 
and  mapping  it  into  the  finite-dimensional  subspaces  Fn  (Fn  e:  Fn+l)  of 
polynomials  of  order  <  n. 

From  the  point  of  view  of  the  rapidity  with  which  £/„(/)  tends  to  / 
(in  norm  in  F)  as  n  -»  oo  ,  the  most  advantageous  is  the  sequence  of  operators 
which  establishes  a  correspondence  between  each  function  /  and  its  best 
polynomial  approximation  (see  section  2.2).  Such  operators  are  homo- 
geneous, i.e.  Un(hf)  —  Wn(f),  and  as  a  result  of  the  inequality  \\Un(f)  ||F< 
2||/||F  bounded.  However,  not  being  in  general  additive,  they  do  not 
belong  to  the  category  of  linear  operators**,  and  this  circumstance  in  the 
general  case  materially  impedes  their  study  and  the  more  effective  con- 
struction cf  the  corresponding  polynomials.  The  exact  determination  of 
such  polynomials  is  successfully  achieved  when  F  is  a  Hilbert  space  (here  the 
given  operators  Un(f)  are  additive)  and  for  individual  concrete  functions  in 
other  spaces  (see  sections  2.9  and  2.11). 

**  Let  us  recall  that  the  operator  £/(/)  which  maps  the  space  F  onto  part  of  itself 
is  said  to  be  linear  if  it  is  bounded,  i.e.  \\U\\  =     sup     ||C/(/)||F  <  °°    and  for  any 

pair  of  functions  flt  f2  of  F 
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If  however  we  do  not  make  it  our  aim  to  obtain  for  each  individual 
function  feF  the  best  rapidity  of  convergence  of  the  sequence  Un(f)  and 
restrict  ourselves  to  the  class  of  linear  polynomials  operators**,  then  the 
investigation  of  the  problem  in  which  we  are  interested  becomes  more 
accessible. 

An  important  part  is  played  here  by  the  following  well-known  theorem 
of  Banach. 

In  order  that  the  sequence  of  linear  operators  Un(f)  which  maps  the 
complete  linear  normed  space  F  into  part  of  itself  should  possess  the  prop- 
erty 


lim  \\f-Un(f)\\F  =  0,  (1) 

/j—  >oo 

whatever  the  function  feF  may  be,  it  is  necessary  that  the  condition 

lit/nil  =      SUp     ||tf.(/)||F=0(l)  (2) 


should  be  satisfied  when  n  -*  oo  . 

8.1.1.  The  sequence  of  operators  Un(f)9  which  establishes  a  corre- 
spondence between  each  function  /  and  its  best  polynomial  approximation 
of  order  n,  possesses  in  addition  to  the  property  8.1(1)  the  property  that 
for  any  n  every  polynomial  of  order  <  n  is  mapped  by  the  operator  Un 
into  itself,  i.e.  if  /is  such  a  polynomial,  then  Un(f)  =/. 

Is  it  possible  that  any  sequence  whatever  of  linear  finite-dimensional 
operators  in  the  spaces  C  and  Lq  possesses  these  two  properties?  In  the 
spaces  Lq  for  1  <  q  <  oo  ,  as  is  well  known  from  the  theory  of  trigonom- 
etric series***,  the  sequence  of  partial  sums  of  the  expansion  in  a  Fourier 
series  possesses  the  properties  indicated. 

It  is  not  difficult  to  show  that  in  the  classical  case,  when  F  is  the  space 
C  of  functions  /(#)  continuous  on  the  given  finite  segment  [a,  b] 
=  max  |/(x)|),  and  Fn  is  the  subspace  of  algebraic  polynomials 


Jt-0 


(3) 


of  degree  <  n  or  the  space  C*  of  continuous  functions  of  period  2?u, 

where  ||/||  =  max  \f(f)  \ ,  and  the  subspace  Fn  consists  of  all  trigonometric 

t 
polynomials 

**  The  papers  of  S.  M.  Lozinski  [2, 4,  5]  and  D.  L.  Berman  [1,  2]  are  devoted  to 
the  study  of  different  properties  of  such  operators. 
***  See  A.  Zygmund  [1]. 
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Tn(t)  =  J;  (flt  coskt+bk  sinta)  (4) 

k=0 

of  order  <  w,  the  answer  must  be  negative**. 

Let  Un(f)(n  =  0,  1,  2,  ...)  be  a  sequence  of  linear  operators  defined 
in  the  space  C*  and  such  that  for  any  function  f(f)  e  C*  £/„(/)  is  some 
trigonometric  polynomial  8.1(4),  and  if  T  (t)  is  a  trigonometric  polynomial 
of  order  <  n,  then  Un(Tn)  ^  Tn(t).  We  shall  show  that  in  this  case  condition 
8.1(2)  is  violated. 

Let  us  consider  the  sequence  of  trigonometric  polynomials 

K-l         .        _ 

rr,       xx       ^    •        V^1  sm  A:/ 

^2n-i(0  =  2  sin  nt  2_>  —  •£—  (5) 

of  order  2/1—1,  which  is  uniformly  bounded  with  respect  to  t  and  /i  (see 
4.12.12). 

For  any  value  of  the  parameter  a  let  us  put 

^li(0  -  T^(t+d)-\-T2n^(t-a).  (6) 

Since 

,  ,  XH  cos  fo  cosfctt     ^  \-i  cos(fc+n)  t  cos  (k+ri)  a 

T^(t)  -  2  2^    -TZfc-  ---  2Zj  "T 

fc«=i  *^i 

then  in  virtue  of  the  properties  of  the  operator  £/„(/) 


U     \T^  1  -  2V  cos^CQS/:a  ~  2  V  K  frt  CQS 
^  n-i  L^  2n-iJ  —  ^  /  .        ^3^  z  ^/_j  y  k  (f) 


„       cos 

2  fc 


s(/i+fc)al 

/T—  Jf 


where    Vk(t)  =  l/n^fcosCn+A:)  /]     (fc  =1,  2,  ...,  /i—  1)    are    trigonometric 
polynomials  of  order  ^n—l. 

We  also  note  that  for  any  integer  k  ^  1 


*w  '  ~ 


Consequently,  there  exists  a  value  t0,  for  which 

Cos2kt°      ->v  (t  ^  cos  (n+®  'ol  _  0 
"^=*  "(  0>          *          J  ~ 


**  This  result  is  due  to  S.  M.  Lozinskii  and  F.  I.  Kharshiladza.  See  S.M.  Lozinskii 
[2],  I.  P.  Natanson  [2], 

30* 
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and  in  virtue  of  8.1(7)  the  trigonometric  polynomial  Wn^(t)  =  Un 
assumes  the  value 


at  the  point  /  =  t0.  But 

I  JPii-i('o)  I  ^  max  I  JPii--i(OI  - 

r 

Therefore,    taking    into    account    that  max  \T$2i(i)\  —  O(l)9  we  obtain 

t 

n— >oo 

The  case  when  Un(f)  (n  =  0,  1,  2,  ...)  is  a  sequence  of  linear  operators 
defined  in  the  space  C  of  functions  continuous  on  the  finite  segment  [a,  b], 
is  easily  reduced  to  that  considered.  Without  restriction  of  generality  it 
is  possible  to  suppose  that  a  =  —  1,  b  —  1.  After  the  substitution  x  —  cost 
we  obtain  the  sequence  of  operators  Un[f(cost)],  defined  in  the  space  of 
continuous  even  functions  <£(/)  =/(cos  /)  of  period  2?r.  If  for  any  function 
f(x)  e  C,  £/„(/)  is  some  polynomial  8.1(3),  then  U „(<!>)  =  t/rt[/(cos  0] 
is  the  even  trigonometric  polynomial  8.1(4).  If  for  any  polynomial  Pn(x) 
of  degree  <  «,  Un(Pn)  ^  Pn(x),  then  whatever  the  even  trigonometric  poly- 
nomial Tn(t)  of  order  <  /?,  t/n(7;)  —  £/„[/>„ (cos  /)]  =  rn(0-  li  remains 
to  note  that  for  any  value  of  the  parameter  a  the  trigonometric  polynomials 
8.1(6)  are  even. 

The  given  theorem,  if  account  had  been  taken  of  the  estimate  4.12.6, 
could  also  have  been  obtained  from  the  identity** 


0 

in  which  f(x)  e  C*,/f(x)  =f(x+t),  Sn(f\  x)  is  the  partial  sum  of  order  n 
of  the  Fourier  series  of  /(jc),  and  Un(f\  x)  are  the  operators  considered 
here.  In  the  case  when  f(x)  is  a  trigonometric  polynomial  it  is  verified 
immediately,  and  for  arbitrary  continuous  functions  by  means  of  Weier- 
strass's  theorem  (see  1.3.1).  From  the  same  considerations  it  follows  that 
tin's  identity  is  valid  for  the  linear  polynomial  operators  £/„(/;  x)  defined 
in  the  space  L*  of  all  integrable  functions  f(x)  of  period  27r.  It  shows 
that  in  this  case 

27T  27t  2TT 

\Sn(f- 


**  D.  L.  Berman  [3].  See  also  Marcinkiewicz  and  Zygtnund  [1]. 
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i.e.  (see  4.12.6), 

27T  2rc 

sup    \  \Sn(f;  x)\  dx  =  —  \  \Dn(f)\  dr  =  -1 


Thus,  as  in  the  case  of  the  space  C*,  there  does  not  exist  a  sequence 
of  linear  polynomial  operators  satisfying  condition  8.1(1),  where  F  is 
the  space  L*,  for  all  functions  /  of  L*. 

8.1.2.  The  simplest  and  at  the  same  time  most  natural  example  of  a 
linear  process  of  approximation  of  continuous  functions  by  polynomials 
is  the  approximation  by  the  sequences  of  partial  sums  of  their  Fourier 
series  expansions   (the  trigonometric  system,  in  the  periodic  case,  and 

2x-a-b 

the  system  of  Chebyshev  polynomials  cos  ware  cos  -  ~jy__a       in  the  case 

of  the  finite  segment  [a,  b],  or  interpolation  by  Lagrange's  formula   (see 
sections  4.1  and  4.2). 

However,  as  follows  from  section  8.1.1,  the  sequence  of  partial  sums 
of  a  Fourier  series  is  not  uniformly  convergent  in  the  whole  class  of  continuous 
functions**.  For  this  reason,  if  P,,(/;  x)  is  a  sequence  of  algebraic  poly- 
nomials of  degree  <  n  which  at  the  n+l  points  x{/°  <  x{n)  <  ...  <  x(n"y 
on  [a,  b]  arc  identical  with  the  function  f(x)9  then  whatever  the  system  of 
points  xl(k  =  0,l,...,w;«  =  0,l,2,...)»  the  sequence  Pn(fl  x)  cannot 
converge  uniformly  for  all  continuous  functions**.  Similarly,  if  Tn(f;  t) 
is  a  sequence  of  trigonometric  polynomials  of  order  <  n,  which  at  the 
2n+l  points  4n)  <  t[n)  <  ...  <  t(£  on  (0,27r]  is  identical  with  the  function 
Tn(f',  t),  then  whatever  the  system  of  points  t["\k  =  0,  1 ,  ...,  2n;  n  =  0, 
1,  2,  ...),  the  sequence  Tn(f\  t)  cannot  converge  uniformly  for  all  continuous 
functions***. 

This  shows  that  the  paitial  sums  of  Fourier  series  expansions  and 
Lagrange  interpolation  polynomials  are  not  of  themselves,  for  any  system 
of  points  whatever,  suitable  as  a  means  of  uniform  approximation  in  the 
whole  class  of  continuous  functions.  In  this  connection  there  arises  the 
question  of  how  it  is  possible,  starting  with  a  Fourier  series  expansion 
or  interpolation  formula  of  Lagrange,  to  achieve  by  means  of  some  va- 
riation of  the  given  processes  uniform  convergence  of  the  resulting  poly- 
nomials for  any  continuous  function. 

8.1.3.  One  of  the  best-known  methods  for  achieving  this   purpose 
is  the  so-called  summation  of  Fourier  series.  In  the  periodic  case  many 


**  The  first  example  showing  this  was  due  to  Du  Bois  Reymond  [1]. 
***  Faber  [1],  S.  N.  Bernstein  [4]. 
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methods  of  summation  consists  in  specifying  some  infinite  triangular 
matrix  of  numbers  tij?\k  =  0,  1,  ...,  n;  n  —  0,  1,  2,  ...),  by  means  of  which 
the  partial  sums  of  the  Fourier  series  of  any  continuous  function  of  period 
2rc  are  transformed  into  the  form 


£/*(/;  x;  A)  -  --#>+        4"\akco*kx+bk*inkx)9  (8) 

fc-i 
where 

2rc  2rc 

ak  -  -1-  \"  /(Ocosfcf  df  ,       £fc  -  —  (  /(Osinfo  df  (9) 

7T    J  71    J 

0  0 

are  the  Fourier  coefficients. 

Similarly  for  the  function  /(X),  defined  on  [—1,  1],  the  corresponding 
sequence   of  algebraic   polynomials 


—  (10) 

is  considered,  where  the 

TT 

2  f 

Cfc  =  _~_  %  j (cos  fj cos fct clr  (l  i) 

TC    J 
0 

are  obtained  from  the   expansion  of f(x)  in  a  Fourier  series  of  Chebyshev 
polynomials. 

In  the  study  of  linear  processes  of  approximation  of  continuous  functions 
by  the  trigonometric  polynomials  8.1(8)  or  by  the  algebraic  polynomials 
8.1(10),  it  is  in  the  first  place  natural  to  consider  the  problem  of  the  con- 
ditions which  must  be  satisfied  by  the  system  of  numbers  A£n)  in  order 
that,  as  n  ->  oo, 

£/*(/;*:  A) ->/(*) 
or 

Un(f;x;X)-+f(x) 

for  all  continuous  functions. 

It  is  easily  understood  that  the  solution  of  this  problem  follows  directly 
from  the  general  propositions  of  functional  analysis.  In  fact,  if  the  point 
x  is  fixed,  then  the  sum  8.1(8)  for  any  n  represents  a  linear  functional 
defined  in  the  complete  linear  space  C*  of  all  continuous  functions  of 
period  2n9  in  which  in  virtue  of  Weierstrass's  theorem  (see  section  1.3.1) 
the  sequence  of  functions  cos  kx,  sin  kx  (k  =  0,  1,  2,  ...)  is  closed  (see 
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section  2.2).  And  correspondingly,  if  the  point  x  is  fixed,  then  the  sum 
8.1(10)  for  any  n  represents  a  linear  functional  defined  in  the  space  C 
of  all  functions  continuous  on  [—1,  1],  in  which  in  virtue  of  Weierstrass's 
theorem  (see  section  1.3.1)  the  sequence  I9x,  x29  ...  or  the  sequence  of 
polynomials  cos  k  arccos  x  (k  =  0,  1,  2,  ...)  is  closed  (see  section  2.2). 
Thus  it  is  a  question  of  the  conditions  which  must  be  satisfied  by  the  system 
of  numbers  A£w)  in  order  that  the  given  sequence  of  linear  functional  should 
converge  weakly,  as  n  ->  oo,  in  the  space  C*  (or  in  the  space  C  respectively). 
It  is  known  that  a  necessary  and  sufficient  condition  for  this  is  the  bounded- 
ness  of  the  sequence  of  norms  of  these  functional  and  the  convergence  of  the 
sequence  of  their  values  for  every  function  of  some  system  closed  (see  section 
2.2)  in  the  given  space. 

In  our  case  these  norms  are  respectively 


sup  \U*(f;x;X)\,         sup  \Un(f;x;X)\. 


Since 


(12) 


and 


Un(f;x;X) 


2    f 

71 


(«) 


(13) 


they  may  be  expressed  in  the  form  of  the  integrals 


sup 


(14) 


and 


I  [/„(/;  x;X)\=L,(x) 

[ 

7T 

--( 

~    It  .! 


df.       (15) 


Consequently,  the  first  condition  reduces  to  the  boundness  of  the 
sequence   of  numbers  Ln   (or  correspondingly  Ln(x)). 
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If  the  second  condition  of  the  above  theorem  on  weak  convergence 
in  the  periodic  case  is  applied  to  the  sequence  of  functions  coskx,  sin 
kx  (k  =  0,  1,  2,  ...),  then  we  find  that  for  any  fixed  value  of  k  =  0,  1,  2,  ... 
the  limit  equality 

lim^">  =  l  (16) 

n~>oo 

must  be  satisfied. 

Whatever  e  >  0  may  be,  it  is  possible  by  theorem  1.3.1,  for  any  contin- 
uous function  f(x)  of  period  2n,  to  find  a  trigonometric  polynomial 
Tm(f\  x)  such  that  max  \f(x)—Tm(f;  x)\  <  e.  Hence  for  any  n 


max  |/(*)-£/*  (/;  x;  A)|  <  max|/(je)-  rm(/; 

X  X 

+max|rm(/;  x)-£/*(rm;  x;  A)|+max  U*(Tm-f;  x;  A)| 

X  X 

m(/;x)-iy*(rm;x;A)|.  (17) 


It  is  obvious  from  this  that  when  condition  8.1(16)  is  satisfied,  then  when 
the  sequence  of  norms  Ln  is  bounded  the  sequence  of  polynomials  U* 
(/;  x;  A)  converges  uniformly  to  f(x)  as  n  ->  oo  for  any  function  fe  C*. 
Thus  condition  8.1(16)  together  with  condition 


d/  -  (9(1)  (18) 


w  necessary  and  sufficient  for  the  convergence  at  every  point  and  for  the 
uniform  convergence  to  f(x)  of  the  sequence  of  trigonometric  polynomials 
8.1(8)  in  the  whole  class  of  continuous  functions  of  period  2n**. 

We  see  that  in  the  periodic  case,  in  distinction  from  the  case  of  a  finite 
segment,  the  norms  of  the  corresponding  functional  do  not  depend  on  the 
position  of  the  point  x.  Hence  the  quantity  Ln  is  at  the  same  time  also  the 
norm  of  the  operator  8.1(10). 

In  the  non-periodic  case  the  norms  of  the  operators  8.1(10)  are  defined 
by  the  equation 

-    max   Ln(x). 


The  formula  (see  8.1(13)) 

Un(f;x;X)  =  ™  (/(cos/) 

*  ~ 


S.  M.  Nikol'skii  [9]. 
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shows  that,  subject  to  the  condition  |/(cosr)|  ^  1, 

7t 

\U.(f',x;X)\^-\ 

TC    t) 

Consequently 


dt  =  Ln . 


and  since  Ln(l)  —-  Ln,  then 

max    Ln(x)  =  La,  (19) 

-Kx<l 

i.e.  the  quantity  Ln  is  also  a  norm  of  the  operator  8. 1  (10).  Hence  by  Banach's 
theorem  (see  section  8.1,  condition  8.1(2)),  the  condition  8.1(18)  is  necessary 
for  the  uniform  convergence  of  the  sequence  of  polynomials  8.1(10)  in  the 
whole  class  of  functions  continuous  in  [—1,  1].  Since  Ln(l)  =  Ln,  then 
in  virtue  of  the  first  condition  of  the  theorem  on  weak  convergence  of  a 
sequence  of  linear  functionals  given  above  it  is  also  necessary  for  the 
convergence  of  these  polynomials  at  each  point. 

If  the  second  condition  of  the  given  theorem  is  applied  to  the  system 
of  polynomials  cos  k  arc  cos  x  (k  =  0,  1,2,...)  at  the  point  x  =  1,  then 
we  obtain  the  necessity  of  condition  8.1(16). 

On  the  other  hand,  reasoning  as  in  the  periodic  case  (see  8.1(17)), 
we  find  that  when  conditions  8.1(16)  and  8.1(18)  are  satisfied  the  sequence 
of  polynomials  Un(f\  x;  A)  converges  uniformly  to  f(x)  as  n  ->  oo  for  any 
function  continuous  on  [— 1,  1]. 

Thus  these  two  conditions  are  necessary  and  sufficient  both  for  convergence 
at  each  point  and  for  uniform  convergence  to  f(x)  of  the  sequence  of 
algebraic  polynomials  8.1(10)  on  the  whole  class  C  of  functions  continuous 
on  [-1,  1]. 

We  also  note  that,  as  is  obvious  from  the  inequality 


I 


I  ;(") 
/  -0- 
L 


cosy/  -0-+A*°cosfo  dt 


(20) 


condition  8.1(18)  can  hold  only  when 

#>  -  0(1)  (21) 

uniformly  with  respect  to  all  n  and  v  (y  =  0,  1,  2, ...,  n). 

8.1.4.  To  the  transformations  8.1(8)  and  8.1(10)  for  the  partial  sums 
of  expansions  in  Fourier  series  there  correspond  similar  transformations 
of  the  polynomials  obtained  by  interpolation  by  Lagrange's  formula  for 
the  system  of  equally  spaced  points  4.2(7)  or  for  the  Chebyshev  system 
4.1(7). 
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If  the  trigonometric  polynomial  Tn(x)  of  order  <  interpolates  the  period- 


ic  function  /(x)  of  period  2?c  at  the  points  y(kn)  =  -  —  —  (k  =  0,  1,...,  2n)9 

2/1+1 

that  is  rBG4">)  =/(^i">),  then  by  formula  4.2(9) 


-§-+>',  Wco*vx+b?>*mvx)9      (22) 


where  Drt(0  is  Dirichlet's  kernel  (see  4.1(10))  and 

"  ">.    (23) 


Similarly,  if  the  algebraic  polynomial  Pn(x)  of  degree  ^  n  interpolates 

2k-\-\ 
the  function  /(x),  defined  on  [—1,  1],  at  the  points  ^"+1>  =  cos  TC 

(A:  =  0,  1,  ...,  n),  i.e.  Pn(4"+l>)  =/(4n+1)),  then  by  formula  4.1(11) 


(24) 


where  y  =  arccosx,   /r+1)  =  —( — -TT-TT  and 

c<n)  =  ^-Y^/(4/l+1))cosvarccosxi/I+1)       (v  =  0,  1, ...,  ri).        (25) 

Every  infinite  triangular  matrix  of  numbers  W(v  =  0,  1, ...,  n\  0,  1,2,...) 
defines  a  sequence  of  trigonometric  polynomials 

flOO  ^-% 

KJ(/;  x;  A)  =^  -~- ffi*  +  /    ^^(^"^cosvx+ft^sinrjc)  (26) 

or  a  sequence  of  algebraic  polynomials 

coo          Y-, 

^n(/>  ^5  A)  =  — ^-^n)+  /  i  A^)cJ/l)  cos varccosx  (27) 

v=l 

obtained  from  8.1(22)  or  8.1(24)  by  the  same  method  as  the  polynomials 
8.1(8)  or  the  polynomials  8.1(10)  from  the  partial  sums  of  Fourier  series. 
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Since 

^      V1  f  Ann)      V^  } 

/  f(yk){—^~+  /   A>(vn>cosv(x— yr')\        (28) 

Si  I  2       ^  1 


;  x; 


and 


cosi>arccos;c-cosvarccos 


\ 

;4'l+1(» 

J 


(29) 


the  question  of  the  conditions  which  the  system  of  numbers  A^n)  must 
satisfy  in  order  that  K*(/;  x;  A)  -*f(x)  or  KB(/;  x;  A)  ->/(#)  as  H  -*  oo,  for 
all  continuous  functions,  just  as  in  section  8.1.3  reduces  to  the  inves- 
tigation of  the  upper  bounds 

M*(x)=  sup  |K*</;x;A)| 


2/j 


(30) 


and 


sup 


1     V- 


A00 


(31) 


8.1.5.  The  two  methods  considered  of  construction  of  convergent 
linear  processes  of  approximation  by  polynomials  can  also  be  applied 
to  functions  of  many  variables.  Thus,  for  example,  in  the  study  of  the 
class  of  continuous  functions  f(x9  y)  of  period  2n  in  each  of  the  variables, 
any  infinite  matrix  of  numbers  ti£[n)(k  =  0,  1,  ...,  m\  I  =  0,  1,  ...  n\ 
m,  n  =  0,  1,  2,  ...)  defines  the  sequence  of  trigonometric  polynomials 


+  /  ,  /  ,^fo  >>) 
fc=i  /=i 

+CM  cos  A:A:  sin  ly+dkt  ,  sin  A:x  sin  /y),      (32) 

where  aktl,  bktl,  ckj,  dktl  are  the   Fourier  coefficients    of  f(x,y). 
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From  the  general  considerations  of  functional  analysis  given  in  section 
8.1,3,  it  follows  that  necessary  and  sufficient  conditions  that  U*tn(f;x', 
y;  K)  ->/(*,  y)  as  m,  n  -»  oo  at  every  point  (x,  y)  or  uniformly  with  respect 
to  (x,  j),are  the  conditions 

lim  tf»in)  =  1  (33) 

m,  n->oo 

for  any  fixed  values  of  k,  I  and 

K  n  *~ 




wtn 


0,  0 

4" 

0  0 


(34) 

uniformly  with  respect  to  m,  n. 

It  is  clear  (see,  for  example,  8.1(20))  that  8.1(34)  can  only  hold  when 

Aft"  >  =  0(1)  (35) 

uniformly  with  respect  to  m,  n  and  k,l  (k  =  0,  1,  ..  ,  m;  I  =  0,  1,  ...,  /?). 

8.2.  Lebesgue  constants  and  functions 

It  is  customary  to  term  the  upper  bounds  8.1(14)  and  8.1(34)  the  Le- 
besgue constants  of  the  given  method  of  summation  of  the  Fourier  series, 
and  the  upper  bounds  8.1(15),  8.1(30)  and  8.1(31),  obtained  for  a  finite 
segment  or  as  a  result  of  interpolation  by  Lagrange's  formula,  which 
depend  on  the  position  of  the  point  x,  the  corresponding  Lebesgue  func- 
tions. 

As  has  already  been  mentioned  in  sections  8.1.3-8.1.5,  in  deciding 
the  question  of  convergence  of  any  one  of  the  linear  processes  of  approxi- 
mation by  polynomials  considered,  a  fundamental  part  belongs  to  the 
investigation  of  the  behaviour  of  a  sequence  of  these  quantities.  Such 
an  investigation  is  connected  with  the  study  of  the  character  of  the  depend- 
ence of  the  given  upper  bounds  on  the  structure  of  the  corresponding 
numerical  matrix  /I  which  determines  the  process  of  approximation,  and 
has  for  its  aim  the  finding  of  effective  conditions  which  the  system  of  num- 
bers ^  must  satisfy  for  the  satisfaction  of  conditions  of  the  type  8.1(18). 
Hence  (see  8.1(20))  we  can  consider  only  bounded  matrices  A,  i.e.  matrices 
possessing  the  property  8.1(21). 

8.2.1.  In  the  first  place  we  shall  show  that  in  the  general  case  for  any 
n  =  0,  1,  2,  ...  the  upper  bounds  8.1(14)  always  satisfy  the  inequality** 

**  An  equivalent  inequality  was  established  by  Fejes  [1].  See  also  A.  F.  Timan  [17]. 
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o  (2n  +  l)(v  +  l)—  1 

— 1          1  \ — ^  A 

^  2v+l~        ^-J  2k+l '  CO 

which  it  is  impossible  to  improve  for  any  n  in  the  class  of  all  triangular 
matrices  L 

In  order  to  obtain  the  estimate  8.2(1),  it  is  necessary  to  consider  the 
Fourier  scries 


sin(2v+l)x 


(2) 


and  make  use  of  the  inequality 


/     i  \  f  A(W)    v^i          i 

V  signsin  n -\~ ]t {-%-+  \ Wcoskt \dt 
J  \       ^/    I  z        ^T  J 


(3) 

in  which  the  dash  indicates  that  the  term  which  corresponds  to  the  index 
7c  =  0  is  divided  by  two. 

Since  in  the  case  of  the  identical  matrix,  i.e.,  when  for  any  n  and  k 
(k  =  0,  1,  ...,  n;  n  =  0,  1,  2,  ...)^ln)  =  1>  in  virtue  of  4.1(10)  the  inequal- 
ity 8.2(3)  becomes  an  equality  it  follows  that  the  estimate  8.2(1)  is  precise. 

We  note  two  corollaries  which  follow  from  this. 

8.2.11.  In  the  case  where  the  matrix  X  is  non-negative,  i.e.  A£n)  >  0 
(fc  =  0,  1,  ...,n;  n  =  0,  1,  2,  ...),  the  right-hand  side  of  8.2(1)  is  not 
less  than  one  of  its  terms  corresponding  to  the  index  v  =  0.  Hence  in  this 
case  the  inequality 

2/t          (. 
O      \    ^      A|M_M 


.-—^i  (4) 

is  always  satisfied. 

8.2.12.  In  the  case  where  the  matrix  A  is  bounded,  i.e.  8.1. (21)  holds, 
then 


i 
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and 


Hence  in  this  case  the  inequality  8.2. (1)  leads  to  the  estimate 


or**,  what  is  the  same  thing, 
,   ,4  ' 


Ai"> 


(7) 


(8) 


8.2.13.  The  inequality  8.2(8)  together  with  8.1(21)  shows  that  in  the 
general  case  the  sequence  of  numbers  Ln  can  be  bounded  only  when*** 


-  =  0(1). 


(9) 

8.2.14.  It  is  not  difficult  to  see  that  condition  8.2(9),  although  necessary 
for  the  validity  of  8.1(18),  is  not  in  the  general  case  sufficient.  Let  us 
consider,  for  example,  a  matrix  of  the  form 


1      when 
0      when 


(10) 


n. 


For  this  matrix  8.2(9)  is  satisfied,  and  for  m  =    -|     (see  8.2(3)) 

dt 


2f  •       •  /     ,   MI*   ,  V       7  L 

=  —  \  signsin(w+-^-M<J-r-+  /  coskndt 

K  J         \     2/  I2    f^i       } 

0  K~x 

^s^S'L  !  1  i_fci 

v  =  0  fc  =  0     *-  ^  ^^  ^^ 


i.e.  Ln  increases  indefinitely  with  n. 

**  A.  F.  Timan  [17].  If  it  is  not  assumed  that  the  matrix  A  is  bounded,  then  the 
second  term  in  8.2(8)  must  be  replaced  by  a  quantity  of  order  O[  max  \%k  \l> 

***  S.  M.  Nikol'skii  [9]. 
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8.2.2.  Passing  to  an  estimate  for  the  Lebesgue  functions  8.1(15),  we 
consider  the  case  where  the  rows  of  the  matrix  X  are  of  uniformly  bounded 
variation,  i.e. 


(12) 


where  <d#>  =  A^-Afc)^  =  0,  A«  -  1). 

We  shall  show  that**  subject  to  this  condition  the  inequality 


-{1- 


cos  ware  cos  \x 


V^  A(n) 
|}2_J-~-cosfearccos  \x\ 


+0(1)       (13) 


is  always  satisfied  uniformly  with  respect  to  xe  [—1,1]  and  n. 
If    y  —  arc  cos  x,  then 


TU 


_iK)|d/,       (14) 


where 


(15) 


It  is  obvious  from  8.2(14)  that,  without  loss  of  generality,  it  is  possible 
to  take  0<  v<4r. 


Let 


</>„(»  = 


signsinw(j— 0>  0 

sign  sin  n(t—y)9  y 

sign  [cosnysinnt],        2.y 


(16) 


**  A.F.  Timan  [13]. 
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Then  by  8.2(14) 


TC 

Ln(x)  >  -1  1  J  ^n(t)  {Kn 


(17) 


where 


/a  = 


TU 
— 

7C 


bn(t){Kn(t+y)+Kn(t-y)}dt, 


=  —  \  4>n(t)  {Kn(t+y)+Kn(t-y)}dt. 


In  virtue  of  8.2(2)  we  have 


(18) 


+sin  [(n-fc)j- 


V=l 


LINEAR    PROCESSES    OF    APPROXIMATION    OF    FUNCTIONS       481 


+  cosk(y-t)]}dt 


y     *        1 


#>  {sin  [(» 
+  sin[(n-K)t-(n+K)y]}dt 


+  cosfe(j;-— 


+  sin[(n—k)t—ky]} 


^[008*^  +  0  + 


31    Theory  of  Approximation 
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Evaluating  the  integrals  involved,  we  obtain 


2  vS-jft)    1—  cos  fry 


}         (19) 


n—k 


2signcosnj;  1^%    (/j)cos(2«—  3k) 
/3  =  ___  -  r      4    ---------------- 


W  -  /v 


*=•! 


I 

' 


where  0(1)  is  a  quantity  which  is  uniformly  bounded  with  respect  to  y 
and  n. 

But  subject  to  the  condition  8.2(12)  the  following  relations  are  satisfied 
(see  4.12(13)): 


n-k 


(20) 
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As  a  result  of  this  the  estimates  8.2(19)  lead  to  the  equation 

r     ,     r      ,     r  ^    ^      ,    .       1 


(21) 

k=l 

from  which,  in  virtue  of  8.2(17),  8.2(13)  follows. 

8.2.21.  We  note  that  for  any  fixed  x(—  1  <  x  <  1)  the  right-hand 
side  of  8.2(13)  is  bounded  for  the  matrix  X  considered  when  and  only  when 
8.2(9)  holds.  This  follows  from  the  fact  that  for  any  fixed  y  (0  <  y  <  -K) 
the  inequality 

^~k  C°SVy 


is  satisfied. 

Thus  if  condition  8.2(9)  is  not  satisfied,  then  for  any  x  e  [—  1,  1], 
by  the  theorem  on  weak  convergence  of  the  sequence  of  linear  functionals 
(see  section  8.1.3),  a  function  f(x)  continuous  on  [—1,  1]  can  be  found 
for  which  the  sequence  of  polynomials  8.1(10)  diverges  at  this  point. 

V^       /l(n) 

8.2.22.  In  those  cases  when  the  sum    /    -  7  —  —  r  is  unbounded,  it 

^  n—k+l 

is  possible  to  raise  the  question  of  the  choice  of  a  sequence  of  points 
xn  for  which  the  right-hand  side  of  8.2(13)  remains  bounded.  It  follows 
from  the  inequality  8.2(13)  that  for  a  bounded  sequence  of  the  numbers 
Ln(xn)  the  satisfaction  of  the  condition 


[1-  |cos«arccos|;cn||]  -cosA:  arccos  |xj  -        -Jti  +  0(l)      (22) 

tt    k  k^i    k 

is  necessary. 

8.2.23.  In  particular,  if  only  non-negative  matrices  (A£n)  ^  0)  are 
considered,  it  then  follows  from  this  that  for  weak  convergence  of  the 
corresponding  sequence  of  linear  functionals  Un(f;xn'9X)  (see  8.1(13))  it 
is  necessary  that  there  should  exist  a  sequence  of  odd  numbers  p  =  p(ri) 
(n  =  1  ,  2,  ...)  for  which 
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and 

v^  A(n) 
=   >    - "^  4- 


In  fact,  let 


~V^  cos/:  arc  cos  I 


yn  --=  arccos  | xtt I  =        ' K> » 


+  0(1). 


(24) 


where  p  =  p(n)  assumes  only  odd  values,  and   \en\  < —   It  is  obvious 
from  8.2(22)  that  in  our  case,  for  any  sequence  of  values  of  n  increasing 


without  limit  for  which  /  i  — ~  -»  oo ,  we  have 

^^"^     K 

/c=l 


n      ;(/,) 


Moreover,  since 


then  by  8.2(22)  the  relations 


must  be  satisfied.  It  follows  that 

en  =  O 


(25) 


L,  n-k+l  u 

i.e.  8.2(24)  and  8.2(23)  are  satisfied. 

8.2.3.  It  is  impossible  to  improve  the  estimate  8.2(13)  in  the  class  of 
all  the  matrices  A  considered.  The  following  theorem  holds**. 

If  the  matrix  of  numbers^  is  bounded,  i.e.  it  satisfies  condition  8.1(21), 
and  for  any  n 

(fc  =  0,  1,. ..,»-!;  ^  =  0),      (26) 


or 


(k  -  0,  1,  ...,  Ti-1;  A&  =  0), 


(27) 


**  A.  F.  Timan  [13]. 
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then 


—  {1—  |cos«arccos|x||}  /^-T;-  cosfcarccos|x| 
k^t    k 


+0(1)       (28) 


uniformly  with  respect  to  all  xe[—l9  1]  and  n. 

8.2.31.  For  the  proof  we  need  the  following  lemma**.  Let  the  function 
f(x)  be  continuous  on  [—1,1]  and  let 


cfccosA:arccosjc 


(29) 


ft^  the  partial  sum  of  order  n  of  its  Fourier-Chebyshev  series  (see  8.1(11)). 
If  0  <  k  <  77 


(30) 
(31) 


Ln(k;x)=    sup    I^C/jA:;^)!, 


then 


(32) 


uniformly  with  respect  to  y  =  arc  cos  |:c|  10  ^  y  ^  —  I ,  n  andk(0  ^  k  ^  n). 
Since 


then 


crn(/;  fc;  x)  =---— 

V      r    /       • 


n 
^(Jfe;   ,)   =  J  J 


v     u  j     i 

k      (  n  —  v 

V-^l 

1+2  >    cosjycosjt 


it}dt, 


(33) 


dt 


d?,        (34) 


**  L.  M.  Abramov  [1].  For  the  case  x  =  ±1  see  S.  M.  Nikol'skii[l];  for  the  case 
0  see  A.  F.  Timan  [2]. 
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where  Dn(u)  is  Dirichlet's  kernel  (see  4.1(10)).  The  following  formula  holds: 


2  sin—  v^° 


.    2n+\-k      .   k+l 
sin— — i/ sin— — u 


.        (35) 


Therefore 


.    2»+l—  Jfc  ,   ,    ,  .   k+l 
sm  ---  ! 


.  __________  u 


.    2n  +  l~k  f       ,  .   k+l 

sin  - — (t    -A  — - 


dt.        (36) 


Formula  8.2(36)  shows  that  without  restriction  of  generality  it  is  possible 


7T 


to  suppose  that  0  ^  y  ^  — -. 

JL 

Let  us  consider  the  three  integrals 


.    2« +!-*„,    ,  .  k+l 


sm 


'   J?±hiz*Lf  _      '  k+l 

sin        ^    -    (t    y) sm    — 


= 
2 


.    2n+l-k  ,   ,    ,   .  fc+1 
sm '  —    '-  •  -A  — 


.    2/1+1— fc 
sin^ ^ 1 


.  Jt+1 


dt, 
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2)1 


.    2n+l-fc  .   ,    .  .  k+l 
sin  —  "— 


sin  -  --  -- 


.   k+l 


dt. 


In  the  first  place,  we  note  that 

b    .    .       .    . 


(37) 


uniformly  with  respect  to  all  b  >  0  and  /  >  0.  In  fact,  if 
m,  7T  ^  bl  <  (w+ 1)  TC,  then 


u                 * 

V 

^0 

J             W                      J 

V7t                                                     mTt 

u 

T                        T~ 

7T 

7T 

I 

=  V  sin/w 

0 

m-1 

s-- 

v  =  0    U-\ 

1        ,          ^       I   -    , 
du+O(l)  =  \  sm/M 

V7C                                     .1 
r—                               0 

"t 

v=l 

2lnm 

rj_n_i_ 

2  In  1 

[\ 

TC 

s-J-l^-f- 

TT      V-rJ-rv 

Also  for  any  a  >  0, 


. 
am 
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uniformly  with  respect  to  n,  k  and  a.  Consequently,  since  the  difference 

sinf      1  .    ,         t   ,          , 
— is  bounded,  we  have 


a 

—  { 

:  hi  J 


.     2n+l—  k      .    k+\ 
sm /sin-     —t 


sm 


2    ; 

o 


'"7 


.     2/i+l-Jk     . 
sm  — ,     -- — tsmt 
fc+1 

V- 


-dH-O(l) 


8111 


Taking  into  account  now  that  the  difference     .  „  • is  bounded  in 


sm~w 


the  interval  0  <  u  <  |TT,  we  obtain  by  8.2(38) 


(39) 


and  similarly 


(40) 
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In  order  to  estimate  the  integral  73  we  note  that 


.     2n+l-k 
sin  -  — 


.    k+l 


.     2n+l  ~k 
sm 


dt+0(l) 


.     2n+\-k  ,    ,    ,  .    fc  +  1  k+l 

sm  —    2    —  (t+y)  sin  — —  r  cos  —   ~ 


--  + 


2/1+1 -fc  (f 
sm  —  ->    --  --  (.t- 


—/ cos -- 


7u(AH-T)" 


cos 


2n  +  l 


fc+1. 


-y 


X 


x 


.      2/i+l-fc       .     fc+1 

sin  — — — t  sin  — - — 


If  we  again  take  account  of  8.2(38),  we  then  find  that 


cos- 


y  cos 


k+l 


In 


4 
=  —  2"  lcos 


y+ 


k+l 


'+7T 


+  0(1).       (41) 


Considering  8.2(39),  8.2(40),  8.2(41)  and  8.2(36),   we   obtain   8.2(32). 
8.2.32.  If  now   Un(f;x;X)  are  the  polynomials  8.1(10),  then 


fc  =  0 


k  =  0 
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Hence  after  a  second  application  of  Abel's  transformation  we  obtain 


or 


l2j 


U.(f;x;X)  =  - 


-(«+lK(/;  nj^/lAWjij,,.       (42) 

But  in  the  case  when  the  matrix  A  considered  is  bounded  and  satisfies  the 
conditions  8.2(26)  or  8.2(27),  then 


n-1 

^-m"(n~fc)  °' 

Also  the  sums 

J]sv(/;x)  (44) 

V=  J 
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in  virtue  of  formulae  8.2(33)  and  8.2(35)  possess  the  property  that 

Ln(n\  x)  -      sup     \an(f;  H  x)|  =  1 .  (45) 

l/(cosf)|<l 

Therefore 

m 


Ln(x)  =      sup 

|/(cosf)|<l  fc  =  0 

Substituting  the  estimate  8.2(32)  in  this,  and  taking  account  of  the  fact 
that 

ffl 

k  =  0 

we  obtain  the  inequality 


In 


y+- 


k-\~\ 
-(l-lcosHy|)ln 1 — 


n+l 


+0(1).       (47) 


Here 


IT] 


and  (see  4.12(13)) 


n+l 


Consequently 


TC'5 


S.v 


-(i-|cosH) 


v=fc+l 


+0(1).       (48) 
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A  twofold  application  of  Abel's  transformation  to  the  right-hand 
side  of  8.2(48)  shows  that  for  the  matrix  considered 


k=l  k=l 

The  resulting  inequality  together  with  8.2(13)  assures  us  of  the  validity 
of  the  estimate  8.2(28). 

8.2.33.  It  follows  from  theorem  8.2.3  that  if  the  matrix  X  is  bounded 
and  for  any  n  satisfies  the  condition  8.2(26)  or  8.2(27),  then 

4  \r*  2,(n\ 
AXl)^  4  2^+0(1).  (49) 

7U-  j^«       fc 

This  result  shows  that  the  estimate  8.2(8)   for   the   Lebesgue   constant 
Ln  —  £„(!)  cannot  be  improved  in  the  general  case. 

8.2.34.  Summarising  the  results  obtained  in  8.1.3  (see  8.  1(16),  8.1(18), 
8.1(21)),   8.2.13  and   8.2.33,  we   obtain  the  following  theorem**. 

In  order  that  the  sequence  of  trigonometric  polynomials  8.1(8)  should 
converge  at  every  point  x,  or  uniformly  with  respect  to  x,  to  f(x)  on  the 
whole  class  of  continuous  functions  of  period  2rc,  it  is  necessary,  and  in  the 
case  whenA2Ap^Q(k  =  Q9  1,  ...,  w-1;  AJ&  =  0;  n  =  0,1,2,...)  or 
/J24">  <  0  (fc  =  0,  1,  ...,  w-1;  A^j  =  0;  /i  =  0,  1,  2,  ...),  it  is  also  suffi- 
cient, that  the  conditions  8.1(16),  8.1(21)  and  8.2(9)  should  be  satisfied. 

8.2.35.  The  last  assertion  remains  valid  if  the  class  C*  of  all  continuous 
functions  of  period  2n  and  the  sequence  of  trigonometric  polynomials 
8.1(18)  is  replaced  by  the  class  C  of  all  functions  continuous  on  [—1,  1] 
and  the  sequence  of  algebraic  polynomials  8.1(10)  see  section  8.1.3). 

8.2.36.  Let  an  be  an  arbitrary  sequence  of  numbers  JO  <  an  <  —  1  and 

$>  =  lF>coskan9  (50) 

where   A2l^  ^0  (k  =  0,  1,  ...,  n-\  ;  lfr\  -  0;  n  =  0,  1,  2,  ...) 
or  A*l<k">  <  0  (k  =  0,  1,  ...,  n-l  ;  /&  =  0;  /i  =  0,  1,  2,  ...). 

The  Lebesgue  constants  for  the  method  8.1(8),  corresponding  to  the 
matrix  A  of  8.2(50),  are  identical  with  the  numbers  Ln  (cos  an)  (see  8.1(15)) 
corresponding  to  the  matrix  /.  Taking  into  account  that  the  system  of  num- 
bers /[w)  satisfies  for  any  n  a  condition  of  convexity  (concavity),  it  is  not 
difficult  to  verify  the  fact  that  if  8.1(16)  and  8.1(21)  hold,  then 

0  (51) 


S.M.  Nikol'skii  [9]. 
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and  for  any  fixed  value  of  k 

lim/^0  =  1.  (52) 

n— >oo 

Hence  it  is  possible  to  apply  theorem  8.2.3  to  the  matrix  /,  from  which 
it  follows  that  in  the  case  of  boundedness  of  the  corresponding  se- 
quence of  numbers  Ln  (cos  an)  the  condition 


(53) 
*=i    "  k=i    * 

is  not  only  necessary  (see  section  8.2.22),  but  also  sufficient. 

Thus  on  the  basis  of  the  considerations  given  in  section  8.1.3  we  arrive 
at  the  following  proposition,  which  generalises  the  criteria  8.2.34**. 

If  the  matrix  1  is  defined  by  the  equations  8.2(50),  where  the  system 
of  numbers  l(n)  for  any  n  is  convex  or  concave,  then  in  order  that  the  se- 
quence of  trigonometric  polynomials  8.1(8)  should  converge  at  every  point  x, 
or  uniformly  in  x,  to  f(x)  on  the  whole  class  C*  of  continuous  functions  of 
period  2?!,  it  is  necessary  and  sufficient  that  conditions  8.2(51)-8.2(53) 
should  be  satisfied. 

8.2.37.  In  particular,  if  the  system  of  numbers  /£n)  is  convex  upwards, 
i.e.  A2  l(n)  <  0,  then  condition  8.2(53)  is  equivalent  to  the  following  two 
requirements: 

(a)  There  exists  a  sequence  of  odd  numbers  p  =  p(ri)  (n  =  1,  2,  ...) 
for  which 

1 


_ ,  (54) 

«-i    k 
(b)  The  relation 

n       i(n\  "       l(n) 

(55) 


"       if~\ 

Sr  '*, 
n—K 
~~k~ 


is  satisfied. 

We  note  that  in  the  case  when  /£°  =  1  for  all  n  and  fc(0  <  k  <  w), 
condition  8.2(55)  is  equivalent  to  the  boundedness  of  the  integer-valued 
function  p  =  p(n). 


**  Timan  [13].  See  also  A.  F.  Timan  [1,5],  where  the  case  /ln)  -  /  (0  <  k  <  n, 
n  =  0, 1,2,  ...)  is  considered. 
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8.2.4.  Let  us  pass  on  to  consideration  of  the  Lebesgue  interpolation 
functions  8.1(30)  and  show  that  in  all  cases  where  the  matrix  A  is  bounded 
and  satisfies  condition  8.2(26)  or  8.2(27),  the  relation** 


TC 

sin- 


Ln+0(\).  (56) 


2 
holds. 

8.2.41.  For  this  purpose  as  a  preliminary  we  establish  the  following 
lemma.    If   Tn(x)    is    the    trigonometric     polynomial     8.1(22),     where 

,,        2kn  _ 

yw  =  _ — ~~   and  for  0  ^  A:  ^  w 

* 
T*  (/;  fc ;  x)  =  -r-y-  J]  r»-v(*) ,  (57) 


then,  whatever  the  periodic  function  f(x)  of  period  2nfor  which  \f(x)  |  ^  1, 

sin — - — (x—y^) 

(58) 


uniformly  with  respect  to  all  z,  «,  k  (0  <  A;  <  H)  < 

From  the  definition  of  the  polynomials  Tn  (x)  and  formula  8.2(35) 
it  follows  by  the  periodicity  of  the  function  f(x)  that 

r*ff'  Jc-  Y\  —  - —  V 

*n\J >*'>'*'} —  (2n4-\}(k-\  \} 

.   2n+l~k  M    .   k+l  (ll) 

X         V        /(^) 2 T^OO—-    A— -         (59) 


Hence,  since  in  the  interval  0  <  f  <  —  the    difference 


—  -7—: 

2  sin2* 


is  bounded  and  \f(x)\  ^  1, 

4 

^ 


sn 


N.  A.  Pogodicheva  and  A.  F.  Timan  [1]. 
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Also 


z. 


sm 


c—vW)sink~^l(x—v(n} 


8(2n-H) 


,-  =  0(1) 


and  similarly 


V 


271 


.     2/1+1—  A:  ,,    .    A: +1 

sm (x-yM)&m-— 


v^  i 

'~~k-\ 


Therefore 


2n+l 


1  "  \2 

T") 


7T 


X 


sm-— -— 

x      Y*    fW>-~ 


-1-0(1),    (60) 


and  since  the  function —^~ —— is  bounded  |  f(x)  \  <  1,  and  the  number  of 
terms  in  the  sum  8.2(60)  is  a  quantity  of  order  O(n/k),  we  have 


.    2n+\-k  , 
sin ^ (x— ) 


But 


x-y 
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and 


.     2n+l  , 

sm  — - —  I 


2n  +  l 


/WO 


~        < 


Consequently 


r*(/;  A:;  x)  =  —    l 


sin 


i.e.  8.2(58)  is  satisfied. 

8.2.42.  It  follows  from  8.2.41   that  for  the  upper  bound 


==     sup 


the  asymptotic  equality* 


71 


. 
sin— -r — -x 


holds  uniformly   with   respect   to  x  and  k(0  ^  k  ^  n). 
In  fact,  we  obtain  from  8.2(58) 


+  0(1) 


F2n  +  l] 


7T 


.       2II+1 

sm — - — A: 


sm- 


•+0(1) 


v-1 


On  the  other  hand,  it  is  obvious  that  for  the  function 


.       .    2n+\  , 
signsm  —  —  ^~ 


S.  M.  Nikol'skii  [1J. 


(61) 


(62) 


(63) 
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we  have  by  8.2(58) 


2 
2/z  +  I 


.   2/z+l 
sin     -----A; 


.   2/t+l 

sin    -^ -— ; 


(64) 


8.2.43.  Now  let  K*(/;*;A)  be  the  polynomials  8.1(28).  Then  applying 
Abel's   transformation   we   have 


V*(f;  x;  A)  =  -3" 

v-0  fc-0 

where  DM(t/)  is  Dirichlet's  kernel  (see  4.1(10)). 

After  a  second  application  of  Abel's  transformation  we  obtain 


Moreover,  as  in  section  8.2.32, 


K*(/;  x;  A)  =  - 


l^^r^/;  fc;  .v)  - 


i.e. 


-fcH^W^TjU.! (/;  »-fc- 1 ;  x)  i - 


A-0 

+       V       (n- 


JC)H- 


-VxT*^.^/;  n  -*-  1  ;  .x)  - 


(»+l)T*(/;W;^)^^j    ^  (65) 

If  now  the  matrix  A  is  bounded  and  satisfies  condition  8.2(26)  or  8.2(27), 
then  the  relations  8.2(43)  and  8.2(46)  hold.  In  addition,  in  virtue  of  the 
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formula  8.2(59)  (see  also  4.2(9)  and  8.2(35))  the  sums  -*:„*(/;  n\  x)  possess 
the  property  that 


M*(n;x)  =    sup  |T*(/;  n;  x)|  =  1. 

Therefore 

M*(x)  =    sup    r*(/;x;l)|< 


(66) 


t=o 


2     .    2n+l 


0(1). 


On  the  other  hand,  for  the  function  8.2.(63),  by  8.2(64)  and  8.2(66) 


!*?(/*;  *;*)!=- 


sin- — -  —  x 


fc-0 


0(1). 


Thus 


.    2/i-fl 


sm 


•fc+1 


0(1) 


.    2/x+l 


sin  —  -  —  x, 


0(1). 


But  since  (see  8.2(43)) 


hr  +1 


fc-fl 


n-l 

XT' 


it  follows  that 


7U 


sin 


+  0(1). 
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From  this,  after  a  twofold  application  of  Abel's  transformation,  we  obtain 


2n+l 
sin  •— — ; 


+  0(1). 


(67) 


Comparing  this  result  with  8.2(49)  we  arrive  at  the  relation  8.2(56). 

8.2.44.  It  follows  from  8.2(56)  that  in  the  class  of  bounded  matrices  A 
which  satisfy  a  convexity  condition  (see  8.2(26),  8.2(27)),  the  sequence 
of  norms  M*(n)  is  bounded  at  every  point  x,  or  uniformly  with  respect 
to  x,  when  and  only  when  8.2(9)  holds.  As  a  result  of  this,  for  such  matrices 
theorem  8.2.34  remains  valid  if  the  polynomials  8.1(8)  are  replaced  by  the 
polynomials  8.1(26). 


However,  let  us  note  that  because  of  the  factor 


sm- 


2n+l 


in  formula 


8.2(56)  the  sequence  M*(x)9  in  distinction  from  the  sequence  Ln  or  Ln(x) 
(see  section  8.2.21),  may  turn  out  to  be  bounded  at  isolated  points 
even  when  condition  8.2(9)  is  not  satisfied. 

8.2.45.  The  condition  of  convexity  (concavity)  of  a  system  of  numbers, 
although  not  necessary,  generally  speaking,  is  in  a  certain  sense  essential 
for  the  validity  of  the  relation  8.2(56).  Such  a  relation  does  not  hold  in 
the  general  case.  This  can  be  verified  by  considering,  for  example,  the 
system  of  numbers 


(—1)2   if  &  is  even, 
0         if  k  is  odd 


(68) 


for  which**  M* 


271 


Moreover,  it  must  also  be  noted  that  the  relation  8.2(56)  may  also 
sometimes  be  satisfied  even  in  cases  not  covered  by  theorem  8.2.4,  i.e. 
it  is  in  reality  valid  for  a  wider  class  of  matrices  (see  8.7(18). 

8.2.5.  With  respect  to  the  Lebesgue  functions  8.1(31),  which  correspond 
to  interpolation  on  [—1,  1]  at  the  zeros  of  the  Chebyshev  polynomials, 
the  following  theorem***  is  valid,  which  we  will  state  here  without  proof. 
If  the  bounded  matrix  X  satisfies  the  condition  8.2(26)  or  the  condition  8.2(27), 
then 


Mn(x)  =  -  |  cos /tare  cos  x  | 

7T 


+  0(1), 


(69) 


uniformly  with  respect  to  all  xe[—  1,  1]  and  n. 


**  See  for  example,  A.  F.  Timan  [1]. 
***  N.  A.  Pogodicheva  [1]. 


32" 
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Comparison  of  this  estimate  with  8.2(28)  for  the  function  Ln(x),  which 
corresponds  to  an  expansion  in  a  Fourier-Chebyshev  series,  shows  that 
between  Mn(x)  and  Ln(x)  there  is,  generally  speaking,  no  relation  of  de- 


sn 


pendence  similar  to  8.2(56),    where  in  place  of  the  factor 

it  would  be  natural  to  have  the  factor  |cos  n  arccos  x\.  Moreover,  we  see 
that,  as  in  the  previous  cases,  in  the  class  of  bounded  matrices  A  which 
satisfy  a  condition  of  convexity  (concavity)  the  sequence  Mn(x)  is  bounded 
at  each  point  x  or  uniformly  with  respect  to  x  when  and  only  when  8.2(9) 
is  satisfied. 

8.2.6.  In  concluding  this  section  we  note  that  results  similar  to  those 
stated  above  do  hold  also  in  the  many-dimensional  case.  Thus,  for  example, 
starting  from  inequalities  of  the  type  8.2(3)  it  can  be  shown  that**  for 
bottndedness  of  the  sequence  of  constants  Lm>n  (see  8.1(34))  in  the  general 
case,  it  is  necessary  for  the  following  conditions  to  be  satisfied  besides 
8.1(35): 


^U 

V 

*—> 


,  • 

XT-  =  00),         —  /' 

k-\-\  •£—  in—  /- 

(70) 

JS-,    JL-  J(m.n) 

x*.«  ' 


uniformly  with  respect  to  all  m,  n  and  A',  /  (0  <  k  i"  m,  0^  /  <  n). 

8.3.  On  linear  methods  of  approximation  by  polynomials  which  give  the 
best  order  of  approximation. 

In  the  sections  8.1  and  8.2  we  studied  linear  processes  of  approximation 
only  from  the  point  of  view  of  their  convergence  in  the  whole  class  of  con- 
tinuous functions.  Let  us  now  pass  to  questions  connected  with  the  rapidity 
of  their  convergence,  and  first  of  all  consider  the  elucidation  of  conditions 
which  must  be  satisfied  by  linear  methods  of  approximation  which  give 
the  best  possible  order  of  approximation. 

8.3.1.  In  the  Hilbert  space  L2  the  best  linear  method  of  approximation 
with  respect  to  a  given  orthonormal  system  of  polynomials  is  the  Fourier 
series  expansion.  Whatever  the  function  /eLz  may  be,  the  partial  sums 
of  its  Fourier  series  form  a  sequence  which  realises  the  best  approximation 
in  the  class  of  polynomials  considered  (see  2.8.2). 


**  I.  V.  Matveev  [1]. 
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As  regards  order  of  approximation  the  Fourier  series  expansion  also 
possesses  a  similar  property  in  other  spaces  Lq,  when  1  <  y  <  oo  (see 
5.11.6). 

However,  as  regards  uniform  approximation,  as  mentioned  above 
(see  section  8.1.2),  the  partial  sums  of  the  Fourier  series  are  unsuitable 
as  a  means  of  approximation  for  the  whole  class  of  continuous  functions. 
Uniform  approximation  by  them  can  be  identical  with  the  best  approxi- 
mation [as  regards  order  only  for  functions  possessing  certain  special 
properties  (see,  for  example,  sections  7.5.5  and  7.5.6).  Tn  this  respect  the 
process  of  expansion  in  a  Fourier  series  is  not  an  exception  among  all  other 
linear  processes  of  approximation  by  polynomials.  No  linear  process  of 
approximation  by  polynomials  can,  for  any  continuous  function,  accomplish 
uniform  approximation  identical  in  order  of  decrease  with  the  best 
approximation.  This  follows  directly  from  the  considerations  advanced 
in  section  8.1.1.  If,  for  example,  in  the  periodic  case  there  existed  a 
sequence  of  operators  Un(f)  which  established  a  correspondence  between 
each  continuous  function/  of  period  2n:  and  a  trigonometric  polynomi- 
al 8.1(4),  which  possessed  the  property  that  in  the  whole  class  C* 

\\f-Un(n\\c.  <  C(f)E*(f)       (n  -  0,  1,  2,  ...),  (1) 

where  C(f)  is  a  constant  which  depends  only  on  /,  then  whatever  the  trigo- 
nometric polynomial  Tn(f)  of  order  ^  n,  we  should  have  Un(Tn)  =  Tn(f). 
Consequently  (see  section  8.1.1)  condition  8.1(2)  is  violated,  and  there 
exists  a  continuous  function  /  for  which  the  deviation  ||/— - Un(f)\\c* 
does  not  tend  to  zero  as  n  ->  oo.  This  is  incompatible  with  8.3(1). 

The  situation  is  similar  also  in  the  case  of  approximation  by  algebraic 
polynomials  on  a  finite  segment. 

Thus  the  study  of  linear  processes  of  approximation  which  accomplish 
the  best  possible  order  of  uniform  approximation  has  a  meaning  only 
in  certain  special  classes  of  continuous  functions.  If  s)3f  is  some  class  of 
continuous  functions /(.v)  and  Un(f)  (n  —  0,  1,  2,  ...)  is  a  linear  method 
of  approximation  which  establishes  a  relation  between  each  function  / 
and  a  sequence  of  polynomials  Un(f;  x),  then  a  natural  characteristic  of 
the  approximative  properties  of  this  process  on  the  whole  class  sDi  is  the 
sequence  of  upper  bounds 

c'XW ;  xi  Un)  -  sup  |/(x) -  £/„(/;  *)|.  '    (2) 

f^m 

When  s)3f  consists  of  all  continuous  functions/(r)  for  which  max  \f(t)  \  ^  1, 

r 
the  upper  bounds  8.3(2)  are,  apart  from  a  bounded  quantity,  identical 

with  the  norms  of  the  functionals  Un(f;  x),  and  in  this  case  the  convergence 
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of  the  corresponding  sequence  of  polynomials  for  any  function  /e  9Dt  (see 
section  8.1.3)  depends  on  their  behaviour  as  «  ->  oo. 

In  other  cases,  when  sup  £  (We,  x  ',  Un)-+  0  as  «->  oo,  the  order  of  de- 

X 

crease  of  the  sequence  8.3(2)  determines  the  rapidity  of  convergence  of  the 
given  process  on  the  whole  class  9)t.  It  follows  from  theorem  2.5.1  that 
in  the  case  of  the  class  9Jt,  it  must  always  be  compact  if  bounded.  We  obtain 
the  best  possible  order  of  approximation  on  a  given  compact  class  9JJ 
when  as  n  ->  oo  sup  cc  (s)3f;x;  Un)  has  the  same  order  of  decrease 

X 

as  the  sequence  of  upper  bounds  of  the  corresponding  best  approximations. 

Let  us  consider  the  problem  of  the  behaviour  of  the  sequence  8.3(2) 
for  certain  compact  classes  of  continuous  periodic  functions  and  for  me- 
thods of  approximation  of  the  type  8.1(8). 

We  have  already  seen  (see  section  8.1.3),  that  for  the  convergence  of 
the  sequence  of  trigonometric  polynomials  8.1(8)  on  the  whole  class  C* 
of  continuous  functions  of  period  2n  it  is  necessary  that  for  any  fixed 
value  of  k  the  difference  l—A[n)  should  tend  to  zero  when  n  -»  oo  (see 
8.1(16)).  Now  let  us  note  that  the  rapidity  of  convergence  of  the  sequence 
U*(f;x;X)  to  f(x)  is  connected  in  a  known  manner  with  the  order  of 
decrease  to  zero  of  this  difference.  In  particular,  it  is  not  difficult  to  verify 
the  fact  that  if  f(x)  #  0  then  the  deviation  max  \f(x)—  U*  (/;  x;  K)\ 

X 

cannot  decrease  to  zero  as  n  ->  oo,  more  rapidly  (in  respect  of  order) 
than  any  of  the  differences 

!-#>      (fc  =  0,1,2,...). 
In  fact,  since 

2TT 


0 

it  follows  that 


|1-4M)I  J/4+&1  <  2  max  !/(*)-£/„*(/;  x;  X)\.  (3) 

X 

It  follows  that  in  those  cases  when  for  any  k  =  0,  1,  2,  ...  and  as  n  ~>  oo 


all  the  Fourier  coefficients  of  the  function  f(x)  must  be  equal  to  zero, 
i.e.  f(x)  ==  0. 

Let  the  class  9JJ  of  continuous  functions  of  period  2n  possess  the  prop- 
erty that  for  any  Jk  =  0,  1,  2,  ... 

(2Tt 

sup/K/(Oef*'df  ^0.  (4) 
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It  follows  from  the  inequality  8.3(3)  that  on  such  a  compact  class  33t 
the  process  of  approximation  8. 1  (8),  defined  by  the  infinite  triangular  matrix  A, 
can  accomplish  the  best  order  of  approximation,  i.e.  satisfy  the  condition 

£„(«! ;  *;  A)  =  sup  \f  (*)-  [/*(/;  x;  X)\  <  C  sup  £*(/)  (5) 

/E2K  /c-3K 

where  C  is  some  constant,  only  when 

ZK 

1 1  -4">|  sup  (/(Ol  e'"  df  -  0  {  sup  £*(/)}  (6) 

/c3K  o  /eSW 

Uniformly  with  respect  to  n  and  k  (0  <C  k  ^  n). 

8.3.2.  Many  frequently  encountered  classes  of  periodic  functions 
satisfy  condition  8.3(4).  In  particular,  it  is  satisfied  by  the  classes  //*  of 
all  periodic  functions  whose  modulus  of  continuity  does  not  exceed  the 
given  modulus  of  continuity  o(t)  (see  section  3.2.7),  of  the  class  W^H^ 
(see  3.5.3)  for  any  r>  0,  and  also  by  the  classes  H*  and  W^  HM  conju- 
gate to  them  (see  section  3.11.1). 

As  an  example  we  consider  the  class  //*  and  we  show  that  for  any 
natural  number  k 

7T 

27  T    /    \ 

sup   \/<(r)sinfc/dr>  2  \  (o(-r|sinfdf,  (7) 

f-»zi  i  \k> 

and  in    the   case    when   the    modulus   of  continuity   w(t)   is   convex,    i.e. 

'l^   we  have** 


(8) 


2?  ?"     /     \ 

sup  \f(i)sinktdt  =  2\  ^I-H  sinfdf. 


In  order  to  obtain  8.3(7),  it  is  sufficient  to  consider  the  odd  function  of 


.   A 
period  — 

K 


•< 

— co(f)  when         0  <  /  <  — , 

(9) 


**  See  Lebesgue  [3]. 


504      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

which,  as  it  is  not  difficult  to  verify,  belongs  to  the  class  //*,  and  satisfies 


2k 


=  4k  \f*sinktdt  —  2  \  coly-lsin/d/1  (10) 

J  v       \  K I 

0  0  0 

If,   however,  co(t)  satisfies  the  condition  of  convexity,  then  in  order 
to  obtain  a  more  precise  estimate  from  below  we  may  take,  instead  of 

27T 

the  function  8.3(9)  in  the  class  //*,  the  odd  function  of  period  ~r~ 
1 


when 


0  <  t 


(11) 


Then  we  obtain 

27T 

sup    \ 

f       H  *     *' 

/  L  H  ca    0 


2k 


=  2 


On  the  other  hand,  if 


then 


But 


2TT  2TC 

\f(t)sinkt  =    sup   J /^(Osinfc/d/. 


has  period  -y-.  Therefore 

K 


3TC 

2fc 


sup 


sup 


(12) 


k 
=  V      SUP 


/C»«     ^7T 

2/c 
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£-')]si 


sinktdt 


2fc 

n 
2k  r 

—  fc  sup 


2fc 

C       /9/\ 

sin  /d/. 


/    \ 

=  2  \  col  —  I 
o 

Similarly  we  may  establish  the  inequality 


sup    \V(Ocosfc/d/^2l'fi>(/-)sin/dr  (14) 

/C-I/*    o  0          ^       ' 

in  the  general  case  or  the  equality 

TC 

(co(-Msin/d/  (15) 

J         \K^/ 


sup 

fc  ii* 
•^  ^"fo    0 


in  the  case  when  o>(/)  satisfies  the  condition  of  convexity. 

After  integration  by  parts  we  obtain  from  8.3(7)  and  8.3(14)  the  estimate 


sup 


for  every  natural  number  r  and  any  modulus  of  continuity  co(t). 

8.3.3.  In  order  to  verify  condition  8.3(6)  it  is  important  to  know  the 

character  of  the  behaviour  of  the  sequence  of  upper  bounds   sup   E*(f) 

ftm 

as  n  ->  oo .  Let  us  consider  from  this  point  of  view  the  classes  //* ,  W(Jp  H^ 
and  WtyHw(r  >  0  an  integer). 
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The  function  8.3(9)  for  any  k  belongs  to  the  class  //*.  In  addition, 
//.+i(0  assumes  the  value  ~fl>U-—r  I  with  consecutively  alternating  signs 
at  2/z+2  points  of  (0,  2ju).  Therefore  (see  section  2.10) 


Consequently,  whatever  the  modulus  of  continuity  co(t)  may  be,  the 
inequality 

(.7) 


supplementing  5.1(10),  is  satisfied. 

This  same  kind  of  estimate  can  be  obtained  for  the  classes 
for  any  natural  number  r  if  use  is  made  of  the  Fourier  expansion 


\)nx  (18) 

v=0 

and  the  function 


is  considered. 

Since  0<r)  (*)=/*(*),   it   follows    that   3>n(x)eW(JpHm.  In  addition, 
at  the  2«  points  jcfc  -=  —  +  -^-[l  +  (~l)r]    (A:  =  0,  1,  ...  ,  2«-l)   of  the 

half-open  interval   [0,  2?u)  the  function  0n(x)  assumes  with  consecutive 
changes  of  sign  the  value 


Therefore  (see  section  2.10) 

£*   (0  )  >  — 

^,-l^J^^ 

But  since 


2 

2 
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then 


2  f,  (_i)v(r+i:  T 


Applying  Rolle's  theorem,  it  is  easily  verified  that  the  sum 


retains  its  sign  on  (0,  TT).  Therefore 


>  ^'  I 

2~ 

Consequently 


where  Cr  is  some  constant,  and 


sup 


It  is  similarly  verified  that  whatever  the  modulus  of  continuity  m(t) 
may  be 


sup     £*_,(/)  >Cr-.  (22) 

for  any  integer  r  ^  0 
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Comparing  the  inequalities  8.3(17),  8.3(21)  and  8.3(22)  with  5.5(16) 
and  5.9(8),  we  obtain  the  result  that  whatever  the  modulus  of  continuity 
o(t)  may  be,  the  exact  order  of  decrease  of  the  upper  bounds  sup 


(or  correspondingly     sup     E*(f)  for  any  integer  r  ^  0,  when  n  -*  oo, 

/^r)"w 
1      /1\ 
is  equal  to  —  to  I  —  I  . 

«r    \n) 

Thus  in  the  case  when  W  is  the  class  W^H^  or  W^H<a,  the  condition 
8.3(6)  reduces  as  a  result  of  the  inequality  8.3(16)  to  the  fact  that 

1 


i_4«)  = 


(23) 


uniformly  with  respect  to  n  and  k  (0  ^  k  ^  n) . 

Only  when  this  is  satisfied  can  the  process  of  approximation  by  poly- 
nomials 8.1(18)  produce  the  best  order  of  approximation  in  these  classes. 

8.3.4.  Since  condition  8.2(23)  entails  the  boundedness  of  the  matrix 
A,  we  may  in  what  follows,  in  studying  methods  of  approximation  of  the 
type  8.1(8)  which  give  the  best  order  of  approximation  in  the  classes  of 
functions  indicated,  suppose  that  A£n)  =  0(1)  uniformly  with  respect  to 
n  and  &  (0  <  k<ri). 

We  will  consider  the  classes  H*  and  H*  separately,  and  will  prove 
that  whatever  the  modulus  of  continuity  co(t)  may  be,  the  inequality** 
;  A)  =,  sup  \f(x)-U*  (/;  x;  A 


\  X)  -  sup 


*;  A) 


2   c    / !  \ 

;:"  7^  }C°\n)Smt   l 
o       \     / 


(24) 


is  satisfied  for  any  bounded  matrix  A,  and  in  the  case  when  the  function  co(t) 
is  convex  (see  section  8.3.2), 


>-T  \  ft>|-— |sin/d/ 

0 

**  A.  F.  Timan  [121. 


+  0 


(25) 


LINEAR   PROCESSES   OF   APPROXIMATION   OF   FUNCTIONS        509 

In  order  to  obtain  the  inequalities  8.3(24)  and  8.3(25)  we  note  that 
for  any  a  there  corresponds  to  any  function  F(x)  of  the  class  f/*  (or  cor- 
respondingly //*)  the  function  Fa(x)  =  F(x+a),  and 

F(a)-Etf  (F;  a;  A)  -  Fa(0)-l/?(F;  0;  A). 

Therefore  the  upper  bounds  cc  (//*  ;  x;  A),  £n(H*  ;  x;  A),  as  also  in 
the  case  of  the  Lebesgue  constant  (see  section  8.3.1),  must  not  depend 
on  x,  i.e. 

Cn(H*;  x;  A)  -  £n(H*;  0;  A)  -  supj/(0)-tf*(/;  0;  A)), 

f(-Hv> 

ccw(//*;  x;  A)  —  c£n(//*;  0;  A)  =  sup  |/(0)- £/*(/;  0;  A)| . 

It  follows  that 

fn(H*;  x;  A)  ^  |/B(0)-U*(/B;  0;  A)|  =  |C/*(/n;  0;  A)  |,  (26) 

where 


/^ 

and/n*(f)  is  the  periodic  function  of  period — of  8.3(9). 
But  (see  8.1(12)  and  8.3(18)) 


w)  cos  A:r 


1)  m  d/  1 


sn 


r 

<^  < 

L 


k—l 


sin  (2v+  1)  «/  d; 


(27) 


since  we  are  supposing  that  A£°  — 
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With  this  condition 


M 


Moreover,  since  by  8.3(20) 


(2y+l)7c 


r 

\     cos/dto  —- --- 

L(2v+l)i 


we  have 


TT     '       (3°) 
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Consequently,  if  we  substitute  the  estimates  8.3(28)  and  8.3(29)  in 
8.3(27),  then  by  8.3(26)  we  obtain  the  inequality 


A["> 


+  0\«>\±     •      (3D 


Considering  instead  of  fn(f)  the  function  fn-\(f)  and  observing  that 


TC 


2n 

-~-\  a)(2t)smntdt 

7U    J 
0 


4n  f      .^        2«-l      .       ,    ,'l      /1\1 
=  — \  ft>(2/)cos— -— fsmfdf+0  —to 
TT  J  2  _/f     \nf] 


02) 


in  addition  to  the  inequality  8.3(31)  we  obtain 


From  8.3(31)  and  8.3(33)  it  immediately  follows  as  a  result  of  8.3(32) 
that  for  any  modulus  of  continuity  co(t) 


i.e.  (see  8.3(20))  the  first  of  the  inequalities  8.3(24)  is  satisfied. 

In  order  to  obtain  the  first  of  the  inequalities  8.3(25)  subject  to  the 
condition  that  the  modulus  of  continuity  co(t)  is  convex,  it  is  necessary 
instead  of  the  function  f*(t)  to  consider  the  function  $Jf(0  (see  8.3(11)) 
and  repeat  the  same  estimate. 

In  passing  to  the  conjugate  classes  H*  we  reason  similarly,  considering 
instead  of  the  functions  fn(f)  the  odd  functions  of  period  2-K 


0, 


371 
;r-, 

2n 


71 
^— 

2n 


512      APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

if  n  is  even,  and 


if  w  is  odd,  or  the  functions  <j)n  x(r)  defined  also  in  terms  of  </>*(0  (see 
8.3(11)). 

Since  (see  3.11(3)) 


the  estimation  of  the  quantity  £(H*i  0;  A),  as  in  the  case   of  the  class 
//*,  reduces  to  the  evaluation  of  the  integral 


8.3.5.  It  follows  from  the  inequality  8.3(24)  that  the  condition  8.2(9) 
is  necessary  not  only  for  the  convergence  of  the  sequence  of  polynomials 
8.1(18)  on  the  whole  class  C*  of  continuous  functions  of  period  2rc  (see 
8.2.34),  but  also  in  order  that  this  process  of  approximation  should  produce 
the  best  possible  order  of  approximation  by  trigonometric  polynomials  on 
the  class  H*  of  functions  which  have  a  given  modulus  of  continuity  w(/), 
or  on  the  class  H*  conjugate  to  it. 

It  is  necessary  to  bear  in  mind  that  in  the  case  considered  here,  in  addi- 
tion to  8.2(9),  it  is  also  necessary  for  the  condition 


l-4n)-  O 


(34) 


to  be  satisfied  uniformly  with  respect  to  all  n  and  k  (0  <  k  <  n)  . 

8.3.6.  A  theorem  similar  to  8.3.5  holds  also  in  the  many-dimensional 
case.  We  state  here  without  proof  the  following  result  for  continuous 
periodic  functions  of  two  variables**.  Let  H*lt^  be  the  class  of  continuous 


**  V.  G.  Ponomarenko  [1]. 
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functions /(x,  y),  of  period  2n  in  each  of  the  variables,  the  partial  moduli 
of  continuity  of  which  respectively  do  not  exceed  the  moduli  of  continuity 
eo1(/)  and  caz(f)  (see  section  3.4.33).  In  order  that  the  process  of  approxima- 
tion 8.1(32)  should  produce  on  the  class  H*litai  the  best  order  of  approxi- 
mation by  trigonometric  polynomials,  it  is  necessary  that  the  conditions 


=  0(1), 


mm 


should  be  satisfied  uniformly    with  respect  to  all  m,  n,  k,  I  (0  C  k  <  m ; 

8.3.7.  For  the  classes  W^H&  and  W^H^  for  natural  values  of  r, 
the  following  theorem  holds**.  Whatever  the  modulus  of  continuity  co(f), 
for  any  bounded  matrix  A  the  inequalities 

fn(W$>Hmi  x',  A)  -      sup     \f(x)-U*(f;  x;  X)\ 


i">//tt ;.v;  A)  =      sup     \f(x)-U*(f;  x;X)\ 


^\™(n 


"I sin tdt 


i-^ 


Inn 


^j  fr(n-k+l)        nr 


+  0 


n) 


+  0 


nr 


,        (35) 


satisfied,  and  in  the  case  when  the  function  co(t)  is  convex, 


2    f      I2t\  . 

:— r-    \    CO    SI 

7r2   J     I  n  ) 

0  X          7 


sin  tdt 


(36) 


**  A.  F.  Timan  [12]. 
33  Theory  of  Approximation 
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We  conclude  from  the  same  considerations  as  in  section  8.3.4  that  the 
upper  bounds  fn(W^Hm\  x;  X)  and  £n(W(j?Hm;  x;  X)  do  not  depend  on 
x. 

Let  us  also  consider  the  sequence  of  functions  (see  8.3(9)) 


when  n  is  even  and  r  is  even; 

/-(0=/..r(0  = 

when  »  is  odd  and  r  is  even; 
0, 

/„(')  =/n,r(0  = 

when  n  is  even  and  r  is  odd; 
0. 


7T 

n 


./.(-o, 


2n 


AC)  =/..,(0  =  • 


/* 


7T 


when  /a  is  odd  and  r  is  odd. 

It  is  easily  verified  that  the  sequence  of  functions  /0(r)  defined  in  this 

way  belongs  to  the  class  H* .  Also,  for  all  /  e   -^-,  TT— — -    (see  8.3(18)) 

12/1  2n  I 


The  function 


/.(O  =  2^v)+i(^)sinr(2v+l)«/+(2V+l)~l.  (37) 

v=o  L  J 

[„  -i 
k(t— x)-\—z-\ 
2  J  A. 


*=i 
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possesses  the  property  that  its  derivative  y(r)(x)  (see  3.5(15))  belongs  to 
the  class  H*  ,  i.e.  yn(x)  e  W^H^.  The  polynomials  £/*(</>„;  x\  A)  for  it 
can  be  represented  in  the  form 

TC 


;  *;  A)  = 


Thus 


X 


Therefore 


X  cos    kit— : 


,;  ^;  X)  -  c^ 


co         COS  I  K(t~} 

Z_j 

k-n+l 


dt. 


;  0;  A) 


4- 


oo       COS 

XH 


=  /i  hi 


kr 


(38) 


But  since  for  any  constant  C>  0 
c 


and  also 


then 


cos 


33* 
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Consequently,  from  8.3(18),  8.3(37)  and  8.3(38)  it  follows  that 


-H  + 


oo       cosjfcf-f-—- 

V         \         2 


X 


X 


sin    (2» 


+  1) 


i 

-^ 

J 


jt-i 


i.e. 


co        COS  I 

Z-j 

*=/!  +  ! 


(tl  — i 


sn 


.if 

7U  J 
0 


sin  \ 

L 


sin   (2v+  1)  «/+  (2H-  D- 


+0 


. 


(i) 


k' 


+0 


(39) 


In  order  to  estimate  the  integrals  occurring  here,  we  require  the  following 
lemma. 
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8.3.71.  For  any  natural  numbers  r,  n  and  h,  the  relations 


v^ 


m°°  14-f       nfc+n-1  !  , 

v^        _iZ^~  ^  I        mn 

2-i         kr[k- 


^y^+l    ^}nn 

kr(k~n)  nr    ^      \n 


hold  uniformly  with  respect  to  all  p  and  n. 
We  make  use  of  the  identity 


d;c  L^r       c-x 


a,  -^-r 

L    r+i\ 


and  note  that  if  0  <  a  <  b  <  c  then  in  the  interval  a,  ——  |  the  func- 

1  m  cr 

tion  ——: — —  decreases  monotonically,  and  for  x  >  — —  increases  monot- 

X  \^C       Xj  ** 

onically.  Therefore 


C2p-M)i,-l 


=  2/H7}"  "        dx  r     i i 

~"        J        'xr[(2p'+[)n—x]+    L^+ixJ 


_ 

> 


r-1 
\~H 


ln/t 


uniformly  for  all  p  and  «. 
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The  validity  of  the  estimates  8.3(42)  and  8.3(41)  is  verified  similarly, 
ice  the  function 
in  virtue  of  8.3(43) 


Since  the  function  — 7 r-  decreases  monotonically  for   x>c,  then 

xr(x— c) 


S       Jc'lk 

'        '  /V     [/V 

hO 


i-of—  L- 

n+l]^          l(2p+l)1>/ir 


, 

'^ 

uniformly  with  respect  to  p  and  w. 

8.3.72.  We  now  continue  the  proof  of  theorem  8.3.6.    We    have 


< 

+  S  -^tsi«(«- 

1        / I       Z^r  L     'V 

^^"t       **' 


t-fc 


..  _z:l)!+1  .  r_iv  V 

"     -" 


LINEAR    PROCESSES    OF    APPROXIMATION    OF    FUNCTIONS       519 

Taking  account  of  the  relation  8.3(42),  we  obtain 

iy-*-ri       \—X*>      In  Til 


+  0 


Moreover, 


"0 


4. 


v-l 

00 

v^ 


o*=i 


«  . 

o  k==n  ' 


(n) 


fc-1 
(2v +!)«-! 


-  + 


k'[(2v+\)n-k] 


--{- 


(44) 


Therefore,  taking  account  of  8.3(29)  and  also  of  8.3(40)-8.3(42),  we  find 

•G) 


. 


\n]_^  U-A1">| 
«      fa       k' 


«r 


(45) 
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If  we  substitute  the  estimates  8.3(44)  and  8.3(45)  in  8.3.(39),  we  obtain 
the  inequality 

1  ( '  tt\  /•         \          1          1 


•\-o 


fc^l 

1 


n-k 


Il-4n) 


In  n 
nr 


\  O 


ft)  |  — 

n 
n 


(46) 


Considering  instead  of  the  function  f*(t)  the  function /^(O  and  taking 
account  of  8.3(32),  we  obtain  as  well  as  the  inequality  8.3(46)  the  ine- 
quality 


n-k-\ 


Inn 
~«r~ 


o 


n     \H  II— /i^ 


+  0 


(47) 


Since 


]_.L^:)_=     ^    ._ 


2 -A: 


(i)- 


-°    ~r 

l«r 


then,  adding  8.3(46)  and  8.3(47),  we  verify  the  validity  of  the  first  of  the 
inequalities  8.3(35).  In  order  to  obtain  the  first  inequality  of  8.3(36)  subject 
to  the  condition  that  the  modulus  of  continuity  co(f)  is  convex,  it  is  necessary 
to  replace  the  functions/* (f)  everywhere  by  the  functions  q>*(t)  (see  8.3(11)) 
and  repeat  the  same  estimates. 

8.3.73.  We  note  that  the  calculations  are  not  changed,  and  lead  to  the 
same  result,  if  instead  of  the  function  yn(x)  we  consider  the  function 


and  in  the  definition  of  fn(f)  replace  r  by  r+1.  Therefore  theorem  8.3.7 
is  valid  also  for  the  conjugate  classes    W(£*  HM. 
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8.3.8.  It  follows  from  the  inequality  8.3(35)  that**  the  process  of  approx- 
imation 8.1(8)  can  achieve  the  best  order  of  uniform  approximation  by 
trigonometric  polynomials  on  the  class  W^H^  or  on  the  conjugate  class 
W(*r)H(0  only  when 


In  fact,  if  the  method  8.1(8)  gives  the  best  order  of  approximation  on  the 
class  W]jp  Hw  or  W(£  H^  then  the  system  of  numbers  ttkn)  must  satisfy 
the  condition  8.2(23)  (see  section  8.3.3),  from  which  it  follows  that 
W  -  0(1)  and 

V"M~;"1  1  (49) 


Therefore  the  inequality  8.3(35)  must  hold,  the  right-hand  side  of  which 
can  be  a  quantity  of  order   O\  —on  —  I     only  when  8.3(48)  is  satisfied. 


8.4.  Approximation  of  functions  by  arithmetic  means  of  the  partial  sums 
of  Fourier  series 

It  has  been  mentioned  in  the  preceding  section  that  there  do  not  exist 
linear  methods  of  approximation  by  polynomials  which  for  any  continuous 
function  f(x)  would  give  an  approximation  satisfying  an  inequality  of  the 
type  8.3(1).  It  happens  that  this  situation  can  be  changed  if  the  requirements 
are  somewhat  weakened  by  replacing,  on  the  right-hand  side  of  8.3(1), 
the  best  approximation  E*(f)  by  E*M  (/)  (and  correspondingly  En(f\  a,  b) 
by  E[0^  (f;a,b))9  where  0<  0<  1.  Whatever  the  fixed  value  of  0(0 
<  0  <  1),  there  exists  a  linear  process  of  approximation  by  algebraic 
polynomials  Un(f;x)  of  degree  <n  (n  —  0,  1,  2,  ...),  which  for  every 
function /(x)  continuous  on  the  segment  [a,  b]  produces  an  approximation 
satisfying  the  inequality 

max  |/(A-) -  [/„(/;  x)  \  ^  Be £[9n](/;  a,  b\  (1) 

a<x<b 

where  Be  is  a  constant  depending  only  on  6. 

If  for  definiteness  we  take  a  =  —1,  b  =  1,  then  it  is  easily  shown  that 
the  sequence  of  polynomials  £/„(/;  x)  =  vn(f\  k\  x)  (see  8.2(30))  possesses 


**  A.  F.  Timan  [12]. 
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this  property  for  k  -  n-[6n].  In  fact,  let  Pn(f\  x)  (n  -  0,  1,  2,  ...)  be  an 
algebraic  polynomial  of  degree  <  n  for  which 

£„(/;  -1,  1)  -  max  |/(x)-/>B(/;  *)|. 
Since  for  any  v  >  m 


n 
-  —  {  Pm(f;  cost)  cos  vt  At  --=  0, 

TC  J 


c  - 

TC 
0 


then  in  the  case  where  n  >  m  (see  section  8.2.31) 


n  —  m 


a,,(Pm  ;  n-m  ;  x)  -  —  WTT        Sn.v(Pm  ;  x) 

'  V--0 


Hence  (see  8.2.31) 

\f(x}-an(f;n-[Qn}-x)\ 

<\f(x)-P«>n,(f;x)\  +  \an(f;n-[Qn}-x)-PM(f;x)\ 

<  £•[,»„](/;  -1,  1)+  \0.(f-PiM,n-[Oii\;x)\ 

<  {l  +  L^n-tflw];  x)}  ElM(f;  -I,  1). 
But  (see  8.2(32)) 

L,(n-[0n]ix)+0(l)  (2) 

uniformly  with  respect  to  x  and  n. 
Consequently 

max  \Ax)-a,(f;n-[On];x)\  <  59i'[9n](/;  -1,  1),  (3) 

-Kx^l 

where  the  constant  Be  depends  only  on  the  value  of  0. 

Similarly,  commencing  with  8.4(2)  for  x  =  1,  it  is  possible  to  verify 
that  the  process  of  approximation  by  trigonometric  polynomials 


** 


k 

o*(f;  k;  x)  -  -  —  -       S*_v(/;  x),  (4) 


where  S^(f\x)(m  =  0,  1,  2,  ...)  are  the  partial  sums  of  order  m  of  the 
Fourier  series  of  the  periodic  function  f(x)  of  period  2n,  satisfies  the  ine- 
quality 

max  \f(x)-a*(f;  »-[0n];  x)\  <  B9ELM(f)  (5) 

JC 

on  the  whole  class  C*. 


**  The  method  of  approximation  of  periodic  functions  by  polynomials  8.4(4)  was 
first  considered  by  De  la  VallSe  Poussin  [3]. 
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Thus  for  any  continuous  function  f(x)  of  period  2n  for  which,  for 
some  0(0  <  0  <  1),  we  have  E*9lfl(f)  =  O  [£*(/)],  the  sequence  of  sums 
8.4(4)  gives  the  best  approximation,  as  regards  order,  by  trigonometric 
polynomials. 

The  sums  8.4(4)  and  8.2(30)  can  be  written  respectively  in  the  form 
8.1(8)  and  8.1(10),  where  the  numbers  A^}  are  determined  by  the  equations 


n-v+1  .    .      .  (6) 

-*+!-•       »-*<»<»• 

We  shall  see  that  the  process  of  approximation  8.1(8)  corresponding 
to  the  matrix  8.4(6),  where  k  =  n—  [On]  (0  <  6  <  1),  achieves  the  best 
order  of  approximation  by  trigonometric  polynomials  on  any  compact 
class  93f  of  continuous  functions  of  period  2n  which  possess  the  property 

sup  E?M(f)  =  0 [sup  £*(/)],  (7) 


and  in  particular  on  the  classes  W^H^  W^H^  considered  in  section  8.3 
(see  section  8.3.3). 

In  the  investigation  of  other  methods  of  the  type  8.1(8)  which  possess 
this  property,  an  important  part  is  played  by  the  study  of  the  behaviour 
of  the  upper  bounds  fn(^)l;x;X)  (see  8.3(5))  for  the  arbitrary  matrices 
8.4(6).  We  will  here  consider  from  this  point  of  view  the  classes  W^H^ 
and  W(^H^  for  any  r  >  0  in  the  case  when  co(f)  =  Af/a(0  <a<\), 
i.e.  the  classes  W$>H™M  and  W$H(a)M 

Before  passing  to  the  estimation     of  the  quantities 


f^M;  x)  =        sup       |/(x)— (#(/;  fc;  jc)|  (8) 

and 

^(a)M;  x)  =        sup      |/W— cr*  (/;  ^;  ^)| ,  (9) 


where  k  —  k(ri)  (0  ^  k  ^  n)  are  arbitrary  integer-valued  functions  of  «, 
let  us  pause  for  some  preparatory  discussion  of  an  auxiliary  character. 
8.4.1.  For  r  >  0  let 


oo        COS  I 

S  -V^-  w 
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We  show  that  for  any  constant  c>  0 


(11) 


In  the  case  when  r  ^  1,  this  relation  follows  directly  from  the  fact  that 


uniformly  with  respect  to  t  and  n. 

If,  however,  0  <  r  <  1,  then  it  can  be  obtained  after  the  application 
of  Abel's**  transformation  to  the  sum  8.4(10).  In  fact,  since 

V  cosvt  _      A,(0 


where  Dn(f)  is  Dirichlet's  kernel  (see  4.1(10)),  and 
V^     sinvt 


1 


r   1  1          T 

7^mjt+   Yi     —  £+17    2 

j=i  V=/I  +  IL  v    '     }  J  j=i 


cos-  — cos- 


si  1177  — 


2sin~ 


then  in  virtue  of  the  relations  (y  >  n) 

.    2n+l 


sm- 


2sin  — 


,     (14) 


o  y=° 


**  V.  T.  Pinkevich  [1]. 


LINEAR   PROCESSES   OF  APPROXIMATION  OF  FUNCTIONS        525 


t 

2v+l 

c 
n 

d,=  $cot{ 

0 

cos  2 

co,      2      t 

2sin— 

2 

c                                                            c 

n 

f     1          .   V* 

=  2  \  —  sin2—  d£+0(l)  ^  2 

sin2—  dt+O(l) 


we  have 


00 

V1 


But 


v=«+l 


(15) 


Therefore  the  second  integral  of  8.4(15)   is  also   a  quantity   of  order 


,  i.e.  8.4(11)  holds. 

8.4.2.  For  any  t  ^  2kn  (k  an  integer)  the  sums  8.4(10)  can  be  repre- 
sented in  the  form** 


(16) 


where 


07) 


**  The  case  where  r  is  an  integer  was  considered  by  A.N.  Kolmogorov  [2],  and  the 
general  case  by  V.  T.  Pinkevich  [1], 
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and 


s'm^-sm(v+\)t 


, 
2  sin2--  4  sin2  — 


(v+2)'  ' 

Here,  for  any  periodic  function  4>(x)  of  period  2n  which  satisfies  the 
conditions 

0(0)  =  0,      | <K*i)— 0(*2)l  <  A/j;q-.x2|a       (0  <  a  <  1),        (19) 
the  relations** 


(20) 


hold  uniformly  with  respect  to  n  and  0. 

We  obtain  the   identity   8.4(16)   if  we  apply   Abel's   transformation 
to  the  partial  sums  of  the  series  8.4(10)  and  pass  to  the  limit.  In  fact,  putting 


.    m—  t 
sin  •    ~  — 


2siny 


and  taking  account  of  the  identity 

v-    /     M 

2^cos^+— 1  = 
we  have  for  any  m  >  0 


n+m+l  COS 


**  S.  M.  Nikol'skii  [2]. 
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Passing  to  the  limit  as  w  ->  oo,  we  obtain  for  any  t^  2kn  (k  an  in- 
teger) the  equation 


Moreover,  since        Ap(t)  =  Bp(t)+Cp(f)  it  follows  that 


Therefore   after   passing    to    the  limit   as   m  ->  oo  we  find  that  for 
all  t  ^  2  k-n(k  an  integer) 


i.e.  in  virtue  of  8.4(21)  and  8.4(17)  we  arrive  at  the  identity  8.4(16). 

The  validity  of  the  relation  8.4(20)  follows  from  the  fact  that  for  any 
v  >  n,  for  any  function  (f)(t)  satisfying  the  condition  8.4(19), 

TC  7T  7T 

I      I    j~l  ff\^.'\l/'.\.tt.          ^-       -m     f-     \  I         \A  I  „•**•'*  I       Aft  <>       1    .,  X"k    /       1    ft\ 


t) 

1 

1  2sin2y                   1 

V 

V                           ^                                           V 

and 

TT 

•      0    ^+1                                         *             -      9    V+l 

^               cin*               /                       ~      tin^ 

\  |j5(r)  (t)d>  ( 

sin      ^    f                «     »ui      2 

i 

o             2  sin2  4-                  o       2sin2-^- 
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J2  — 


^M-A*-  =4-U. 


i.e.  in  virtue  of  8.4(17)  the  relations  8.4(20)  are  satisfied. 
8.4.3.  It  follows  from  8.4(15)  that  if 


/ 

smlv/ 


oo     smlvH-  ~ 
v^         \         2 


then  whatever  the  constant  c>  0 


(22) 


(23) 


Moreover,  considerations  similar  to  those  of  8.4.2  show  that  for  any 
^  2kn  (k  an  integer) 


(24) 


where 


i    \ 

[ 

' 


and 


JL 
n 


(25) 


uniformly  with  respect  to  n  and  for  all  functions  0(0  which  satisfy  the 
condition  8.4(19), 
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8.4.4.  We  now  pass  to  the  estimation  of  the  upper  bounds  8.4(8), 
8.4(9)  and  show  that**  for  any  numbers  r  (r  >  0)  and  a(0  <  a  <  1),  and 

subject  to  the  condition  lim  -— —  =  0,  the  asymptotic  equalities 


\  jc) 


(26) 


are  satisfied,  where  0(1)  w  a  quantity  which  is  uniformly  bounded  with 
respect  to  all  the  functions  k  —  k(ri)  (0  <  k  <  n),  for  which  k  <  (1  —  0)  n 
(0  <  0  <  1).  In  the  case  where  r  =  0,  r//e  ^r^r  o/  the  equations  8.4(26) 
is  satisfied  uniformly  with  respect  to  all  the  functions  k  =  k(n)  (0  ~<  k  <  «) 
/6>r  tfwy  a(0  ^J  a  <  1)  a«J  //7^  second  is  satisfied  uniformly  for  all  the  func- 
tions k  —  k(n)  (0  <  k  <  n)  /or  anj  a(0  <  a  <  1)***. 

Since  the  upper  bounds  8.4(8)  and  8.4(9)  do  not  depend  on  the  position 
of  the  point  (see  section  8.3.4),  we  shall  suppose  that  x  =  0.  We  consider 
first  the  case  where  r  >  0. 

The  class  W^H(ct]M  consists  of  all  functions  /(x)  representable  in  the 
form  of  the  integral 


rr 

f(x)  =  -^  +  -1    \  <Kt)DP(x-t)dt,  (27) 

2  TC      t) 


where  j0^r)(w)  is  the  kernel  3.5(16)  and  cf)(x)  is  an  arbitrary  periodic  func- 
tion of  period   2n  which   satisfies   the   conditions 


=0,      co(0;0<Mf«..  (28) 

—  71 

Therefore 


[    ,  .          T7T  1 

U(*-0—  2- 
•---        —  ^ 


,    cos 

(29) 


and 


*(/;  0)  =  -        0(0^r)(0d/,  (30) 


—  n 


**  A.  F.  Timan  [8,  12].  For  the  case  k  =  0,  S.  M.  Nikol'skii  [2]. 
***  For  the  case  r  =  0,  a  =  0  see  section  8.2.31. 
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i.e. 


k  rt 

-a*(/;  *;  0)  =  -~-  £j  ±  J 

' 


(31) 


Thus  the  finding  of  the  quantity  £  *(W^H((t)M\  x)  reduces  to  the  in- 

n 

vestigation  of  the  upper  bound 


(32) 


extended  over  all  functions  </>(/)  satisfying  conditions  8.4(28).  Since 

7T 

5  DW(Odf  =  0, 


the  upper  bound  8.4(32)  is  not  decreased  if  it  extends  only  over  the  sub- 
class H^M  of  those  functions  <j>(t)  for  which  </>(0)  =  0.  Consequently, 
in  virtue  of  8.4(31) 

H(^M\  0) 


P  " 

-    sup      \  0(/)  V   D[r\t)dt.        (33) 

7T»  (a)          «J  ^^™J 

<p£Hr\    M  ~~TC  v  =  n  —  k 


We  consider  separately  the  cases  0  <  a  <  1  and  a  =  1. 

8.4.41.  Let  0  <  a  <  1.  If  $(x)  e  H^M9  then  subject  to  the  condition 
k  ^  (l  —  0)n  (0<  0  ^\)  we  have  in  virtue  of  8.4(11)  and  8.4(20) 

i 


(34) 


and 


(35) 
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uniformly  with  respect  to  n,  k  (0  <£<(!  —  0)ri)  and  (/>.  Therefore  (see 
section  8.4.2) 

1 


or 


S  - 

v  —  n  —  k 
1 


For  any  pair  of  values  of  n,  k  considered,  and  for  any  function  (p(t)  e 
7/oa)  M9  let  us  denote  by  N  the  integer  for  which 


=   max 


j=n—k 


34* 
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Applying  Abel's  transformation  and  taking  into  account  the  positiveness 
of  the   difference  ..  . L 

inequality 


-    (n— k  <  ?  <  H),     we     obtain    the 


1 


A 


I    1 


7t 

j  OfcTI)^  I  m 


v=n— k 


where  B  is  a  certain  positive  constant  not  depending  on  n  and  0.  In  virtue 
of  the  identity 


v=0 


2sin2- 


we  have 

N 


cos 


-IT  [si 


t  —  sin  (w  —  k)  t]  sin  - 


Thus 


[t  1 

(N+n-k+l)-  +  —\ 
j  vw 1  x 


2sin  2 


(38) 
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Denote  by  /  the  least  integer  satisfying  the  inequality  /  >  —  ,   and 


For  —  <  t  <  •K,  let 
n 


O, 


v-|''v+i]- 


Put 


and  consider  the  difference 


I  -V*  IT 


It  is  not  difficult  to  verify  that  if  </>(*)  e  Wo(oi)M  and  |/v|  <  IT,  then 


(39) 


uniformly  with  respect  to  n,  v(v  ^  0),  fc(0  <  A:  <  (1— 6)ri)  and  </>. 
The  validity  of  this  relation  follows  from  the  estimate 


M  e 
V)  J sil 


r  x 


X 


^_B+fc_l        ^ 

AT           yt      1  ...  ![>•      1       1 
.        J  T             f  *  ~1     /V      |~    I       .,                       N 

in                           (  /  —  /i 

Mil                  .                  V*v    1    */          a 

in                            V'v      */ 

cifi  ^ 

.    2    ^v  —  r 

sm  -  -      - 

sin      2 
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X 


X 


.  N-n+k+l 


sm- 


(fv+0-sin 


.   N-n+k+l 


.  N+n-k+l 

sm          2 


.  N-n+k+l 


sin 


x 


X 


of* 

\«°, 


=  n/**    N-n+k+\\ 
\n'  v*          )' 

Moreover,  since  —  <  ~  ,     t0>0,     tv<n    for     v  >  —  (N+n 
n        2  £ 

tv>  -n  for  v>  -^-N+n—  Jt+1),  then  in  virtue  of  the  relations 


ri         .     N+n-k+l       r     t 

2       sm  — — — 1+-^  sin— 

1      f   ,,s       \          2  ^  2  /  2 


—  k)  and 


-     2   ' 

2" 


.   /JV+n~fc+l    ,   m\  .  7V- 


where  JV,, 


_j"AT+7i-fc] 
"I       2       J' 


we  obtain 


i.e. 


N+n-k+l 
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or 


N+n-k+l 


-<j)(tv~t)Kv,N(tv-t)}dt 


N  +  n-k+l    N* 


N+n-k+l 


Q  V=l 

But  since,  as  a  consequence  of  8.4(39), 


tf+n-fc+l    ^ 

Tfc+IhT      J      I>('v-0rv. 


it  follows  that 


In-k+l     N* 


From  this  relation,  since  (t>(t)eH(^M,  the  inequality 


follows,  i.e. 


N*    N+n-k+l 


.    jV   i~7t      K~T~  i 
in                              / 

.  #-»+*+!„   ,   . 

Rin                                1  1     \  --  1  1 

in         2        -i 

Mn             "2               Vrv  7  U 

dt+0 


- ,        (41) 
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From  this  we  obtain  the  estimate 


2*+1M 


N* 


N+n-k+1 


sm  — 


X 


sin— ——--'  —  /, 


X 


JV-fn-JH  1 


X 


N+n— k+\ 


-, ,    --r 

+H  — fc+1 


(N+n-k+ 


Further,  we  note  that 

TV*    sinv 


X  jj/asm/df+0 
o 


w 

Ur 


(42) 


rw       y  ,  1 

N+n~k+\ 


'  n(N-n+k-l)      £-> 

"'n-fc+1  f, 

'n(N-n+k+l)          ^ 


I _" 


sinr 


-  -  r  • 
N+n—  fc+1 


TC 


-y—  ---  "7~T"i 

V1  N+n-k+l 

*  ^    ^  } 


n(N~n+k+l) 

.     N-n+k+l 
N+n-k+} 


LINEAR   PROCESSES    OF   APPROXIMATION   OF   FUNCTIONS        537 

But  for  0  <  x  <  7t** 


CO  I 

Zsmvx  f  i    U  •         j 

—      =  ___  \in  2sm-  dt 

-       *  J      ' 


and 


X  . 

-  \'ln|2sin~) 

'    ^      2/ 


d/  =  - 


i.e. 


^r  _  n  \  k  \  \ 
Therefore,  putting  x=  -^.  -  —  ,  —  ^TU,  we  find 


. 

N+n 


N+n-k+l 


Tc(Jy— 
Hence  in  virtue  of  8.4(42),  for  any  function    0(0  e  //£ 

2 


a  <  1) 


-X 


N—n  f 


or 


(43) 


Reasoning  in  a  similar  way,  we  obtain  a  similar  inequality  for  the  integral 

i_ 

N' 

0(0  y  * 


1 


where  JV'  is  determined  from  the  same  considerations  as  N. 


**  See  G.  M.  Fikhtengol'ts  [1],  v.  m. 
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By  virtue  of  8.4(42)  and  8.4(37)  we  find  from  8.4(36)  that  for  the  func- 
tions 0(0  e  H^M 


1 


0(0 


(44) 


uniformly  in  n,  fc(0  <  fc  <  (1  —  0)ri)  and  0. 

Applying  to  the  two  integrals  on  the  right-hand  side  of  8.4(44)  the 

inequality  8.4(43)  for  N  =  n,  and  the  similar  inequality  (for  the  interval 

J-TT,  — M)  for  N' =  n,  we  obtain  by  8.4(33),   for   0<«<1   and    0 
<  k  <  (1  —  Q)n,  the  inequality 


(45, 


On  the  other  hand,  for  every  n  a  function  &n(x)e  W^H(ct)M  can  be  found 
such  that  \0n(G)— a*(0n;  k\  0)|,  apart  from  an  additive  term  of  order 

,  is  identical  with  the  right-hand  side  of  8.4(45).  For  this  it  is 


sufficient  to  take  the  function  whose  r-th  derivative  <j)n(x)  is  determined 
on  [0,  TT]  by  the  equations 


7C, 

x 


0,  0<  *<  tl9  tn*  <  x 

(-iy2*-lM(tv+l-x)*9  rv+|< 
v  _-  i    2          w*—1 

r          i  ,  z, , . . .  ,  11          i  . 

and  by  similar  equations  on  the  segment  [— TC,  0], 


(46) 
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The  fact  that  $n(x)  belongs  to  the  class  H^M  is  verified  directly.  From 
4.8(40),  for  N  =  w,  it  is  easily  seen  that  for  the  function  <f>n(x)  the  inequality 
8.4(41)  becomes  an  equality.  If  we  now  take  into  account  the  fact  that  all 
transformations  for  obtaining  8.4(43)  which  follow  the  inequality  8.4(41) 
are  asymptotic  in  character,  we  see  that  <&n(x)  is  an  extremal  function, 
i.e.  the  sign  of  equality  occurs  in  8.4(45). 

The  last  remark  also  follows  from  8.3(36). 

8.4.42.  Now  let  a  =  1  .  In  virtue  of  the  known  properties  of  functions 
which  satisfy  a  Lipschitz  condition  of  the  first  order,  the  class  W(^H(l)M 
is  identical  with  the  class  W*g+  l^M  of  functions  representable  by  equation 
8.4(27),  in  which  r  =  p+l  and  $(i)  is  any  measurable  function  of  period 
2?u  satisfying  the  conditions 


Tt 

\  <j>(f)At  =  0,       vrai  sup|<£(0| 


(47) 


Hence  in  this  case  (see  8.4(31)) 
;  x)  =  C 


;  0) 


sup 


From  the  same  considerations  as  in  section  8.4.41  we  obtain 


X    sup 


v  =  n-k 


(48) 

^  ' 
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Thus,  since  0  <£<(!  —  6)n   and   vraisup  |0(Y)|<Af,   we   have    (see 
section  8.4.41) 

i      ±n       - 


±TC 

BM    r 

7lr  +  17T      J 


sin 


/,  (49) 


where  N(n—k  <  JV  <  n)  is  defined  as  in  obtaining  8.4(37). 

Calculations  similar  to  those  given  in  section  8.2.31  show  that 


t 

L__  C 

(k+l)n    3 


sin  (^+»-Jfe+l)-i 


2sin2- 


-"  if"k+i 

Therefore  from  8.4(48)  it  follows  (see  section  8.4.41)  that 

1 


dr 


(50) 


X    sup 


k+l  tzin\2n+l-k  t  \   r+l 
2     tsm\         2 t  +  ~2~ 


-1 


2  sin 


t 


sin- 


2n+l-k 


2sin2^- 


i.e. 


X 
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[-k 
am : /cin  I :._. 

S 


X 


.    k+l      .     2n+l-k        r+l 
sin— —f  sin  I      -2        t-\ — — 


2sin   2 


Substituting  in  this  the  estimate  8.4(50)  for  N  =  n,  we  obtain  the  first  of 
the  inequalities  8.4(26)  in  the  case  when  r>  0,  a  =  1. 

8.4.43.  In  order  to  obtain  the  first  equation  of  8.4(26)  for  r>  0,  we 
make  use  of  the  fact  that  the  class  W*£*H*M  consists  of  functions  f(x) 
representable  in  the  form  of  the  integral 


(51) 


where  D^(t)  is  the  kernel  8.4(22)  and  (f>(x)  satisfies  the  conditions  8.4(28). 
Hence,  as  in  section  8.4.41, 


\  x)  -  £ 


;  0) 


(52) 


Moreover,  using  the  identity  8.4(24)  and  the  relation  8.4(25),  we  arrive 
at  the  estimates  given  in  sections  8.4.41  and  8.4.42. 

8.4.44.  The  case  when  r  —  0  is  reduced  to  those  considered  previously. 
Since  for  any  value  of  the  constant  C 

f(x)+C-o*(f+C;  k;  x)  =/(*)-**(/;  k;  x), 

it  is  possible,  without  restriction  of  generality,  to  suppose  that/(0)  =  0. 
Thus 


;  x)  =  supcr*(/;  k;  0), 
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where  the  upper  bound  is  taken  for  f(x)  e  WWH(*>M  with/(0)  =  0.  But 
(see  8.4(4)  and  8.2(35)) 


.    2n+l  —  k     .    k+l 
sin  - 


-  sin  -=- 

Therefore,  taking  into  account  that  the  integral  8.4(53)  is  asymptotically 
[to  within  the  order  01  —  1  1  identical  with  the  quantity  2/£/l)(/)  (see 

8.4(38))  when  r  =  0,  we  verify  on  the  basis  of  the  considerations  of  sections 
8.4.41  and  8.4.42  the  validity  of  the  first  of  the  relations  8.4(26)  when 
r  =  0. 

In  order  to  obtain  the  first  of  the  equalities  8.4(26)  in  the  case  r  =  0, 
0  <  a  <  1  ,  we  note  that 


? 
;  *)  = \ 

71 


cos  — —  cos — - — / 
,  df.        (54) 


Hence  it  is  possible,  without  loss  of  generality,  to  take  /(O)  =  0 .  Since 

COS-y 

(55) 


7T      J  '          .       t 

-TC        2sm^r 


2 
we  have 


2n+l 
cos 


1  -2— 

/(0)-5*(/;  0)  =  -—  J  /(/)  -  —  d/ 

-K  2  sin— 
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and  consequently 

7T 

2v+\ 
cos — - — t 


(k+»«  i  2sin- 


2n+l-k     .  k+l 

cos  — — — 1  sin  — -—  t 


snr 


(56) 


It  remains  to  be  noted  also  that  the  estimation  of  the  integral  8.4(56) 
reduces  to  the  investigation  of  the  quantity  2/£n)(/)  for  r  =  1 . 
8.4.5.  We  also  show  that  if  \f(i)\  <  1  and 


Tt 

/,(0)  =  -~  jj  [/(O  -/(-/)]  cot  12  - 


dt 


then* 


k+l 


(57) 


(58) 


Let  us  represent  a*(f;k;x)  in  the  form  of  the  sum 
«*(/;*  ;x) 


COSy  —  COS / 


sm 


n         COSy— COS 


dt 


dt 


and  note  that 


2(fc+l) 


n 

l f 

fl)7U    J 


t  2v+l 

n        COS^r COS ^ / 

^^_J  / 

v-n-ft  Sin_- 


^  2v+\ 

n        COS-z-— COS t 

£  -t—r^- 

^n-k  sjn_. 


dt 


A.  D.  Shcherbina  [1]. 
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1  t    .    t  2n+l-k    .   k+l 

i— sm-x  —cos - tsm — ^—  t 

22  2  2 

. .    fa 


n 

1     -( 

+-i)w .' 


sin2y 


n 

i  _C 

2(fc+f)TC     J 


-k 


=  0(1). 


From  this  it  follows  that 
/.(0)-S*(/;fc;0) 


7t 

kc-  S  wo-yi- 


COS t 


t 

2 


and  from  this  we  obtain 
sup    |/;(0)-5*(/;*;0)| 


71 

t+l)7C    J 


2n+l-k     . 

cos— _ — —  /sm 

.7  if 


—  df+0(l).        (59) 


Estimating  the  right-hand  side  of  8.4(59)  in  the  same  way  as  the  similar 
integrals  in  section  8.2.31,  we  obtain 

2n+l-k     .    k+l 
cos /Sln —  — 


sin38 


2n+l-k     .    k+l 
cos 


(k+iy 


4 f  _        _2 

|-l)7r   J  ~  f2 
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k+l 


_A   C 

~~    7T        J 
k+l 

2n 

n 
___ 

-A  C 

7T        J 


2«4-l— A:      . 
cos  — r-rr—  * sm  * 
A:  4-1 


•df+0(l) 


,  .    , 

cos  — =— ••  —  t  sin  / 
/c-j-1 


k+l 

n 

n      ! 


z 

=  .*  \ 

•K     J 


fc+1 


8.4.6.  We  indicate  an  application  of  the  inequality  8.4(5)  to  the  in- 
vestigation of  the  approximative  properties  of  the  derivatives  of  best 
approximation  polynomials  and  establish  the  following  theorem**.  If  the 
periodic  function  f(x)  of  period  2n  has  a  bounded  derivative  f(r)(x)  of  order  r 
and  Tn  (/;  x)  is  the  trigonometric  polynomial  of  order  ^  n  for  which 

E?(f)=:mzx\f(x)-Tn(fix)\9thenasn-*  co 

supl/<'>(jc)-7*>(/;  *)|  =  O  {£*(/">)}.       (60) 

X 

Since  a^n(J(r);n;x)  =  af<r)(f;n;x),  then  in  virtue  of  8.4(5)  and  the 
inequalities  4.8(7)  we  have 


sup  I  r.<'>  [<r*  (/;  n)  ;  x]-  TW(/;  x)\  + 
+  sup  |ff*W</;  „  .  x)-T<,'\a*n(f;  n);  x)\ 
(/;  n);  x]-rn( 


Also  applying  8.4(5)  and  8.4(2),  we  obtain 


**  G.  Freud  [1].  See  also  A.  L.  Garvaki  [l].If  we  take  4.12.17  into  account,  it  is 
obvious  from  the  proof  given  here  that  this  result  remains  valid  also  for  derivatives  of 
fractional  order. 


35    Theory  of  Approximation 
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It  remains  to  take  into  account  that  since 


({f(x+t)-TH(f;x+t)}  (Odf  =  0&  !(/;*;  x)-Tn(x)9 

£J 

where  Dk(t)  is  Dirichlet's  kernel  (see  4.1(10))  and  Tn(x)  is  some  trigonom- 
etric polynomial  of  order  <  n,  then  by  8.4(2) 


and  to  apply  the  inequality  5.6(27). 

In  virtue  of  3.10(8)  and  8.4(60)  the  inequality 


{E*(fV)Y  ,  (61) 

is  valid  for  any  n  ^  0  and  0  ^C  p  ^  r  for  every  periodic  function  f(x) 
of  period  2r:,  where  Cr>p  is  a  constant  depending  only  on  p  and  r**. 

8.4.7.  In  concluding  this  section  we  note  that  a  theorem  of  the  type 
8.4.4  also  holds  in  the  case  where  we  consider  an  approximation  to  func- 
tions/^) belonging  to  the  class  W(r)  H(at)  M  on  [—1,  1],  by  the  algebraic 
polynomials  8.2(30).  Here  we  will  limit  ourselves  to  its  formulation***. 
For  any  numbers  r  (r  >  0  an  integer),  a(0  <  a  ^  1),  subject  to  the  con- 

...      i-      kW       ^    »  . 

dition  lim  -  -    -  =  0  the  asymptotic  equation 

n-»oo      ^ 

sup  \f(x)-an(f;k;x)\ 


(«) 

is  satisfied  uniformly  with  respect  to  xe[—  1,  1]  and  for  all  functions  k 
--=-  k(ri)  (Q^k<n)  for  which  k  <  (1  —0)n  (0  <  0  <  1).  /«  //z<?  awe  iv/re/i 
r  =  0,  //ze  relation  8.4(62)  is  satisfied  Uniformly  with  respect  to  all  functions 
k  =  k(n)  (0<k<  n)  for  any  a(0<a<  1). 

As  in  other  estimates,  relating  to  approximation  by  algebraic  poly- 
nomials on  a  finite  segment,  here,  in  distinction  from  the  periodic  case, 
the  corresponding  deviation  is  materially  dependent  on  the  position  of 
the  point  x. 


**  It  can  be  shown  that  this  property  is  possessed  by  the  best  approximations  A&(f) 
of  arbitrary  bounded  functions /(jc)  which  have  a  bounded  derivative  f^r\x)  on  (— oo,  oo). 

***  For  the  case  k  =  0  see  A.  F.  Timan  and  L.  I.  Tuchinskii  [1];  for  the  case  r  =  0 
see  L.  M.  Ganzburg  [2];  for  the  case  r  =  0,  k  =  0,  a  =  1  see  S.  M.  Nikol'skii  [4]; 
for  the  case  k  —  0,  a  =»  1  see  S.  G.  Selivanova  [1];  for  the  case  &  =  0,0<a<lsee 
A.  F.  Timan  [6];  for  the  general  case  see  S.I.  Rabinovich  [1]. 
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8.5.  Further  estimates  for  linear  methods  of   approximation   of  functions 
by  polynomials 

In  section  8.3  we  indicated  a  necessary  condition  which  an  infinite 
triangular  matrix  of  numbers  must  satisfy  in  order  that  the  process  of 
approximation  by  the  polynomials  8.1(8)  corresponding  to  it  should 
realise  the  best  uniform  approximation  on  the  classes  W^  H^  or 
W^  Hco  (see  sections  8.3.5  and  8.3.8).  It  should  be  noted  that  in  the 
general  case  this  condition  (see  8.3(48))  is  of  itself  not  sufficient.  Let  us 
consider,  for  example,  the  classes  //*  or  H*  ,  when  co  (t)  =  Mt*(Q  <  a  <  1). 
The  matrix  8.2(10)  obviously  satisfies  the  relation  8.3(48)  (for  r  =  0  it  is 
equivalent  to  8.2(9)).  At  the  same  time  since  the  polynomials  8.1(8)  cor- 
responding to  it  are  of  the  form 


£/*(/;  x;  A)  =  --  +        (akcoskx+bksinkx)9 


=  I  —  I  , 


where  m  =  I  —  I ,  then  by  theorem  8.4.4  in  the  present  case  the  exact  order 
of  decrease  of  the  upper  bounds  ^n(H^  M;  x;  A)  and  (//ia)  M\  x;  A)  as 
/2->oo  is  equal  to — — ,  and  hence  is  not  identical  with  the  best. 

However,  in  this  section  it  is  established  that  if  we  consider  a  matrix  A 
which  satisfies  some  limitation  of  convexity  type,  then  condition  8.3(48) 
becomes  not  only  necessary  but  also  sufficient  for  the  method  of  approx- 
imation 8.1(8)  to  give  the  best  order  of  approximation  on  the  classes 
W$pHn  or  W^  HM  for  integral  r  and  for  co(0  =  M/a,  i.e.  on  the  classes 

yy(r)  f](*)    _fcf,    W£*    H(<x)    M. 

In  those  cases  where  the  condition  8.3(48)  is  not  satisfied,  the  order 
of  the  corresponding  approximation  on  the  classes  lV**H(ct}M,  W^  H(<x)  M 
will  not  be  identical  with  the  best.  In  such  cases  an  estimate  can  be  given 
for  the  magnitude  of  this  order,  and  for  the  supplementary  limitations 
on  the  matrix  A  to  obtain  also  asymptotic  behaviour  of  the  upper 
bounds  fn(Wir)H(a)M;  x;  A)  and  £n(iv^H(a)M;  x;  A)  as  n  -»  oo.  In  what 
follows,  for  brevity  in  writing,  we  will  use  the  notations 

0,  fc  =  0, 


/^-H 


1 


(n+iy 


35* 


548     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

8.5.1.   For  any   bounded  matrix  X,   and  for  any  integer  r  ^  0  and 
0  <  a  <  1 ,  the  inequality** 


<: 


fc-0 

+i    Z    (n^M^l+o-r  (i) 

71     *-[0n]  +  l  j  \"          / 

w  satisfied,  in  which  0  >  0  w  #/*  arbitrary  fixed  number  less  than  unity. 
In  the  case  when  r  is  even  (odd),  the  first  (second)  of  these  estimates  also 
holds  for  a  =  0  if  its  right-hand  side  is  doubled***. 
For  other  integral  values  of  r, 


- 
•  ""1    ^  ' 


We  consider  the  four  cases  separately. 

8.5.11.  Let  r  >  0  be  even  and  0  <  a  <  1  .  For  functions  f(x)  e  W^H(a)M 
the  integral  representation  8.4(27)  holds,  in  which  $(x)  satisfies  the 
conditions  8.4(28).  Therefore 

?       n+1         r  i 

;  A)  =  1  \  ^(/)  Xi^cos  fc(/-x)+^- 
TC  J  ^  L  ^  J 


(3) 


Tt 
~n 

where  the  kernel  D(nr\t)  is  defined  by  8.4(10).  Since 

It+l 

/-^d/  ^  0, 


**  A.  F.  Timan  [12]. 

***  04r)7/«»A/ is  the  class  of  functions  of  period  2rc  with  an  (r— l)-th  absolutely 
continuous  derivative  and  a  derivative  of  the  r-th  order  which  almost  everywhere  does 
not  exceed  M  in  absolute  value. 
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then,  without  restriction  of  generality,  we  may  suppose  that  </>(0)  =  0 
Moreover,  since  the  upper  bounds  considered  do  not  depend  on  x  (see 
section  8.3.4),  it  is  sufficient  to  put  x  —  0. 

Applying  Abel's  transformation  to  the  sum  on  the  right-hand  side 
of  8.5(3),  we  obtain 


sin- 


2«+3 


coskt 


where  £*(</>;  0)  is  the  partial  sum  of  order  k  of  the  Fourier  series  of  the 
function  <£(0  at  the  point  t  =  0.  In  virtue  of  the  relations  8.4(11),  8.4(16) 
and  8.4(20)  we  find  from  this  that 


+O 


nr+a 


5*_»(^;  0) 


(4) 


uniformly  with  respect  to  all  the  functions  <j)(i)  considered. 

If  Abel's  transformation  is  again  applied  to  the  sum  on  the  right-hand 
side  of  8.5(4),  we  arrive  at  the  equality 


[0,,] 


where  <?*(</>;  A: ;  x)  is  the  sum  8.4(4). 
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Hence  in  virtue  of  theorem  8.4.4  or  the  lemma  8.2.31  for  x  =  1  (if  a  =  0) 
and  the  identity 


it  follows  that 


n-l 


0*.*^;  »-*; 0)1 


+  o{  S 


+ 


After  using  once  more  theorem  8.4.4  or  the  lemma  8.2.31   (if  a— 0) 
we  obtain  the  inequality** 


k-0 


from  which  follows  the  first  estimate  of  8.5(1)  when  r  >0  is  even  and 
0  <  a<  1. 

8.5.12.  Let  r  be  odd  and  0  <  a  <  1.  In  virtue  of  8.5(3),  where,  as  in 
section  8.5.11,  we  suppose  $(0)  =  0,  we  find  after  applying  Abel's  trans- 
formation 


t  2n+3 

cos  -  —  cos  — ~ — 


2  sin- 


(5) 


where  ^(0;0)  is  the  partial  sum  of  order  k  of  the  series  conjugate  to 
the  Fourier  series  of  the  function  <£(0>  taken  at  the  point  f=0. 
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Using  the  relations  8.4(11),  8.4(16)  and  8.4(20),  and  also  taking  into 
account  that 


•HO)  =  - 

—  TC 

it  is  not  difficult  to  obtain  the  equation 

)-  u*(fi  0;  A)|  =  1 


=  IE  ^&tf  (0)-s,*_»(*;  0)]|  +  o-r),      (6) 


which  is  satisfied  uniformly  with  respect  to  all  the  functions  q>(t)  con- 
sidered. 

From  this  by  the  same  transformations  which  were  applied  in  8.5.11 
after  8.5(4),  we  establish  the  validity  of  the  first  of  the  estimates  8.5(1) 
when  r  is  odd  and  0  <  a  <  1. 

8.5.13.  Let  r  be  odd  and  a^O.  In  this  case  from  8.5(5),  in  virtue  of 
8.4(11),  8.4(16)  and  8.4(20),  follows  the  relation 


=  II^K^i,(0)-^(*;0)|  +  o,         (7) 

*=o 
where 


which  is  satisfied  uniformly  for  all  bounded  functions. 

Further,  we  apply  the  same  reasoning  which  was  applied  in  section 
8.5.11  after  8.5(4),  using  the  estimate 


and  the  inequality  8.4(58). 

8.5.14.  Thus  the  first  part  of  theorem  8.5.1  for  the  case  when  r  >  1, 
is  proved.  The  proof  of  the  second  part  (i.e.  for  the  conjugate  classes) 
for  r  >  0  is  based  on  the  integral  representation  8.4(51)  and  reduces  to 
similar  estimates  (see  sections  8.4.43  and  8.4.3). 
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8.5.15.  Now  let  r  =  0.  Since 

n 

i  0;  A)  =  - 


then  in  estimating  the  difference  f(0)—U*(f;  0;  X)  it  is  possible  to  take 
/(O)  =  0.  If  for  the  sum 


lPSf(f'9  0)  =  2_|  M"-*  Sn~k(fl  0)  (9) 

the  same  reasoning  is  repeated  which  was  carried  through  in  section  8.5.11 
after  8.5(4),  and  use  is  made  of  theorem  8.4.4,  then  we  obtain  the  first 
of  the  inequalities  8.5(1)  for  r  =  0,  0  <  a  <  1. 

The  case  when  r  =  0,  a  —  0,  was  investigated  in  section  8.2.31. 

In  order  to  verify  the  validity  of  the  second  inequality  of  8.5(1)  for 
r  =  0,  0<  a  <  1,  we  consider  the  difference 

/(O)-  Z7*(/;0;  A)  ==/(())  —  (  f(f)  V  A£">  sinktdt, 

7C    J  "  ^-J 

—  It  K—i 

which  after  Abel's  transformation  assumes  the  form 

n 

£*-*(/;  o)].  (io) 

We  also  repeat  the  reasoning  of  section  8.5.11  after  8.5(4),  and  use 
theorem  8.4.4. 

8.5.2.  The  inequalities  8.5(1)  show  that  if  for  the  bounded  matrix  A 

«— 1   in  .    \ 

V    V  «dL 


(ID 

' 

and  there  exists  a  value  of  6(0  <  0  <  1)  for  which 


he  corresponding  method  of  approximation  8.1(8)  gives  on  the  classes 
WX'H^M  and  iv^H(a)M  (r^Q9Q<a<l)the  best  uniform  approxi- 
mation, as  regards  order,  by  trigonometric  polynomials. 
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8.5.3.  Taking  into  account  that  for  every  fixed  6(0  <  0  <  1) 


by  theorem  8.5.1  in  the  case  a=0  we  obtain  the  following  result.  For 
any  integer  r  >  0, 


when  r  is  even, 


(13) 


when  r  is  odd, 


and 


r  is  odd, 


rn~  l  /      » 

I  2 

Lfc=0  ^v  =  n—  fr 


(14) 


n—l  i       n 

+I(SM 

when  r  is  even. 

Thus  if  the  matrix  A  satisfies  the  condition  8.5(11),  the  process  of  ap- 
proximation 8.1(8)  produces  the  best  uniform  approximation,  as  regards 
order,  by  trigonometric  polynomials  on  the  class  W^M  if  r  is  even,  and 
on  the  class  W^M  if  r  is  odd**. 

8.5.4.  In  those  cases  where  the  bounded  matrix  A  is  such  that  for  any 
n  the  system  of  numbers  ^(kn\k=-0,  !,...,«+!)  is  convex  or  concave, 
i.e. 

/f2^*0  <  0       (k  =  0,  !,...,«— 1)  (15) 


**  For  r  =  0  the  condition  8.5  (11)  ensures  the  boundedness  of  the  sequence  of 
Lebesgue  constants  £n(see  8.1(14)).  This  case  was  considered  by  B.  Sz.  Nagy  [3J. 
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or 

^2/4n)  ^  0      (fc  —  0,  l,...,n— 1),  (16) 

the  relations  8.5(13)  and  8.5(14)  can  be  reduced  to  a  simpler  form.  For 
this  it  is  necessary  to  make  use  of  the  equalities 


fc^O     v=n 


(17) 


!    1\  ^U,    1 

±i)  /|2..(ii)  —  /,(»)>      _i 
I  /J  [lk      —  fa    2_}  k 


, 

> 

/   . 


(n) 


which  we  obtain  by  two  Abel  transformations. 
Thus  in  these  cases 

f       ~~  ^n         1     !(  ) 


In 


Hi) 


and 


r  is  even, 
In  n 


(18) 


+ 


+  °\-« 


t-^ 
L-L  ~kr(n— 


when  r  is  odd, 


r  is  odd, 
In  n 


nr 


(19) 


2- 


H 


r  is  even. 


8.5.5.  We  shall  see  that  // 8.5(1 5)  or  8.5(16)  hold  for  the  matrix  h  for 
any  n,  then  the  condition  8.3(48)  is  not  only  necessary  (see  section  8.3.8) 
but  also  sufficient  for  the  corresponding  process  of  approximation  8.1(8) 
to  produce  the  best  order  of  approximation  by  trigonometric  polynomials 
on  the  class  W^M  when  r  is  even,  or  on  the  class  WJf^M  when  r  is  odd. 
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This  proposition  remains  valid  for  other  integral  values  of  r,  subject  to 
the  condition  that 

V^  l-Ai">       ^/l,  (2Q) 


and  in  particular  in  all  cases  where  1—  A{n)  =  O\  —  T 

\  nr+ 

8.5.6.  If  the  matrix  A,  which  satisfies  the  condition  8.5(15)  or  8.5(16), 
also  possesses  the  property  that  /4n)  =  O  I  -7+1-  1  »  then  it  is  also  possible 

to  give  asymptotic  estimates  for  the  upper  bounds  considered.  The  following 
theorem  holds**. 

If  the  bounded  matrix  h  satisfies  condition  8.5(15)  or  8.5(16)  for  any 

n  and  /4w)  —  0(  —  ZT)>  then,  for  any   integer   r  ^  0   and   a(0  ^  a  <  1), 
\  wr+1  / 


the  inequality 

**!  „   . 

~  *  S1" 


(21) 
t/^eJ  for  the  upper  bounds  fn(WMHwM;  x;  A)  and  f(iv!f>HwM;x;X), 

where  for  a=0  the  right-hand  side  must  be  doubled. 

By  8.3(36),  after  the  application  of  the  identity  8.5(17),***  this  asser- 

tion follows  from  the  following  proposition. 

8.5.7.  For  any  integer  r  ^  0  and  for  0  ^  a  <  1  the  inequality**** 


^        rr2wa      J 

k  =  Q  \v  =  n-k 


<22) 
is  satisfied  for  any  bounded  matrix  L 

**  A.  F.  Timan  [12]. 

***  If  we  take  into  account  that  for  the  matrix  A  considered  here  the  relation 


y    ^    ^  i 

»-^+i     r 


i        j  o- 

r 


is  satisfied. 

****  See  the  footnote***  on  page  548.  In  the  case  a  =  0  the  right-hand  side  of 
8.5(22)  must  be  doubled. 
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In  order  to  obtain  the  inequalities  8.5(22)  it  is  necessary,  as  in  section 
8.5.1,  to  consider  the  four  cases  separately. 

8.5.71.  Let  r  >  0  be  even  and  0  <  a  <  1.  In  this  case  we  commence 
with  8.5(4),  and  after  the  application  of  Abel's  transformation  we  have 


;  0)- 

(23) 


From  this  we  obtain  the  inequality 


where  a*((l);k;x)  are  the  sums  8.4(4).  Now  applying  theorem  8.4.4,  we 
obtain  the  first  of  the  estimates  8.5(22). 

8.5.72.  Let  r  be  odd  and  0  <  a  <  1.  In  this  case  we  commence  with 
8.5(6)  and  after  the  application  of  Abel's  transformation  we  have 

w-l 

|/(0)-tW;0;A)|< 


where  the  0%(<t>lk;x)  are  polynomials  conjugate  to  8.4(4).  From  this 
in  virtue  of  theorem  8.4.4  we  obtain  the  first  of  the  inequalities  of  8.5(22). 

8.5.73.  Let  r  be  odd  and  a— 0.  In  this  case  we  commence  with  8.5(7), 
apply  Abel's  transformation  and  the  estimate  8.4(58). 

8.5.74.  The  second  of  the  inequalities  8.5(22)  in  the  case  when  r  >  0, 
a=0,  follows  from  similar  considerations,  based  on  the  integral  represen- 
tation 8.4(51). 

8.5.75.  In  the  case  when  r^0(0  <  a<  I),  we  apply  Abel's  transfor- 
mation to  8.5(9)  and  8.5(10),  after  which  we  use  theorem  8.4.4. 

8.5.8.  We  note  separately  the  particular  case  of  theorem  8.5.6  when 
r  =  0.  If  the  system  of  numbers  A[n)  (k  =  0,  !,...,«+!;  ^^=0;  4w)  =  1) 
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for  any  n  is  convex  or  concave  and  1— A{n)  =  O  I  —  I,  then  in  the  case 
when  0  <  a  <  1 


(24) 


It  is  easily  verified  that  the  estimate  8.5(24)  no  longer  applies  in  the 
general  case  if  a=l.  It  is  sufficient,  for  example,  to  consider  the  matrix 
8.4(6)  for  k=n.  Since  the  sums  er*(/;  n;  x)  (see  8.4(4)  and  8.2(35))  can  be 
represented  in  the  form  of  the  integral 


(25) 


2 
then  for  the  periodic  function  /(/)  =  M\t\  of  period  2-rc 

n         -Zn+lf 

"•  Cltt*  f 


-isbS— ^-* 


sin2— 


4M       f  2        ,         2Mln«    ,  ^ 

__  \  . _H/  —  - \-O 

I  V**  y-  I        1\  I 

TC     »J  i  ( n   i"  1 ) TC 


for  \t\  ^  TT. 

Therefore  the  upper  bound  fn(H(1)M;  x;  X)  corresponding  to  such  a  ma- 
trix A  cannot  be  of  order  O(l/ri)  as  n->oo,as  is  the  right-hand  side  of  8.5(24) 
in  this  case. 

8.5.9.  It  follows  from  theorem  8.5.6  that  //  the  matrix  X  possesses  the 

properties  8.5(15)  and  8. 5(16) /or  any  n  and^  =  01    r+l  I  then  the  condition 

8.3(48)  is  not  only  necessary  (see  section  8.3.8)  but  also  sufficient  for  the 
corresponding  process  of  approximation  8.1(8)  to  produce  the  best  order 
of  approximation  by  trigonometric  polynomials  on  the  classes  Wty  H(ct)  M(Q 
<  a<  1)  or  W$HWM(Q^a<  1;  r+a  >  0). 
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8.5.10.  We  also  note  here  that  in  virtue  of  proposition  8.4.6  the  asser- 
tions of  theorems  8.5.2,  8.5.3,  8.5.5  and  8.5.9,  and  also  the  relation  8.3(48) 
in  theorem  8.3.8,  remain  valid  after  the  replacement    of  r  by  any  non- 
negative  number  Q  <  r.  This  is  immediately  obvious. 

8.5.11.  For  the  matrices  A£M)  which  satisfy  the  conditions  of  theorem 
8.5.8,   a   relation  similar   to   8.2(56)    holds   between   the   upper   bound 
Ett(HpM;x',X)and  the  upper  bound 

)|,  (26) 


£n(Hf)M;x9X)  =     sup     /(x) 

/  e  H  ia>M 

where  the  F*(/,  x,X)  are  the  polynomials  8.1(26). 
The  following  theorem  is  valid**: 
If  the  system  of  numbers  $>(k  =  0,  1,  ...,  n-\-\  ; 


is  convex  for  any  n  (/12A["> 

then  for  the  case  0  <  a  <  1  the  relation 


=  1;   A^  =  0) 
0;  k  =  0,  1,  ...,  n—V)  andl-^  -  O  I  —  1  , 


\a-fl 


-=-  •   (27> 


is  satisfied. 

The  case  a  =  0  corresponds  to  the  relation  8.2(56). 

We  note  that  the  upper  bound  8.5(26)  has  a  period  equal  to  —  , 
and  therefore,  without  loss  of  generality,  it  is  possible  to  suppose  that 


/-* 


Moreover,  in  calculating  it  we  can  put  Af  =  1  and  replace  the  class 
l  by  its  subclass  Hty  of  functions  which  vanish  at  the  point  x  =  0. 
8.5.111.  As  a  preliminary  we  establish  the  following  proposition. 
For  the  tipper  bound  fn(k,  x)  =  sup  rf(f,k,x),  where  the  rf(f,k,x) 


(28) 


are  the  polynomials  8,2(57),  the  asymptotic  equality 

1 


,  x)  = 


7U* 


*/Za 


is  satisfied  as  n  -»  oo,  uniformly  with  respect  to  x  and  all  k  (0  <  k  <  ri)t 


**  I.  M.  Ganzburg  [3]. 
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It  follows  from  8.2(59)  that 


1 


.    2n-k+l  ,        ,.    .   k+l  ,        ,  K 
m 2 (x~~y*  )  sm  ~2~  (*~~-^  ) 


sin 


» 


=  <(/,  *,  X)  +T*  (/,  k,  X)  +  0 


Let  us  consider  T*^/,  A:,  ^:).  Taking  into  account  that  for 
(0  <  a  <  1)  the  relations 


k+] 


.    k+l 


when  0  <  x  <  — 
are  satisfied,  we  find 

where 


k    2vn 
cos-^l-— ;> 


.  „  vn 
sm2-, -  - 
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l\X 
tX      n 

^  iB))x 

.    k  l2vit       \  .   I  k+l 


~N(k+\)      ^ 


X 


sma 


We  prove  that  S2  =  o-.  In  fact, 


/        1 

COS  I  71  +  — 


a 

-I 


+ 


III 

s 


.    21-JtTi;    . 
„„_-.«„_ 


sin2 


Since 


(n> 


.    2v(k+l)n 

< 


JV 


-2 


sm- 


N 


TV 


•  o  2v-l 


,  itfoUowsthat 


1 


N(k+\) 


v-l 


sin- 


TV 


N 


- 
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ffl 


sm- 


v—l)kn    .     (2v—  l)(k+\)n 


N 


JV 


X 


X 


Hence 


1 


1 


.  ,  2v-l 

s>»~- N-* 


From  the  last  estimate  it  follows  that 


sin— ^ — A: 


cos 


-ir—  sin         —N 


sur — ~—  K 
N 


+  0 


n« 


Reasoning  exactly  as  in  the  case  of  the  estimation  of  5*2,  we  obtain 

1\     I^L.1 

n)\\  sx 
!v  )}  *• 


cos  — r^ —  sin 


N 


,n(n+l)«  li 


+ 

{^^- 


sin 


X 


Hence,  using  the  relations 


sin^ 


sna 
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562     APPROXIMATION    OF    FUNCTIONS    OF    A    REAL    VARIABLE 

we  have 


*/.*."» 


Similar  estimates  for  z*2  (/,  k,  x)  with  the  replacement  of  v  by  —  v 
show  that 


-+0  —  . 


_ 

a 


Consequently 


27T 


x 


. 


Since  /(x)  e  //io^  we  obtain  the  inequality 


k+l 
On  the  other  hand,  the  periodic  function  of  period 

47T 


(29) 


(30) 


(31) 
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where  a)(u)  =  if,  belongs  to  H$9  and  for  this  function  the  inequality  8.5(30) 
becomes  an  equality. 

8.5.112.  Applying  Abel's  transformation  twice  to  K*(/,  x,A),  we  ob- 
tain 


V*(f,  x,  A)  -  - 


^*  (/,  k,  x)+ 


+  (n+l)Aft>r*(f,n,x).      (32) 

Since  for  every  trigonometric  polynomial  Rn(x)  of  order  n  we  have  r*(Rn9 
n9  x)  =  crJCR,,,  w,  x\  where  cr*(/,  &,  *)  is  the  polynomial  8.4(4),  we  have 
in  virtue  of  5.1(10) 

|T*(/,n,  *)-**(/,  «,*)! 


Thus  from  8.4(5)  it  follows  that** 


Returning  to  8.5(32),  and  taking  into  consideration  the  conditions 
of  the  theorem  and  the  relation  8.5(28),  we  obtain 


sinl/i  +  yl 


fc  =  0 


+o\ — - 


(33) 


Since  the  function  /„(*)  (see  8.5(31))  does  not  depend  on  k,  it  turns 
the  inequality  8.5(33)  into  an  equality***. 
Consequently,  the  asymptotic  expansion 


(34) 


holds  for  the  upper  bound  8.5(26)  as  w ->  oo. 


**  S.  M.  Nikol'skii  [2]. 

***  This  circumstance  also  plays  an  important  part  in  the  reasoning  of  section 
8.2.43. 


36* 
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From  8.5(34)  and  8.5(24)  the  relation  8.5(27)  follows. 

8.5.12.  If  the  system  of  numbers  /4n)  =  — — —  is  non-decreasing 

K 

and  convex,  then  a  relation  of  the  type  8.5(27)  can  be  extended  to  the 
class  //*,  where  co(r)  is  an  arbitrary  convex  modulus  of  continuity. 

The  following  theorem  holds**: 

If  the  matrix  A£n)  is  such  that  for  any  n  the  system  of  numbers 
/4B)(^  ™  0, 1, . ..,«+!)  satisfies  condition  8.5(16)  and  is  non-decreasing, 
then  the  relation 

1 


9  X)  — 


v^n+T 

2         !L 


X 


satisfied,  where 


_::__   sinfdf 


X  <:„( 


c,A)=  sup  |/(*)-?*  (/,: 


-rl)      (35) 
(36) 


The  relation  8.5(35)  follows  directly  from  the  following  proposition***: 
For  matrices  A£n)  which  satisfy  the  conditions  of  the  preceding  theorem, 
and  for  any  modulus  of  continuity  co(0,  the  following  asymptotic  equality 
holds: 


X 


---  ]x 


V 


X 


+4(1))- 


(37) 


Ifco(t)  is  an  arbitrary  convex  modulus  of  continuity,  then  the  asymptotic 
relation 


2 


X 


is  satisfied. 


Hi)) 


(38) 


**  I.  M.  Ganzburg  [3]. 

***  I.  M.  Ganzburg  [3].  For  the  case  4n)  =  1,  see  S.  M.  Nikol'skii  [2],  [14]. 
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8.5.121.  As  in  section  8.5.11,  we  shall  suppose  in  the  calculation  of 
ln(H*  ,  x,  X)  that  0  <  x  <  ^  and  f(x)  =  0. 

Let  us  consider 

/„  ==  /„(*,  A)  -  rn(x)-K*  (/,  x,  A),  (39) 

where  the  Tn(x)  are  the  polynomials  8.1(22).  It  is  obvious  that 


v=0 


Applying  Abel's  transformation  to  the  inner  sum  and  taking  account 
of  the  fact  that  cos  ky[n)  —  cos  vy^\  we  obtain 


sin 


v  =  0 

where 


Carrying  out  Abel's  transformation  once  more,  we  have 

2n-k+l  I  2v+l          \  .    k+l  I  2v+l 


cos 


fc  =  0 

2\     N 


sin (n+ 1)1  ~r  '  *  K—X]  sin -A; — 


A    •    2 

4sm2— 


where 
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Since  in  virtue  of  the  conditions  of  the  theorem  we  have  y{rt)  =  O\  —  I, 

\nl 


it  follows  that 


where 


(40) 


cos 


2n-k+l 


X 


2s^l  »+' 


(41) 


(42) 


We  will  show  that  >F.(/,x)  =  r. 

In  fact,  it  follows  from  8.5(42)  and  8.1(22)  that 


W,(f,x>  = 


__ 


n 

S- 


.      VTC 

sm- 


.      V7S 

c-|r% 

olJLl     _  _ 


+  0  co- 
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Tn(x)  = 


sinl/i  +  yl* 

— 


— 


sm 


- 


.     V7U 

smAT 


where 


«<">  =  (-l) 


v+1 


. 

TC       sm— 


Considering  that    \a(v^\  >  \a^\ ,    signa(vrt)  —  (—  l)v+1  (v  =  2,  3, ...,  ri) 
we  obtain  after  Abel's  transformation 

iV 

sm\n  +  -^]x    „ 
£       K 


~nv>»,        -»vv  2Ar  ^ 

n 

where  Gv  =  $]  4n). 

It  follows  from  the  inequalities    |GV|  ^  |a(vn)|    (v  =  2,  3,...,n),  and 

(-Ml,  that 


Similarly 


;  x)  -  rn(x)\ 


Consequently 


(43) 
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We  now  consider  Vntk(f,x).  From  8.5(41)  we  have 

n.*(/,  x)  =  V'M  x)-Vn\k(f,  x)9 
where 


(44) 


cos 
x 


.  k+l 


cos 


.  .  , 

28m 


2v+l 


x 


It  is  not  difficult  to  see  that 


cos 


2n-k+l 


x- 


_1 


Similarly 


sin(/i+-y); 

__       \       Li 


From  the  last  two  equations  and  the  relations  8.5(39)    8.5(40)    8.5(43), 
8.5(44)  for  the  functions  f(x)  considered,  the  inequality 


1       /27T 
K»(jf 


(45) 
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follows.  We  note  that  the  system  of  numbers  y£n),  like  the  /4w)>  satisfy 
the  conditions 


Hence  it  follows  from  the  equation 


and  the  inequality  8.5(45)  that 


X 
_! 

~Tt~\N 

X 


sin(n  +  —  \x 


X 


s- 


Inn 


T      *x  •    kn 
*=i  (n— A:+l)sm-r7- 

N 


+0 


'(t 


(46) 

The  function  fn(x)  (see  8.5(31)),  which  belongs  to  the  class  considered, 
turns  the  inequality  8.5(46)  into  an  equality.  Consequently  we  have  the 
asymptotic  equality 


•  /  i  M 

m(n+2)X 


X 


n  i 

S  ~  T 


Inn 


SMI 


+  0  co 


It  follows  from  the  properties  of  the  sequence  y£n)  that 
1— Aln)  Inn  1  \^ 


(47) 


4 ,       ,  I        ,       t\       •  ^ 

*=i  (w— A:+l)sin-rr- 


N 


N 


n+l 


n+l 


*™ 


N 


+ 


+  0(1). 


Taking  account  of  this  equation,  and  also  of  8.5(47),  we  obtain  8.5(37). 
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8.5.122.  Without  loss  of  generality  the  upper  bound 
£,(#*,*,*)  =  sup  \f(x)-U*(f,x,X)\ 


can  be  calculated  assuming  that  x=Q  and  /(O)—  0. 
Let  us  represent  C/*(/,0,A)  in  the  form 

[/*(/,  0,A)^  U*(f,0,X)-St(f90)+S*(f90)9 

where  S*(f,  x)  is  the  Fourier  sum  of  order  «  of  the  function  f(x). 
Consider  the  difference 


/„  ==  /„(/,  X)  =  Uf(f,  0,  X)-S*(f,  0) 


2/1      if 


which  is  the  integral  analogue  of  /„  from  8.5.121. 

Continuing  the  reasoning  for  /„  as  for  7n  in  8.5.121,  we  obtain  the 
equation  8.5(38). 

We  note  only  that  as  the  extremal  function  in  this  case  we  have  the 
function 


0, 


1 

T 


2 
1 


27C 

N  ' 


N 


— 


^       N 
(v  =  1,2, ...,»-!) 


(r  =  -2,  -3, ...,-»-!) 

of  period  2it,  which  belongs  to  H *  if  o>(0  is  convex,  and  satisfies  the  con- 
dition /„(())  =  0. 
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8.6.  The  approximative  properties  of  orthogonal  expansions 

The  methods  of  approximation  £/*(/;*;  A)  considered  in  this  chapter 
are  based  on  an  expansion  in  a  Fourier  series  in  the  trigonometric  system 
of  functions  smkx,coskx(k—  0,  1,  2,...). 

We  have  seen  that  the  best  order  of  approximation  by  the  polynomials 
£/*(/;  x',  X)  which  can  be  attained  for  functions  which  have  an  r-th 
continuous  derivative,  when  n  increases  without  limit,  is  equal  to 


It  turns  out  that  it  is  impossible  to  improve  on  this  order  of  approxi- 
mation in  the  general  case,  not  only  of  the  summation  of  a  trigonometric 
Fourier  series,  but  also  in  the  class  of  all  other  orthogonal  expansions. 

8.6.1.  Let  C(r)  denote  the  set  of  all  functions  f(x)  defined  on  [0,  1] 
and  having  there  an  r-th  (r  ^  0  an  integer)  continuous  derivative,  let 
(0*(X)}  (fc=l,  2,  ...)  be  an  arbitrary  system  of  functions  orthonormal 
on  [0,  1],  and 


*),  (1) 

ft-i 

where 

3 

(2) 


For  any  system  {(t>k(x)}  orthonormal  on  [0,  1],  and  for  any  bounded  matrix 
A  subject  to  the  condition  that  |A£w)|  <  1,  the  inequality** 

]\f(x)-Wn(f;x',X)\dx 
sup  JL  -  ---    ----  >    L       (n  =  1,  2,  ...),  (3) 


'"*'   - 


in  which  the  constant  Br  depends  only  on  r,  is  always  satisfied. 


Since 


i 

\  !/(*)-  Wn(f;  x;  X)\  dx  <  vrai  sup  |/(x)-  Wn(f;  x;  X)\, 


U  ~   ~"~  ^-- 

and  for  the  periodic  function  f(x)  of  period  2n  bounded  matrices  A  exist 
for  which  (see  sections  8.4  and  5.1.4) 


**  B.  Sz.  Nagy  [4]. 
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the  relation  8.6(3)  shows  that  the  trigonometric  system  1,  ]/2cosk-r:x 
(fc=l,  2,...),  among  all  other  orthonormal  systems  of  functions,  is  in 
a  certain  sense  minimising  on  the  classes  C(r). 

The  inequality  8.6(3)  follows  from  the  following  assertion: 
8.6.11.  If  {yk(x)}  and  {</>*(#)}  are  any  two  systems  of  functions  ortho- 
normal  on  [0,1],  and  {Mk}  (k=  1,2, ...)  is  an  arbitrary  sequence  of  pos- 
itive numbers,  then,  whatever  the  natural  numbers  m  and  n  may  be,    the 
following  inequality  holds**: 


max 


1    f  i     ,^    i,,  t  IM  ^ 

1       4/1     I  Y*  I Li/     I  1/1     *    V  '    >l  I      (\  V 

---—  \  Y^jt^y     ''rtvy***  ^>  ^/  a-^ 

/K/t    tJ 

m   r 
2Jlv*W|dx-|^ira« 


(4) 


Put 


Kn(x,  t)  = 


cj*>  =  S  V*  W  ^ 


It  is  then  obvious  that 


and 


x;A)  =  J^(^0? 

0 

=  f  ClL, 

.•^  J I J    " 


Since 


i   i 


-'=1 


00 


i    i 


S|5*.(*,t)y/<>df  "d*  =  J| 


**  B.  Sz.  Nagy  [41. 
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and 


then 

,„    i 


j=lv=l  l<v<n 

Thus 

«.       1 


y=i 


max 


1        £  m 

—-  \  |^W™  »;(%;  x;  A)|dx  V  M, 

fc  r 


i.e.  8.6(4)  is  satisfied. 

8.6.12.  In  order  to  obtain  theorem  8.6.1  from  this,  we  consider  the 
system  of  functions 

%(*)  =  l/2^cosfc7ux       (k  —  1,  2,  3,  ...)  (5) 

and  put 


For  any  natural  number  m, 


sup  -°- 


i 
1 
max 

,  ^jt 

0 


1 

T  \ 

Jk     J 
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If  m=2n,  then  in  virtue  of  8.6(4) 


max    _  _ 

Mk 

o 


i 
\ 

k    J 


.                n              \  2m  1/2        /- — ]  ^   B, 
^  „ — \ y  /n 

I      TC 


where 


From  8.6(6)  and  8.6(7)  8.6(3)  follows. 

8.6.13.  Using  proposition  8.6.11,  it  is  possible  to  obtain  inequalities 
of  the  type  8.6(3)  for  other  classes  of  functions  also.  Consider,  for  example, 
the  class  W(r)H(a}  of  functions  /(*)  having  on  [0,  1]  an  r-th  (r  >  0  an 
integer)  derivative  f(r)(x)  which  satisfies  the  Lipschitz  condition 

M,..(/)<=0       (0  <.<!>.  (8) 


For  any  system  {</>*(#)}  orthonormal  on  [0,  1],  and  for  any  bounded  matrix 
A  subject  to  the  condition  that  |A£n)  <  1,  f/ze  inequality** 

J  |/(*)-  w.(/; 


w  satisfied,  in  which  the  constant  Bft(K  depends  only  on  r  and  a. 
Since 

\\f(x)-Wn(f;xiZ)\dx 
sup     ~? — r 


max 


**  B.  Sz.  Nagy  [4]. 
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where  {%(*)}  is  the  system  of  functions  8.6(5),  this  estimate  follows  di- 
rectly from  8.6(4)  for  m=2n  and 


8.6.2.  We  note  that  the  inequality  8.6(3)  or  8.6(9)  entails  a  similar 
quality  for  the  deviation  \\f(x)  —  Wn(f;  x;  X)\\L  in  any  metric 
(!  ^  #  ^  °°)  ancl,  in  particular,  for  q  —  2  leads  to  the  estimate 


or 

* 


sup 


8.6.3.  If  we  take  account  of  the  fact  that  the  numerator  of  the  left- 
hand  side  of  8.6(10)  represents  the  best  quadratic  approximation  of  the 

n 

function  f(x)  by  the  polynomials  ^  #*  <£*(*)>  then  8.6(10)  and  8.6(11)  can 

k^l 

be  written  in  the  form 


inf  sup  —  —  -  --  -  -  r  -  >  -^ 


In  this  form  the  result  is  related  to  the  following  general  problem  formu- 
lated by  A.  N.  Kolmogorov  [3].  Let  F  be  some  linear  normed  space  of 
functions  /  and  let  W  a  F.  Any  linearly  independent  system  of  functions 
<I>19  ...,  (j)n  of  F  determines  the  upper  bound  of  the  best  approximations 

n 

!X0fc||F  on  the  class   W9  i.e.  the  quantity  En>4>(W) 


The  problem  consists  in  the  investigation  of  the  lower  bound  Dn(W) 
=  inf  En  ^(W)  for  all  possible  linearly  independent  systems  <I>19  ...,  0rt. 
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In  certain  cases  A.  N.  Kolmogorov  obtained  its  exact  solution.  For 
example,  if  F  is  the  space  L2,  and  W  is  the  class  WSf\L2)9  which  consists 
of  functions  differentiate  r  times  for  which 


a. 

J  \fM(x)\*dx  <  1 ,      /'»(0)  =  f«\\)       (k  =  0, 1 r- 1) , 


then 


and  this  minimum  is  realised  by  the  system  1,  ]/2siu2fc7ix,  \/2cos2knx 
(*=!,. ..,*-!)**. 

8.6.4.  Using  the  inequality  6.8(1),  it  is  possible  to  obtain  estimates 
for  the  order  of  decrease  of  the  quantity  Dn(W)  for  certain  other  classes 
of  functions.  Thus,  for  example,  from  this  inequality  and  the  remark 
6.8.23,  it  follows  in  virtue  of  5,11(1)  (see  section  5.1.32)  that  for  the 
set  KAJ*(L*™)(\  ^q^oo) 


(In «)«  ^  ~«^"«-  ^    »  ^  (fan)* 
where  A  and  B  are  certain  positive  constants  independent  of  n. 


8.7.  Various  problems  and  theorems 

1.  If/(jc)  is  a  continuous  function  of  period  2?r,  then  the  trigonometric  polynomials 


2TC 


sin 


x—t 


d/ 


2TT 


n-1 


cos  Ar(jc~/ 


2.4. .. 


^possess  the  property  that  max  |/(jc)— rn(/;  *)|->0  as  w 


**  V.  M.  Tikhomirov  proved  in  1959  that  in  the  space  C*  of  all  continuous  functions 
of  period  2:r, 


7  (n  =  0,  1,  2,  ...) 


for  any  natural  number  r. 
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Fejer  [1],  De  la  Vall6e-Poussin  [1],  (The  non-negative  trigonometric  polynomials 
Xn(x—t),  which  are  multiplied  by/(0  in  the  integrals  8.7,l(a)  and  8.7,1((3),  are  such 

arc 

that  \  Kn(t)dt  =  1  and  for  any<5>  0  we  have   max   Kn(t)  ->  0.)  See  also  section  8. 1.3. 

7 


2.  If  f(x)  is  a  continuous  function  of  period  27r,  then  the  trigonometric  polynomials 

i    2Tt          P 
Tn(f\  x)  =  —  J  /(/)  J]  A,0t~/+a<fc))  d/,  (T) 

0  *^! 

where  Dn(t)  is  Dirichlet's  kernel  (see  4.1(10)),  and 
(a)     a?*-  0/-U;      (b)         £    ( 

\      '  i,  Jt- 1 

possess  the  property  max  \f(x)—Tn(f\  x)\  ->  0  as  /*->  oo.  For  the  uniform  convergence 

x 

of  the  sequence  of  polynomials  8.7.2  (y)  on  the  class  of  all  the  continuous  functions 
f(x)  of  period  2rc,  when  condition  (a)  is  satisfied,  condition  (b)  is  not  only  sufficient 
but  also  necessary. 

A.  F.  Timan  and  I.  M.  Ganzburg  [1],  For  the  case  p  =  2,  an    =  ~  +  o  I jf .}, 

2n        \  n  In  n  } 

a^  = — -fa  /__!__  |,  see  S.  N.  Bernstein   [10],  W.  Rogosinski  [1].  (The  kernel 

2n        \  n  In  n  /  \ 

Kn(f)  =  — -  ]>]  Dn(/+aifc)),  in  addition  to  the  properties  indicated  in  the  preceding 

27T 

theorem,  satisfies  the  relation  jj  \Kn(t)\  dr  = 

o 

3.  If 

c-t+an)  +  Dn(x~t-an)]  d/, 

then  in  the  case  when  an  =  -— — ~7r+Oj— r~ — |  ,  where   q  =  q(n)   is    a    bounded 

2n  \  n  In  n  i 

integer- valued  function  of  n, 


as  «->•  oo  for  all  continuous  i  unctions  f(x)  of  period  2:r. 
A.  F.  Timan  [5],  See  section  8.7.2. 
4.  If 


o 
then  in  the  case  when 

*  _  ze'-i) 


n  In  i 

\ 
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where  r  =  r(n)  and  s  =  s(n)  are  bounded  integer-valued  functions  of  n, 
max  |/(jc)  —  Tn(f\  x)\  ->  0      as      n  ~>  oo  . 

X 

I.  M.  Ganzburg  [1].  See  section  8.7.2. 

5.  Let 

,(„),,        1    ,t         („>  rcoswarccos*!2          („>  2&-1 

«    (*)  -  ^  U-*4  >[     71^00       J  »       **     =  COS  -2n~  "' 

If  /(AC)  is  continuous  on  [—  1,  1],  then  the  polynomials 

/*(n)  W  (0 


interpolating  it  at  the  points  x^   (k  =  1,  2,  ...,  //)  (P2/t-i(4n))  ^/C**0))  and  having 
a  zero  derivative  (Pii-iOt*  )  =  0),  possess  the  property 

max    |/(X)  —  P2n-i  (/;  *)l  ->  0      as      «  ->  oo  . 

—  Kx<l 

Feje>  [3].  See  V.  L.  Goncharov  [1],  I.  P.  Natanson  [2].  (The  condition  P'^-I  (x[n))  =  0 
(k  =  1,  2,  ...,  «)  can  be  weakened:  see  Fejer  [5],  I.  P.  Natanson  [2], 

6.  The  ratio  of  the  degree  of  the  polynomials  8.7(1)  to  the  number  of  points  at 

which  they  interpolate  the  function  f(x)  is  equal  to  --  >2  as  n  ->  oo  .  For  any 

A  >  1  it  is  possible  to  find  a  sequence  of  polynomials  Pm(x)  ==  Pm  (f\  x)  of  degree 
m  <  A/;,  which  interpolate  the  function  /(jc)  continuous  on  [—1,1]  at  the  //  points 

XK     =  cos  —  —  TT  and  possess  the  property 

2/2 

max    \f(x)-Pm(f;x)\->0      as      m-^oo. 


S.  N.  Bernstein  [12].  See  I.  P.  Natanson  [2]. 

7.  Whatever  the  matrix  of  numbers  AJt *  may  be,  the  inequality 

A  max  M  *  (x)  <  Ln  <  B  max  Mn  (x) 

x 

always  holds  between  the  Lebesgue  constants  8.1(4)  and  the  Lebesgue  functions  8.1(30), 
where  B  and  A  are  certain  positive  constants. 

See  4.9(3).  Marcinkiewicz  and  Zygmund  [1].  See  also  S.  M.  Lozinskii  [1]. 

8.  If  the  sequence  of  polynomials  8.1(8)  converges  uniformly  for  any  continuous 
f unction /(x)  of  period  2-n,  then  the  sequence  8.1(28)  possesses  the  same  property,  and 
conversely. 

S.  M.  Lozinskii  [1].  See  section  8.7.7. 

9.  If  for  every  n  and  for  k  =  0,  1 , ... ,  n-2  we  have  zJ2A£°  >  0  or  zJ2A[n)  <  0  and 
condition  8.1(21)  for  v  =  n,  condition  8.1(16),  condition  8.2(9)  and  the  condition 

are  satisfied  then  the  sequence  of  polynomials  8.1(8)  converges  uniformly  on  the  class 
of  all  continuous  functions  of  period  2n. 
Karamata  and  Tomid  [1]. 
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10.  Whatever  the  system  of  points  Xk  =  Xfcn)  (k  =  0,  1  ,...,«),  situated  on  [—  1  ,  1], 


the  inequality 


max      £  I  /*,„(*)!>  --  [i  +  o(l)]  In  n,  (3) 

-!<*<!    tt)  ^ 


always  holds,  as  w->oo  where  /*,„(*)  are  the  polynomials  4.1(2). 

S.  N.  Bernstein  [13].  In  this  connection  see  sections  4.1.2  and  4.12.10. 

11.  If  the  points  xk  =  x(kn)  (k  =  0,  1  ,  ...  ,  n;  x"  =  -1  ,  jcj0  =  1)  are  equally  spaced, 
then  for  arbitrarily  large  values  of  n 

max      £   \lk,n(x)\>  Can,  (4) 

—  K.x<l  fc  =  o 

where  C  and  a  are  positive  constants  and  a  >  1  . 

12.  Whatever  the  system  of  points  xk  =  x^  (k  =  0,  1  ,  ...  ,  2n)  situated  on  [0,2^], 

2n  2 

max  V  |tff»(jc)|  >  —[1  +  0(1)]  In/*  (5) 

*     *  =  o  * 

as  /z->oo,  where  /*,wOv)  are  the  polynomials  4.2(2). 

S.  N.  Bernstein  [13].  In  this  connection  see  sections  4.2.1  and  4.12.8. 

13.  If  the  function  A(//),  defined  on  the  segment  0<#<1,   is  decreasing  and 

convex,  then  for  A£n)  =  A  (0  <  k<n) 


where  Up(f;x;%)  are  the  trigonometric  polynomials  conjugate  to  8.1(8).  For  A(w) 
=  (1  -///(£>  0,  d>  0)  the  sequence  of  Lebcsgue  constants  Ln  (see  8.1(14))  is 
always  bounded. 

B.  Sz.  Nagy  [2].  For  the  case  P  =  1  see  also  Cramer  [1]. 

14.  The  sequence  of  algebraic  polynomials  Pn(x)  of  degree  n  which  interpolate 
the  function  |jc|  at  the  equidistant  points  x(kn  +l)  (k  =  0,  1,  ...,«;  4W+1>  =  -  1  ,  xi114"^  =  1) 
on  [—  1  ,  1]  ,  diverges  at  every  point  x  other  than  the  ends  or  middle  of  the  given  segment. 

S.  N.  Bernstein  [4].  See  I.  P.  Natanson  [2]. 

15.  There  exists  a  function  /(*),  continuous  on  [—1,1],  for  which  the  sequence 
of  algebraic  polynomials  Pn(x)  of  degree  <  n,  which  interpolate  it  at  the  Chebyshev 

points  JCfcl~l~l)  =  cos  —  —  —  TT  (k  =  0  ,  1  ,  .  .  .  ,  n)  ,  diverges  at  every  point  x  e  [  —  1  ,  1]. 


Marcinkiewicz  [1],  Griinwald  [1],  See  I.  P.  Natanson  [2]. 

16.  There  exists  a  continuous  function  f(x)  of  period  2rc  for  which  the  sequence 
of  trigonometric  polynomials  Tn(x)  of  order  <C  n,  which  interpolate  it  at  the  equidistant 

points  j4n)  =  -  —  ^7  (k  =  0,  1  ,  2,  ...,  2«),  diverges  at  any  point  x. 


17.  The  relation  8.2(56)  holds  in  all  cases  when  4"}  is  the  matrix  8.2(50),  where  the 
m  of  numbers  /£    is  co 
N.  A.  Pogodicheva  [1]. 


system  of  numbers  /£    is  convex  or  concave  and  an  =  O\  —  I. 


37* 
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18.  For  any  integer-valued  function  p  =  />(/i),  the  relation  8.2(56)  holds  between 
the  interpolation  functions  of  Lebesgue  Mn  (x)  which  correspond  to  the  matrix  of  num- 

bers Afcn)  =  cos;r-~-  (k  =  0,  1,  ...,  n)  and  the  Lebesgue  constants  £„. 


A.F.  Timan  [1]. 

19.  If  cr  >  1  and  0<  0  <  1  ,  then 


M 

cr     J 


e 


uniformly  with  respect  to  6. 
A.  F.  Timan  [4]. 

20.  In  order  that  for  all  continuous  functions  of  period  2?r  the  method  of  approxi- 
mation 8.1(8)  should  produce  an  approximation  which  satisfies  the  inequality 

max|/(x)-  U*(f\  x\  A)|  <  Be(f)E^(f)f  (8) 

X 

where  6(0  <  6  <  1)  is  a  given  number  and  Be(f)  is  a  constant  depending  only  on  /  and 
0,  it  is  necessary  that  condition  8.2(9)  should  be  satisfied  and  that  for  any  n  we  should 
have  Afcn)  =  1  when  0  <  k  <  [On]  .  In  the  case  when  the  system  of  numbers  $* 
(k  =  0,  1,  ...,  n+1;  $+1  =  0)  is  convex  (A*$*  <  0)  for  every  n,  these  two  conditions 
are  also  sufficient. 

21.  There  exists  a  constant  c0>  1  such  that  for  all  natural  numbers  n 

27T 

C  4 

sup  \/(f)cos«/df  =  —  c0,  (9) 

f    J  n 

J     o 

where  the  upper  bound  extends  to  all  continuous  functions  of  period  2?r   for  which 


A.  V.  Efimov  [2]. 

22.  Let  #A;n)  (k  =  0,  1,  ...  ,  n\  n  =  0,  1,  2,  ...)  be  a  given  system  of  points  on  [—  1  ,  1 
and  for  some  /?  (0  <  fl  <  1),  for  any  arbitrarily  small  e>  0, 

ITS      max      -j^-  £  (/     (x)\  <  c  ( 

^ 


Hm 


^  V  |/jt,MW|  >  cs(e)  >  0,  (H) 


where  4  „(*)  are  the  polynomials  4.1(2).  If  a  <  -5^—-  ,  then  there  exists  a  function 

p+2 

/(#)  continuous  on  [—  1,  1]  which  satisfies  the  Lipschitz  condition  co(f;  t)  ==  O(ta)  and 
is  such  that  the  sequence  of  algebraic  polynomials  Pn(x)  which  interpolate  it  at  the  points 
Xfcn)  is  not  bounded.  If  a>  p,  then  for  any  function  f(x)  which  satisfies  the  Lipschitz 

condition  co(/;  t)  =  O(fa)  on  [—1,  1],  the  sequence  of  interpolation  polynomials  Pn(x) 

/> 

converges  uniformly.  If  a>     .  .  .   ,  then  there  exists  a  system  of  points  for  which 

p-f2 

conditions  8.7(10)  and  8.7(11)  are  simultaneously  satisfied  and  is  such  that  on  the  class 
of  all  functions  /(*)  possessing  the  property  co(J;  t)  =  O(/a),  the  corresponding  sequence 
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of  interpolation  polynomials  Pn(x)  converges  uniformly.  If  a  <  |5,  then  there  exists  a  sys- 
tem of  points  which  satisfies  conditions  8.7(10),  8.7(11),  and  the  function /(*)  for  which 
co(/;  t)  =  0(fa)  is  such  that  the  sequence  of  polynomials  Pn(x)  which  interpolate  f(x) 
at  these  points  is  not  bounded. 

P.  Erdos  and  P.  Turan  [1]. 

23.  If  f(x)  is  a  function  bounded  on  (—00,00),  then  for  a  >  1  and  0  <  6  <  1 


sup 


—  0)  (* — 0  — cos  a(x — /) 


d/ 


(12) 

uniformly  with  respect  to  0  and  o. 

See  sections  4.12.11  and  8.7.19.  See  also  N.I.  Akhiezer  and  B.  M.  Levitan  [1]. 

oo 

24.  If    J   |/(r)|  df  <  oo,  then  for  a  >  1  and  0  <  6  <  1 


25.  If  H(a)M  is  the  class  of  all  functions  /(*)  defined  on  (-00,  oo)  and  satisfying 
the  condition  l/Oc^-/^!  <  M  |*i— *a|a,  then  for  any  a  (0  <  a  <  1)  and  as  cr~>  oo 


cos  cr(l  —  0)  (x — t)  — 


— —  Q| 


0 

uniformly  with  respect  to  all  0  (0  <  0  <  1). 

A.  F.  Timan  [12].  See  theorem  8.4.4. 

26.  If  f(xi  ,  .  .  .  ,  xw)  is  a  function  which  is  continuous  and  of  period 
the  variables,  then  for  0  <  pv  <  nv 


in  each  of 


lvr  =  l,...,m; 


-y   I, 


where  C  is  an  absolute  constant. 

M.  F.  Timan  [4].  A  similar  relation  holds  between  the  total  and  partial  best  approxi- 
mations in  the  metric  L  if 

27T  27T 

J  ... 
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and  also  in  the  case  of  best  approximations  of  functions,  bounded  or  integrable  on  the 
whole  space,  by  arbitrary  integral  functions  of  exponential  type. 

27.  Let  4n)  =  1  —  ( — T|   (0  <  k  <  »)•  If  the  number  r>  0  is  even  and  r  </>, 
\n-\-\  ' 

then  the  relation 

sup     max  |/(*)-  Un(f\  x;  X)\  =  O(~T)  (15) 

fiwPu    -  '  "  ' 

holds  for  the  polynomials  8.1(8),  and  in  the  case  when  r  <p— 1 

sup      max  l/W-l/.V;  x;  A)|  =  O f-4w(-i-)l  •  (16) 


The  relation  8.7(15)  remains  valid  also  for  odd  values  of  r  provided  that  r  <  p  —  1 .  For 
odd  r  =  /?, 


sup     max  |/(*)-  *7,(/;  x;  A)|  =  O--  (17) 


when  w->oo.  In  the  case  when  r  is  odd  and  r</>, 

sup     max \f(x)  —  Un  (/;  x\  A)|  =  Ol-^rl,  (18) 


and  for  r  <^  p — 1 


A.  Zygmund  [3].  The  estimates  8.7(15),  8.7(17)  and  8.7(18)  (correspondingly  8.7(16) 
and  8.7(19)  for  co(t)  =*  Af/a(0  <  a  <  1),  follow  from  theorem  8.5.4  (correspondingly 
8.5.6). 

28.  If  4"}  -  1  --  ~  »  then  for  0  <  a  <  1 
/j-f-1 


)  2A/r(a)          a?r         /  1  \ 

)M;  ^;  A)  =  —  —  ^Vsin~  +  o  —  , 
7r(l-a)Ai  2          \/i  / 


(20) 
and  for  a  —  1 

£n(H&M\  x;  A)  -  —  ~  +  O  (~) .  (21) 

7T           «  \  /I  / 

Also 

£n(W™HMM;  x\  A)  -  O  (~\  (22) 


S.  M.   Nikol'skii  [2].  In  the  estimate  8.7(22)  it  is  impossible  to  replace  the  order 
O  by  o  (see  section  8.3.1). 

29.  If  f(x)  is  a  periodic  function  of  period  2n  and  cofc(/;  0  <  /,  then 

JL]  -/|jc  +  ^-)  +  O  (1)  ,  (23) 

where  <T*(/;  A:;  jc)are  the  polynomials  8.4(4). 
A.  V.  Efimov  [3]. 
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30.  If  an(f\  k\  x)  are  the  algebraic  polynomials  8.2(30),  and  H(c^M  is  the  class  of 
all  functions /(jc)  which  satisfy  the  Lipschitz  condition  co(/;  0  <  Mra  on  [— 1,  11,  then 
for  Q<a<l 

sup     \f(x)-an(f\n\  x)\ 

2MT(a) 


fl       x  a 
7c(l—  a)« 

uniformly  with  respect  to  xe  [  —  1,  1],  where 


-*  )  2  sin  --  -f  o 


if    0<tt<, 

(25) 


if      a>!. 
«    /  2 

A.  F.  Timan  [6,  10]. 
31.  At  every  point  xe  [  — 1,  1] 

sup    \f(x) — #„(/;  n ;  x)\  =  M  ]/l  -x2  /?2«-2  W  f  ~^~  (TU — 2  arc  cos  x)       (26) 
for  //  —  1,2,...  where 

RZn~z(x)  =  — -<  2  T"0  ~  cos2A:  arccosjc)  + 

U=i 


sin  /*  arc  cos  A:  x  .  _^. 

—  r=== —  cos  C/i  —  1 )  arc  cos  x  > .         (27) 


x  \ . 


In  particular,  at  the  ends  of  the  segment 


M 
sup    |/(±l)-*«(/;ii;±l)  =  — ,  (28) 


and  at  its  centre 

2  "; 


.r      . 

if  n  is  even, 


sup     |/(0)-^(/;W;0)|=  (29 


I?  r«-i  i  i  /    nk+1      1  1 
A    E   ±TLL-  +  1        if  «  is  odd. 
^lA          *  "J 


A.  F.  Timan  [6,  10]. 

32.  If  the  function /(AT),  defined  on  [0,  1],  is  continuous,  and  Bn(x)  are  the  poly- 
nomials 1.1(3),  then 

max  \f(x)-Bn(x)\  =  ofco (/; -~r)l .  (30) 

0^x<l  L      \       V«   /J 

Popoviciu  [1].  The  theorem  that  the  left-hand  side  of  8.7(30)  tends  to  zero  as  n  ->  oo 
is  due  to  S.  N.  Bernstein  [2]. 
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33.  If  the  f  unction  /(jc),  bounded  on  [0,1],  has  a  finite  second  derivative  at  the 
point  x,  then  as  «->oo 


l.). 

n  j 


(3D 


E.  V.  Voronovskaya  [1], 

34.  The  polynomials  1.1(3)  possess  the  property  that  when  f(x)  has  a  continuous 
derivative  of  the  k-th  order  (k  >  0)  on  [0,1],  then     max  |  /(*V)  -  B{^  (x)\  ->  0   as 

0<x<l 

/i->oo. 

I.  N.  Khlodovskii  [1].  (See  V.  L.  Goncharov  [1].) 

35.  If  f(x)  is  an  integral  function,  then  the  sequence  of  polynomials  Bn(x)  con- 
verges to  it  at  any  point  x  on  (—00,00). 

L.  V.  Kantorovich  [2]. 

36.  If  Tn(f;x)  is  the  sequence  of  trigonometric  polynomials  8.7.1(/3),  then  for 
any  continuous  function  f(x)  of  period  2n 


o[«(/S-Hl. 

L  \  v "  n 


max  |/(*)  -  Tn(f;  x)\  =  O   a>  /;  -=     .  (32) 


I.  P.  Natanson  [1], 

37.  If  the  periodic  function  f(x)  of  period  2-rc  has  a  finite  second  derivative  at  the 
point  x,  then  its  deviations  from  the  polynomials  8.7.1(£)  as  n~>  oo  are  given  by  the 
equation 


Tn(f;  x)  -/(*)  =         -  +  o     r  I  .  (33) 


I.  P.  Natanson  [1]. 
38.  If 


_  («  =  0,1,2,...), 

then  there  exist  analytic  functions  f(x)  for  which  the  rapidity  of  convergence  of  the 
approximation  processes  8.1(8),  8.1(10),  8.1(26)  and  8.1(27)  as  «->oo  is  not  higher 

than  — 2  . 

See  P.  P.  Korovkin  [1,2].  In  the  algebraic  case  consider  the  functions  1,  x  and  x*. 

B  a  (n)         I    k    \ 

39.  If  A(w)  =  (i-ir)  (/?>  0,  <5>  0)  and  *?'  =  A (— ~r-   ,  then 


~  )         when  y  =  min  (fi ,  d)  >  a, 

when  y  =  a,  (34) 

when  y  <  a. 


B.  Sz.  Nagy  [2].  For  the  case  £  =  1,  d  >  a,  and  also  0  =  2,  6  >  a  see  M.  Yakob  [1]. 
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40.  For  periodic  functions  the  trigonometric  polynomials  8.7.1(/?)  possess  certain 
properties  similar  to  the  properties  of  the  polynomials  1.1(3)  in  the  non-periodic  case. 
In  particular,  if  the  periodic  function  f(x)  of  period  2ru  has  a  continuous  derivative  of 
the  k-th  order  (k  >  0),  then  max  (f(k\x)-T(nk\f;  x)\  ->  0  as  «->  oo. 

X 

See  section  8.7.34.  I.  P.  Natanson  [2]. 

41.  If  the  function  f(x,  y)  is  continuous  in  the  closed  region  G  belonging  to  the 
square  0  <  x,  y  <  1,  then  for  any  closed  region  D  G  G  the  polynomials 


—  I  x 


2.4...2I.      J 

x 


possess  the  property  that   max  \f(x,y)— Pn(f\  x,  y)\->  0  as  n-*oo.    If,    in    addition, 


f(x,  y)  has  in  G  a  continuous  partial  derivative 

dr+sf(x,y)     u 
— — _ — s —  ,  then    max 
dx  dy  „      - 


dxrdys 


dxrdys 

See  De  la  Vall6e  Poussin  [4]. 
42.  Let  k  =  2v+y  (v  -  0,  1 ,  2, ... ;  0  </  <  2V). 
The  system  of  Haar  functions 


-  0  as  n  ->  oo . 


if 


2;H-1 


(35) 


0  for  the  remaining  values  of  x 

is  orthonormal  on  [0,  1]  and  possesses  the  property  that  for  any  function/^)  continuous 
on  [0,  11  the  Fourier  series 

00  1 

L< 

k=l 


converges  uniformly  to  f(x),  and  if  co(/;  /)  =  O(ra)  (0  <  a  <  1)  then 


max 

0<x<l 


(36) 


Haar  [1].  See  S.  Kaczmarz  and  H.  Steinhaus  [1]. 

43.  If  V  is  the  class  of  all  functions  f(x)  which  have  bounded  variation  V(f)  on 
[0,  1],  then  for  any   system  of  functions   <pk(x)  (k  =  1,  2,...)  orthonormal  on  [0,  1] 

1  n  JL 

inf 


sup 


"k      0 


(37) 


where  B  is  an  absolute  constant. 
Rudin  [1]. 
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44.  If  the  periodic  function  f(x)  of  period  2rc  has  a  derivative /(r)  (jc)  of  order  r 
of  bounded  variation  with  jumps  ait  a2,  a3, ...,  then  as  /i->  oo 

2*  JL  oo  *_ 

(38) 


0  "       v  =  l  *+\ 

where  1  <  q  <  oo,  S*(/;  x)  is  the  partial  sum  of  order  n  of  the  Fourier  series  of  the 
function  /(*),  and  Cftq  is  a  constant  depending  only  on  r  and  q. 

S.  M.  NikoFskii  [12].  To  obtain  this  result  it  is  convenient  to  use  the  formula 

f    „/      1  V  cos[(/i+l)x+a]-fcos(/*;t+a) 

v  \  *    In  - 


*=»+!  0 

for  which  see  also  A.  N.  Tveritin  [1]. 


SOME  RESULTS   FROM  THE  THEORY 

OF  FUNCTIONS 
AND  FUNCTIONAL  ANALYSIS 

9.1.  The  binomial  series 

The  series 


-  -  ... 

for  any  real  value  of  m  >  0  converges  uniformly  on  the  segment  —  1  <[  f  <  1   to  the 
function  (l+/)m.  (See  G.  M.  Fikhtengol'ts  [1],  v.  II.) 

9.2  Abel's  transformation 

The  identity 

"  v*  K)  -  C/m^v,,,  +  Un  vn  ,  (2) 


holds,  where  0  <  m  <  «,  £/*  =  WO+HI+  •••+#*(&>  0),  (7-x  =  0.  It  is  similar  to  the 
formula  for  integration  by  parts. 

9.3.  The  theorem  of  Descartes  on  the  positive  roots  of  the  equation 
with  real  coefficients 

C0  =  0  (3) 


The  number  of  positive  roots  of  the  equation  (3)  does  not  exceed  the  number  of  changes 
of  sign  in  the  sequence  of  its  coefficients  cn,  c/,+1,  ...,  c0.  (See  A.  G.  Kurosh  [1].) 

9.4.  The    Bolzano-  Weierstrass    principle    of    compactness 

Every  bounded  infinite  set  of  points  (on  a  straight  line  or  on  a  plane)  has  at  least  one 
limit  point,  i.e.  from  any  inifinite  sequence  of  points  of  such  a  set  it  is  possible  to  select 
a  convergent  subsequence.  (See  P.  S.  Aleksandrov  and  A.  N.  Kolmogorov  [1].) 

9.5.  The  diagonal  process  of  Cantor 

This  is  the  name  sometimes  given  to  the  following  process  of  selection  of  a  subse- 
quence from  a  given  sequence  A(aif  az,  o3,...).  In  accordance  with  some  previously 
specified  rule  we  select  from  A  the  part  A^(an^)f  and),  •••)•  Then  from  A^  we  select 

1  2 

the  part  ^(2)(«n(2)»  «n(a)»  «n(2),---X    from    A^    we   select    the    part   A^(an(3),  an<3), 

128  12 

a/i(a)  »•••)»    anc*  so    on.    Finally,    we   construct   the   sequence    (^n(i)»^n(2)>^n(3)»-")» 

3  123 

formed    from    the    elements    situated    on     the    diagonal    of    the    resulting    infinite 
table  {an(k)}. 

[587] 
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9.6.  Compact  sets  in  metric  spaces 

The  set  R  of  elements  x,  y,  z,  ...  of  an  arbitrary  nature  is  said  to  be  a  metric  space 
if  for  any  pair  x,  y  of  "points"  belonging  to  it  there  is  defined  a  non-negative  number 
Q(X,  y)*  called  the  distance  between  x  and  y  and  satisfying  the  following  conditions: 

(1)  Q(X,  y)  =  0  when  and  only  when  x  is  identical  with  y\ 

(2)  Q(x,y)  =  eO>,  *); 

(3)  for  any  three  points  x,  y  and  z  of  R  the  inequality  Q(X,  y)  <  Q(X,  Z)+Q(Z,  y) 
is  satisfied. 

A  metric  space  R  is  by  definition  complete,  if  any  infinite  sequence  {*„}  (n  =  1  , 
2,  ...),  for  which  $(xn,  xm)->  0  when  n  and  tn  simultaneously  tend  to  infinity,  converges 
to  some  point  xeR  i.e.  Q(xn,  *)-^0  when  /i-^oo. 

The  set  M  in  a  metric  space  R  is  said  to  be  compact**  if  from  any  infinite  sequence 
of  points  {*„}  (n  =  1,  2,...)  of  M  it  is  possible  to  select  a  subsequence  {xnk}  (k  =  1, 
2,  3,  ...)  which  converges  to  some  point  x  e  R.  The  set  M  c  R  is  said  to  be  closed  if 
it  contains  all  its  limit  points,  and  open  in  R  if  R—M  is  closed. 

The  set  Qs  is  said  to  be  an  e-net  for  M  if  for  any  x  e  M  there  exists  an  element 
whose  distance  from  x  is  not  greater  than  e. 


Hausdorff  's  theorem 

The  set  M  in  the  complete  metric  space  R  is  compact  when  and  only  when  for  any 
e>  0  there  exists  in  R  a  finite  e-net  for  R,  i.e.  an  e-net  consisting  of  a  finite  number  of 
elements. 

In  an  /z-dimensional  Euclidean  space  every  infinite  bounded  set  is  compact.  (See 
L.  A.  Lyusternik  and  V.  I.  Sobolev  [1].) 

9.7.  The  Borel-Lebesgue  lemma 

From  every  infinite  system  of  intervals  covering  a  given  finite  segment  [a,  b]  it  is 
possible  to  select  a  finite  subset  of  the  intervals  possessing  the  same  property.  (See  P.  S. 
Aleksandrov  and  A.  N.  Kolmogorov  [1].) 

9.8.  A  bicompact  topological  space 

By  a  topological  space  is  understood  a  set  R  of  elements  of  an  arbitrary  nature 
(called  its  points)  in  which  there  is  distinguished  a  certain  system  3ft  of  subsets,  called 
open,  possessing  the  following  properties: 

(1)  2ft  includes  the  empty  set  and  the  whole  of  the  set  R; 

(2)  The  sum  or  union  of  any  (finite  or  infinite)  number  and  the  intersection  of  any 
finite  number  of  sets  of  3ft  is  a  set  belonging  to  the  system  9ft. 

An  arbitrary  open  set,  which  is  in  the  system  3ft  and  contains  the  given  point  x  €  R 
serves,  by  definition,  as  a  neighbourhood  of  this  point. 

The  real  function  /(*),  defined  at  the  points  A:  of  a  topological  space  R,  is  continuous 
at  the  point  x0  if  for  any  e  >  0  it  is  possible  to  find  a  neighbourhood  of  the  point  *0 
such  that  |/(*)—  /(Jt0)|  <  e  provided  only  that  x  belongs  to  this  neighbourhood. 

The  topological  space  R  is  said  to  be  bicompact  if  from  every  infinite  system  of 
open  sets  covering  R  it  is  possible  to  select  a  finite  subsystem  possessing  the  same  prop- 
erty. 


**  It  should  be  noted  that  a  different  definition  of  compactness  of  a  set  in  a  metric 
space  is  given  by  some  writers.  (Translation  editor). 
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The  simplest  example  of  a  topological  space  is  given  by  any  metric  space.  A  metric 
space  is  bicompact  when  and  only  when  it  is  compact.  (See  P.  S.  Aleksandrov  and  A.  N. 
Kolmogorov  [1].) 

9.9.  A  theorem  on  the  continuation  of  continuous  functions  defined  on  closed  sets 

If  at  the  points  of  a  closed  set  Q  of  a  metric  space  R  there  is  defined  a  bounded  contin- 
uous function,  then  it  can  be  continued  in  a  continuous  manner  to  the  "whole  space  R  without 
increasing  the  upper  bound  of  the  modulus.  This  means  that  there  exists  a  function  F(JC), 
defined  on  the  whole  space  R,  which  is  continuous  at  every  point  Are  R,  is  identical 

with  f(x)  on  the  set  Q  and  is  such  that  sup  \F(x)\  =  sup  |/(je)|.   (See  P.  S.  Alek- 

xefl  xeQ 

sandrov  and  A.  N.  Kolmogorov  [1]. 

9.10.  Open  and  closed  sets  in  an  ^-dimensional  cuclidcan  space 

If  Q  is  a  closed  set  in  the  ^-dimensional  euclidean  space  Rn  of  points  *(fi, ...,  £„), 
then  its  complement,  that  is  Rn—Q>  which  is  an  open  set,  can  be  represented  as  the  sum 
of  an,  at  most,  denumerable  number  of  half-open  w-dimensional  parallelepipeds 
defined  by  ak  <  fk  <  bk  (k  =  1, ...,  n).  (See  V.  I.  Smirnov  [1],  Vol.  V.) 

9.11.  Functions  of  bounded  variation 

A  function  f(x)  defined  on  the  segment  [a,  b]  is  a  function  of  bounded  variation 

if  the  upper  bound 

it-i 

Vba(f)  =  sup    £  \f(xk+l)-f(xk)\,  (4) 

xJt  &=o 

for  all  possible  dissections  of  [a ,  b]  by  points  a  =  x0  <  x^  <  . . .  <  xn  —  b ,  is  finite. 
This  upper  bound  is  called  the  total  variation  of  f(x)  on  [a,  b].  Similarly  the  total 
variation  of  the  function  f(x),  defined  on  any  set  M  of  the  real  axis,  is  defined  as  the 
upper  bound  of  the  sum  9(4)  for  all  possible  systems  of  points  x0  <  xl  <...  <  xn, 
belonging  to  M. 

Any  function  of  finite  total  variation  is  the  difference  of  two  monotonically  increasing 
bounded  functions. 

Functions  of  bounded  variation  on  the  segment  [a,  b]  can  have  on  this  segment 
only  discontinuities  of  the  first  kind,  the  number  of  these  being  at  most  denumerable. 
At  almost  every  point  any  such  function  f(x)  has  a  finite  derivative  fl(x),  which  is  Le- 
besgue-integrable  on  the  given  segment.  (See  I.  P.  Natanson  [3].) 

9.12.  The  C-property  of  measurable  functions 

A  function  defined  on  a  measureable  set  E  of  points  x  of  an  ^-dimensional  euclidean 
space  is  said  to  be  measurable  if,  for  any  real  value  a,  the  set  of  all  x  of  E  where  f(x)  >  a 
is  measurable. 

A  theorem  of  N.  N.  Luzin 

If the  function  f(x)  is  measurable  on  the  set  E  of  finite  measure,  and  almost  everywhere 
on  E  assumes  finite  values,  then  for  any  e  >  0  it  is  possible  to  find  a  closed  set  F  c:  E, 
the  measure  of  which  differs  from  the  measure  of  the  set  E  by  less  than  e,  and  on  which 
f(x)  is  continuous. 

In  this  definition  of  a  measurable  function  the  measure  of  the  corresponding  sets 
can  be  understood  in  the  sense  of  Lebesgue  or  in  a  more  general  sense.  Thus,  for  example, 
in  the  one  dimensional  case,  when  the  sets  considered  are  located  on  the  real  axis,  we 
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may  specify  a  function  Q(X)  which  is  arbitrary,  bounded,  non-decreasing  and  continuous 
on  the  left  at  every  point,  and  define  the  generalised  length  of  every  half-open  interval 
[«,  b]  by  the  number  £(6-f-0)—  g(<3+0).  Then  we  may,  as  usual,  define  the  generalised 
measure  of  any  open  set  on  the  real  axis,  the  exterior  measure  of  sets,  and  the  class  of 
all  ^-measurable  sets  as  the  class  of  those  sets  which  it  is  possible  to  cover  by  open  sets, 
which  differ  from  them  on  a  set  of  arbitrarily  small  exterior  measure. 

The  case  Q(X)  =  x  corresponds  to  the  ordinary  Lebesgue  measure.  (See  V.  I.  Smirnov 
[1],  vol.  V.) 

9.13.  The  absolute  continuity  of  a  Lebesgue  integral 

If  the  function  f(x)  is  intcgrable  in  the  sense  of  Lebesgue  on  the  measurable  set  E, 
then  for  any  s  >  0  it  is  possible  to  find  a  d  >  0  such  that  for  every  set  M  c  E  of  measure 

<  d  we  have  (  \f(x)\dx  <  e.  This  property  of  Lebesgue  integrals  remains  valid  also 

j 

M 

for  Lebesgue-Stieltjes  integrals  jj  f(x)  dp  (x)  if  measurability  and  measure  are  understood 

£ 

in  the  generalised  sense.  Similarly  for  functions  of  many  variables.  (See  V.  I.  Smirnov 
[1],  Vol.  V.) 

9.14.  The  integral  representation  of  absolutely  continuous  functions 

The  function  F(JC)  is,  by  definition,  absolutely  continuous  if  for  any  e  >  0  it  is  possible 
to  find  a  <$>  0  such  that,  for  every  finite  system  of  disjoint  segments  [a*,  bk]  (k  —  \, 
2,...,  M)  of  total  length  less  than  S,  we  have 

M 

£  \F(bk)-F(ak)\  <  e. 
£—  j 

If  the  function  /(A:)  is  integrable  in  the  sense  of  Lebesgue  on  [a,  b],  then  the  function 

X 

F(x)  =  (  /(/)  d/  is  absolutely  continuous  and  for  almost  all  x  has  the  derivative  F'(x) 

=  /(*)." 

Conversely,  every  function  F(x)  absolutely  continuous  on  [a,  b]  is   represen  table 

X 

in  the  form  F(x)  —  jj/(f)df,  where  /(f)  is  Lebesgue-integrable  on  [a,  b].  In  this  case 


V*(F)  =  jj  l/(0|df.  (See  1.  P.  Natanson  [3].) 

a 

9.15.  Functions  satisfying  a  Lipschitz  condition  of  the  first  order 

If  the  function  F(x)9  absolutely  continuous  on  [a,  b],  has  almost  everywhere  a  deriv- 
ative F'(x)  for  which  \F'(x)\  <  K,  then  it  satisfies  the  condition 

\F(xl)~F(x2)\<K\xl-x,\,  (5) 

where  xt  and  #2  are  any  two  points  of  the  segment  [a,b].  Conversely,  if  the  function 
F(x)  satisfies  the  condition  9(5),  then  the  derivative  F'(x)  exists  almost  everywhere, 
and  possesses  the  property  \F'(x)\  <  K.  (See  I.  P.  Natanson  [3].) 

9.16.  Weierstrass's  function 

This  is  the  name  given  to  the  sum  of  the  series 

oo 

/(*)=  S  akcosbk*>  (6) 
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where  0  <  a  <  1.  The  function  /(*)  is  continuous   and  in  the  case  when  b  =  —  ,   as 
was  shown  by  Hardy  [2],  is  not  differentiate  anywhere.  In  this  case  co2(/;  /)  ~  0(0, 

and  co(/;0>  C(f)|lnf|,  where  C  is  some  positive  constant.   If  b>  1  and  —  ,-  ,  - 

\r\b 

=  a  <  1,  then  co(/;  t)  =  O(t*).    (See  A.  Zygmund  [1],   and  also  N.I.  Akhiezer  [3], 
where  the  case  in  which  b  =  4m  +1  is  studied  in  detail  m  being  a  natural  number).  The 

oo 

sum  of  the  series  X!  aksinbkx  possesses  similar  properties. 
fc=i 

9.17.  Fatou's  lemma.  Passage  to  the  limit  under  the  Lebesgue  integral  sign 

If  the  sequence  of  functions  fn(x)  (n  =  1,  2,...),  measurable  on  the  set  Et  converges 
to  a  function  f(x)  almost  everywhere  on  this  set,  then 


<  lim_  j  !/„(*)!  dx. 

«—  >oo  Jg 

In  particular,  if  J  |/i(*)|  dx  <^  A  <  oo,  then  the  limit  function  f(x)  is  Lebesgue- 

£ 

integrable  on  E  and  hence  J  |/(*)|d;c  <  /4.   In   the  case  when  \fn(x)\  <  ^>W  (n  —  1, 

E 

2,    ...),    where    the    function    <^(,x)    is     Lebesgue-integrable    on     £",     the    equality 
lim     (fn(x)dx=  (f(x)dx  is  satisfied.  (See  I.  P.  Natanson  [3].) 

n—  »oo  £  £ 

9.18.  Fubini's  theorem  on  the  multiple  Lebesgue  integral 

If  the  function  f(xlf....  xm),  measurable  in  the  m-dimensional  parallelepiped 
Gm(ak  <,Xk  f^bh\k  =  !,...,/«),  is  Lebesgue-integrable  in  Gm,  then  for  all  AV+I,..., 
xm(ak  <  ATfc  <^;  k  =  r+1,-..,  m),  with  the  exception  perhaps  of  a  set  of  measure 
zero  in  the  (m—  r)-dimensional  space  of  these  variables,  /is  integrable  in  the  parallelepiped 
Gr  (ait  ^  Xk  ^  bk\  k  —  1,  ...,  r).  Also 

bm     *i 

---   /fe,...,  ^m)  d^...  d^fw  =    ••.f(xl,...,xm)dxl...  dxm,  (7) 


where  the  repeated  integral  on  the  right-hand  side  is  independent  of  the  order  of  integra- 
tion. In  the  case  when  the  function  /fe,...,  xm)  is  non-negative  everywhere  on  Gw,  it  is 
sufficient  for  its  integrability  on  Gm  for  the  repeated  integral  on  the  right-hand  side  to 
be  finite. 

9.19.  Holder's  inequality 

The  inequality 

f  lakW<(f  l**lpp(f>*l«p,  (8) 

k-L  *  =  1  fc-1 

where  p  >  1  and  q  =  —  —  I  —  -f  —  =  11,  holds  for  any  two  sequences  of  numbers 
P—I  \P       3         I 
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A  similar  inequality  holds  for  Lebesgue  integrals.  If  the  functions  /(*)  and  <t>(x)  are 
measurable  on  the  set  E,  then 

_L  _L 

\\f(x)<t>(x)\4x<(\\f(x)\pdx)p(\  |*(*)|*  d*)«.  (9) 

E  E  E 

(See  I.  P.  Natanson  [3].) 

9.20.  Minkowski's  inequality 

For  any  two  sequences  of  numbers  {#&},  {bk}  (k  =*  1 ,  2, ...)  the  following  inequality 
is  satisfied  for  q>  1: 

(2  \ak+bk\^  <  (  2  1*1^+  (  2  IW'p".  (10) 

*=1  A=l  *-l 

If  each  of  the  two  terms  on  the  right-hand  side  of  9(10)  is  finite  and  1  <  q  <  oo,  then 
this  inequality  can  become  an  equality  only  in  the  case  when  bk  =  A#  fc  (A  >  0)  for  all 
values  of  k. 

A  similar  inequality  holds  for  Lebesgue  integrals.  For  any  two  functions  f(x)  and 
<t>(x),  measurable  on  the  set  E, 

JL  l  ± 

($!/<*)  + *(*)!*  d*)«  <(J|/(jc)|«djc)«"  +  (J|*(jc)|€djc)«,  (11) 

£  E  E 

where  q  >  1.  A  similar  inequality  holds  for  Lebesgue-Stieltjes  integrals  and  for  multiple 
Lebesgue  integrals. 

If  each  of  the  two  terms  on  the  right-hand  side  of  9(11)  is  finite,  mes  E>  0  and 
1  <  q  <  oo,  then  this  inequality  can  become  an  equality  only  in  the  case  when  <t>(x) 
=  A/(x)  (A  >  0)  almost  everywhere.  (See  I.  P.  Natanson  [3],  V.  I.  Smirnov  [1],  vol.  V.) 

9.21.  The  generalised  inequality  of  Minkowski 

If  the  function  /(#,  y)  is  measurable  on  the  rectangle  a<^x  <  6,  c  <^y  <^d  and 

d    b  JL 

for  some  q  >  1  we  have  J  { J  |/(x,  y)\q  d*} q  dy  <  oo,  then 

c    a 

{  J  |  \f(x,  y)  Ay  1  dx }'«  <  J  {  J  |/(*,  y)|«  d*  }V  d>-.  (12) 

a     c  c     a 

A  similar  inequality  holds  for  functions  of  a  greater  number  of  variables,  if  the  integrals 
along  the  segments  [a,  b]  and  [c,  (/]  are  replaced  by  the  corresponding  multiple  integrals. 

Jensen's  inequality 

If  F(0  is  integrable  on  [a,  b],  p(t)  >  0, 

6  fe  b 

$/>(Od/=  1,  ?>  1,      then       { J  |/WIXOd/}«  <  j  l^lVOd/. 

a  a  a 

(See  Hardy,  Littlewood  and  P61ya  [1].) 

9.22.  A  linear  normed  space 

The  set  F  of  elements  x,  yt  z, ...  is  called  a  linear  normed  space,  if 
(a)  In  F  the  operation  of  the  addition  of  elements  is  defined,  which  puts  into  corre- 
spondence with  every  two  elements  x,  y  e  F  their  sum  x+y,  which  is  an  element  of  F; 
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(b)  In  F  the  operation  of  multiplication  by  a  number  is  defined,  which  establishes 
a  correspondence  between  each  x  e  F  and  arbitrary  number  A,  and  the  product  AJC,  which 
is  an  element  of  F; 

(c)  The  given  two  operations  satisfy  the  following  requirements:  (1)  x+y  =  y+x; 

(2)  (x+y)+z  =  x+(y+z);  (3)  from  the  equality  x+y  =  x+z  it  follows  that  y  =  z; 
(4)  (A+//)x  =  te+vx;  (5)  A(x+y)  =  A*-f  Aj;  (6)  Afcwr)  =  (A/i)x;  (7)  1  •  x  =  x; 

(d)  A  correspondence  is  established  between  every  element  x  e  F  and  a  certain 
non-negative  number  \\x\\,  called  its  norm  and  satisfying  the  following  requirements: 
(1)  ||  x\\  =  0  when  and  only  when  x  —  0,   where  0  is  the  null  element  of  the  space, 
i.e.  the  element  possessing  the  property  that  z+  6  =  z  for  all  z  €  F\  (2)  ||  Ax  ||  =  |  A  |  ||  x  ||  ; 

(3)  II*+?||<||*||+||:HI. 

The  system  of  elements  xl9  ...,  xn  of  the  linear  normed  space  Fis  said  to  be  linearly 

n 

independent  if  from  the  inequality  ]£]  fak  —  0  it  follows  that  A*  =  0  for  all  k  =  I  , 


2,...,  n. 

The  space  F  is  said  to  be  «-dimensiona1,  if  there  exist  in  it  n  linearly  independent 
elements  and  no  system  of  n  +  1  elements  possesses  the  property  of  linear  independence. 

The  part  of  a  linear  normed  space  F  which  contains  together  with  any  two  elements 
x  and  y  their  sum  x+y  and  the  element  Ax,  where  A  is  an  arbitrary  number,  is  said  to 
be  a  linear  subspace  of  this  space.  Classical  examples  of  linear  normed  spaces  are: 

n 

1.  The  n-dimensional  space  /^  of  the  vectors  *(£19  ...  ,  £,,),  where  \\x\\  =  (  £  \h\*Y  • 

*=i 

2.  The  space  C  of  all  the  functions  x  =  x(t)  continuous  on  the  finite  segment  [a,  b] 
with  the  ordinary  operations  of  addition  of  functions  and  multiplication  of  a  function 
by  a  number,  where  ||jc||  =   max  \x(t)\  . 


3.  The  space  Lq  (q  >  1)  of  all  functions  x  =  x(t),  measurable  on  a  given  set  E 
(of  positive  measure),  for  which  J  |jc(0!^d/  <  oo**,  with  the  ordinary  operations  of 

E 

addition  of  functions  and  multiplication  of  a  function  by  a  number  (subject  to  the  con- 
dition that  two  functions  x(t)  and  y(t)  which  assume  identical  values  almost  everywhere 

JL 

are  regarded  as  identical),  where  \\x\\  --=-  (jj  x(t)\gdt}q  . 

E 

For  q  =  2  this  space  is  called  the  Hilbert  functional  space. 

In  the  general  case  a  Hilbert  space  is  defined  as  a  linear  normed  space  in  which, 
for  any  two  elements  x  and  y,  there  is  defined  an  operation  of  scalar  multiplication  which 
establishes  a  correspondence  between  a  pair  of  elements  and  some  complex  number 
(jc,  y)  and  satisfies  the  conditions:  (jc,  x)  =  ||*||2,  (y,  x)  =  (x,  y),  (A^+Az^,  y) 
=  Ai(xi9y)+Aa(x99  y).  Let  us  note  that  here  the  inequality  |(jc,  y)\  <  j/(xf  x)(y,  y) 
is  always  satisfied. 


**  It  follows  from  the  inequality  9  (9)  that,  when  the  measure  of  the  set  E  is  finite, 
any  such  function  is  Lebesgue-integrable  on  E.  Let  us  note  also  that  every  such  function 
*(0,  if  we  put  *(0  =*  0,  when  te  Et  possesses  the  property  of  integral  continuity,  that 

oo 

is,        \x(t+h)-x(t)\qdt-+Q  as  /i->0. 
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4.  The  space  M  of  all  functions  x  =  x(t)  measurable  on  the  set  E  (of  positive 

measure),  for  which  vrai  sup  \x(t)\  <  oo  (vrai  sup  \x(t)\    is   the  essential    upper    bound 

re£  teE 

of  \x(t)\  on  E,  i.e.  the  lower  bound  of  all  numbers  C  for  which  \x(t)\  >  C  on  a  set  of 

measure  zero),  with  the  usual  operations  of  addition  of  functions  and  multiplication  of 
a  function  by  a  number  (with  the  proviso  that  two  functions  x(t)  and  y(t)  which 
assume  identical  values  almost  everywhere  are  identical),  where  \\x\\  —  vrai  sup  \x(t)\ . 

tGE 

A  linear  normed  space  Fis  said  to  be  strictly  normed,  if  the  equality  ||jc-|-.y||  =  ||*|  |  -\-  \\y\\ 
is  possible  only  when  y  =  kx  (A  >  0) . 

The  simplest  example  of  a  strictly  normed  space  is  the  euclidean  space  /*    . 

If  1  <  q  <  oo ,  then  the  space  Lq  is  strictly  normed  (see  section  9.20).  The  spaces 
C,  L!  and  M  are  not  strictly  normed. 

The  linear  normed  space  F  is  said  to  be  complete  (a  Banach  space)  if  any  infinite 
sequence  of  elements  {xn}  (n  —  1,2, ...)  for  which  HA-,,- -xm\\  ->•  0  as  n  and  m  increase 
without  limit  converges  to  an  element  x  6  F  that  is,  ||jfn--jf||  ->•  0  when  «->  oo. 

The  spaces  l[    ,   C,  Z^  and  M  are  complete. 

Any  linear  normed  space  can  be  regarded  as  a  metric  space,  where  Q(X,  y)  =  \\x  -  v|| 
(See  L.  A.  Lyusternik  and  V.  I.  Sobolev  [1].) 

9.23.  Convergent  sequences  of  functions  in  the  space  Lq 

If  the  sequence  of  functions  xn(t)  e  Lq  (n  =  1,2,...)  converges  in  the  sense  of  the 

metric  of  the  space  Lq  to  the  function  *(/),  i.e.  ( !j  |*ii(/)— *(/)|*d/)9->  0  when  //-^  oo, 

E 
then  corresponding  to  this  sequence  there  exists  a  subsequence  {xnk(t)}(k  —  1,2,...) 

converging  to  x(t)  for  almost  all  values  of  t  e  E.  A  similar  theorem  holds  for  functions 
of  many  variables.  (See  I.  P.  Natanson  [3].) 

9.24.  Linear  operators  and  linear  functional 

If  F  and  G  are  two  linear  normed  spaces  and  in  virtue  of  some  law  each  clement 
XE  F  is  put  into  correspondence  with  an  element  ve  (7,  it  is  said  that  the  operator, 
y  =  U(x)  operates  on  F,  transforming  F  into  G. 

In  the  case,  when  the  operator  U(x)  is  additive,  i.e.  U(xi~\-x2)  =  U(x^ -f-  U(x2) 
for  any  pair  Xi,x2  of  F,  and  continuous,  i.e.  U(xn)->  U(x)  as  xn-+  x,  it  is  said  to  be 
linear.  An  additive  operator  is  linear  when  and  only  when  it  is  bounded,  i.e.  for  all  x  e  F 

\\u(x)\\<c  \\x\\,  (13) 

where  C  is  a  positive  constant  independent  of*.  The  least  possible  value  of  the  constant  C 
in  the  inequality  9(13),  said  to  be  the  norm  of  the  operator  U,  is  identical  with  the  upper 

bound    \\U\\  =    sup    \\V(x)\\. 

llxiKi 
The  linear  operator  U(x)  is  said  to  be  finite-dimensional  if  it  transforms  the  space 

F  into  a  finite-dimensional  space   G. 

A  linear  operator  U(x)  which  transforms  F  into  the  real  axis,  where  the  norm  of 
a  number  is  equal  to  its  absolute  value,  is  called  a  linear  functional. 
The  Hahn-Banach  theorem 

If  a  linear  functional  &>(x)  is  defined  on  the  linear  subspace  E  of  the  space  F,  then  it 
can  be  extended  to  the  whole  space  F  with  preservation  of  the  norm.  In  other  words,  there 
exists  a  linear  functional  &(x)  defined  on  the  whole  of  F,  which  assumes  at  the  points 
of  E  the  same  value  as  docs  <j>(x),  the  norm  of  0  on  the  whole  space  F  being  identical 
with  the  norm  of  <£  on  E. 
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9.25.  Linear  functionals  in  the  spaces  C  and  Lq 

In  the  space  C  of  functions  x  =  x(t)  continuous  on  the  finite  segment  [a,  b]  (see 
section  9.22),  every  linear  functional  has  the  form 


where  Q(t)  is  a  function  of  finite  total  variation  Vba  fe)  on  [a,  b]  (see  section  9.1.1).  Here 

||<P||=  sup     1*001  =  fJfe).  (15) 


In  the  space  Lq(\  <  q  <  co)  of  functions  x  =  x(t)  defined  on  [a,  b]  (see  section 
9.22),  every  linear  functional  <£(*)  is  of  the  form 


(16) 

a 
b  _!_ 

where  ( \y(t)\q~1dt  <  oo.  Here** 

a 

b  JL        /«         t          \ 

||*||  =  ((  \y(!)\pdt))p        1  +  1=1).  (17) 

U  /  \p        q          / 

In  the  space  LL  of  functions  x  =  x(t)  defined  on  [a,  6],  every  linear  functional  *(x) 
is  of  the  form 


(18) 

a 

where  vrai  sup  \y(t)\  <  °°-  Here 

||0||  =  vrai^up  |XOI-  O9) 

(See  L.A.  Lyusternik  and  V.  I.  Sobolev  [1].) 

9.26.  Sequences  of  linear  operators  on  Banach  spaces 
Banach's  theorem 

If  the  sequence  of  linear  operators  Un(x)  (n  =  1,2,...),  which  transforms  the  complete 
linear  normed  space  F  into  the  linear  normed  space  G,  possesses  the  property  that  lim 

n— »oo 

ll^nOOH  <  °°  for  any  x  6  F,  then  the  sequence  of  norms  of  these  operators  is  bounded. 
The  sequence  of  linear  functionals  *„(*)  (n  =  1,  2, ...),   defined  in  the  space  F, 
is  said  to  be  weakly  convergent  if  for  any  x  G  F  the  sequence  of  numbers  &n(x)  con- 
verges. 


**  The  case  when  q  =  2  is  contained  in  the  following  theorem.  In  any  complete 
Hilbert  space  H  every  linear  functional  <&(x)  is  of  the  form  0(x)  =  (x,  y),  where  y  £  H. 
Here  ||0||  -  \\y\\. 
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The  sequence  of  linear  functional  <£„  (*),  defined  in  the  Banach  space  Ft  converges 
weakly  when  and  only  when  the  sequence  of  norms  \\&n\\  is  bounded  and  the  sequence 
of  values  of  <Pn(x)  converges  for  all  x  of  some  set  everywhere  dense  in  F.  (See  L.  A. 
Lyusternik  and  V.  I.  Sobolev  [1].) 

9.27.  The  integration  and  differentiation  of  Fourier  series 

If  f(x)  is  a  periodic  function  of  period  2nt  integrable  in  the  sense  of  Lebesgue  on 
[0,  2  TU],  and 

00 


-—+         (akcoskx+bks'mkx)  (20) 

2         = 


is  its  Fourier  series,  i.e. 

2TT 


~  \  /(/)cos*+d/       (k  -  0,  1  ,  2,  ...), 


27T 

bk  =  —  jj  /(/)sinA:/d/          (k  =  1 ,  2, ...), 


then  |fljfe|4-|^*|->0  as  &->oo  (the  Riemann-Lebesgue  theorem)  and  the  series 

v-i   aksinkx—  bkcoskx 

2^  —       __ 
fc-i  K 

converges  uniformly.  Moreover,  for  all  x 

=  f  -^-+^*+  f 


o  *-i  *-i 

If  the  f  unction  /(x)  is  absolutely  continuous,  then  the  Fourier  series  of  its  derivative 
/'(*)  is  identical  with  the  series  obtained  by  term-by-term  differentiation  of  the  series 
9(20).  (See  A.  Zygmund  [1].) 

9.28.  The  convergence  of  Fourier  series 
The  Jordan  and  Dini-Lipschitz  tests 

If  the  periodic  function  f(x)  of  periodic  is  continuous  and  of  finite  total  variation  on 
[0,  2jc]  or  satisfies  the  Dini-Lipschitz  condition  (*)(f;t)  In  t  ->  0  as  t->  0,  then  its  Fourier 
series  converges  uniformly. 

A  theorem  of  M.  Riesz 

If  the  periodic  function  f(x)  of  period  2rc  is  integrable  on  [0,2rc]  and  for  some  finite 


0 

then  the  partial  sums  of  its  Fourier  series  satisfy  the  relation 


im   \   f(x)-{^-+  JT  (avcosvx+bvsinvx)\\q 
-*°°  l          v=i  '' 
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Hence  in  virtue  of  section  9.23  it  follows  that  for  any  given  function  it  is  possible  to 
choose  a  subsequence  {«*}  (&  =  1,2,  ...)  such  that  as  «*->oo 

«fc 
•^T-t-  Z  (<*vcosvx+bvsmvx)-*f(x) 

Z        v-l 
almost  everywhere. 

The  last  assertion  remains  valid  for  any  function  integrable  on   [0,27i]. 

9.29.  The  arithmetic  mean  of  the  partial  sums  of  a  Fourier  series 

If  f(x)  is  a  periodic  function  of  period  27T,  integrable  in  the  sense  of  Lebesgue  on 
[0,  2jc],  and 

m 

Sn(f;  *)  =  —•+£]  (akco$kx+bksmkx) 

L      k=i 
is  the  partial  sum  of  order  n  of  its  Fourier  series,  then  the  sequence  of  means 

*•(/;  *)  =  "ir  Z  *(/;  *)  (24) 

w"t"1  *=*o 
converges  to  /(A:)  almost  everywhere  as  «~>oo.  (See  A.  Zygmund  [1].) 

9.30.  Parseval's  equality 

If  the  periodic  function  f(x)  of  period  2ru  is  integrable  on  [0,  2n]  in  the  sense  of 
Lebesgue  and  belongs  to  the  space  L2,  i.e. 

J  |/(*)|2d:c<oo,  (25) 

o 
then  the  coefficients  of  its  Fourier  series  satisfy  the  equality 

00  27t 

^X-f  S  (A+bb  =  ~  S  |/W|2d^  (26) 

fc^1!  Q 

A  similar  equality  holds  for  periodic  functions  of  many  variables.  (See  A.  Zygmund 
[1].) 

9.31.  The  Fischer-Riesz  theorem 

For  any  two  sequences  of  real  numbers  (ak}(k  ~  0.  1,2,...)  and  (bk)  (k  =  1,2,...) 
satisfying  the  condition 

00 

(27) 


there  always  exists  a  measurable  function  f(x)  of  period  2n  belonging  to  the  space  Za  on 
[0,  27r]  for  which  these  numbers  are  the  corresponding  coefficients  of  the  Fourier  series 
(See  A.  Zygmund  [1].) 

9.32.  The  uniqueness  theorem  in  the  theory  of  trigonometrical  series 

If  the  trigonometric  series 

00 

- 
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converges  everywhere  with  the  exception,  possibly,  of  an  enumerable  set  of  points,  to  a 
function  f(x)  Lebesgue-integrable  on  [0,  2:r]  then  it  is  the  Fourier  series  of  this  function. 
(See  A.  Zygmund  [1].) 

9.33.  The  Taylor  series 

00 

If  2  ck(z~a)k   is  the  Taylor  series  of  the  function  /(z),  analytic  in  the  neighbour- 

fc=0 

hood  of  the  point  a,  then  the  radius  of  convergence  of  this  series  is  identical  with  the 
distance  from  the  point  a  of  the  nearest  singularity  of  f(z). 

If  everywhere  in  the  circle  \z—  a\  <  R  the  inequality  \f(z)\  <  M  is  satisfied,  then 

M 
W<-~r         («  =  0,1,2,...).  (28) 


If  the  Taylor  series  of  the  function  /(z)  converges  at  a  certain  point  z0  —  a  i-Re1^0  on  the 
boundary  of  its  circle  of  convergence  to  the  value  vv0,  then/(^4-rel'^°)  ->  vv0  when  r->  R 
(r  <  R). 
The  Laurent  series 

If  the  function  /(z)  is  analytic  in  the  circular  annulus  r  <  z\  <  R,  then 


£       CkZ*. 
*=-<» 


where 


and  FQ  is  the  circumference  \z\  =  Q  (r  <  Q  <  R).  See  1. 1.  Privalov  [2].) 

9.34.  Sequences  of  analytic  functions 
Weierstrass's  theorem 

If  the  sequence  of  functions  fn(z)(n  —  1,  2,...),   analytic  in  the  domain  G,  converges 
to  /(z)  uniformly  in  every  closed  bounded  region  Q  c  G,  then  the  function  /(z)  is  analytic 
in  G  and  for  any  natural  number  k  we  have  fn   (z)->/(z)  when  /i->  oo. 
Vi tali's  theorem 

If  the  sequence  of  functions  fn(z),  analytic  in  the  domain  G,  possesses  the  property 
sup  \fn(z)\  <  M  <  oo  and  converges  at  the  points  z  of  some  set  D  which  possesses  at 

least  one  limit  point  within  G,  then  it  converges  uniformly  in  every  closed  bounded  region 
Q  e.  G  and,  consequently  has  as  its  limit  some  function  /(z)  analytic  in  G. 

The  functions  fn(z)  (n  =  1,2,...),  defined  on  some  set  E  in  the  complex  plane,  are 
said  to  be  uniformly  continuous  on  E,  if  for  every  e>  0  it  is  possible  to  find  a  d  >  0 
such  that  for  any  pair  of  points  zx  and  za  of  E,  at  a  distance  apart  of  less  than  d,  the  ine- 
quality \fn(zi)~fn(z2)\  <  e  is  satisfied  for  n  =  1,  2, ....  (See  1. 1.  Privalov  [2]  and  E.  C. 
Titchmarsh  [1].) 

9.35.  The  uniqueness  theorem  in  the  theory  of  analytic  functions 

If  two  functions  /(z)  and  g(z),  analytic  in  the  domain  G,  assume  identical  values  at  the 
points  z  of  some  set  D  which  has  at  least  one  limit  point  within  G,  then  f  (2)  ^  g(z)  every- 
where in  G.  (See  1. 1.  Privalov  [2].) 
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9.36.  Cauchy's  theorem  for  analytic  functions  and  some  corollaries  from  it 

If F  is  a  piece  wise  smooth  closed  Jordan  curve  and  the  function  f(z)  is  analytic  on  F 
and  in  the  domain  G  bounded  by  the  contour  F,  then  ^/(z)dz  =  0.  The  values  of  the  func- 

r 

tion  /(z)  at  the  points  z  within  G  are  connected  with  the  values  of  this  function  on  the 
boundary   F   by    Cauchy's   formula 


r 

In  the  case  when  /(z)  ^  0  on  -T,  the  number  of  zeros  of  the  function  /(z)  within  G 
is  equal  to 

— -  (    f,*dz. 
2ni    J    /(z) 

r 
Schwarz's  formula. 

If  the  function /(z)  =  u(x,  y)+iv(xt  y)  is  analytic  in  the  closed  circle  of  radius  R 
with  centre  at  the  origin  of  coordinates  and  at  z  —  0  assumes  a  real  value,  then  at  every 
point  z  within  this  circle 

(29) 


-  ,-. 

27T    J  Rel+~z 

—  7t 

Let  r0,  Flt ...,  Fn  be  closed  piecewise  smooth  Jordan  curves  such  that  each  of  the 
curves  F1} ...,  Fn  lies  outside  the  remainder  and  all  of  them  are  situated  within  Fn.  If  the 
function /(z)  is  analytic  on  JT0,  Flt ...,  Fn,  and  also  in  the  domain  G  which  lies  within  FQ 
and  outside  Flt  ...,  Fn,  then 

J  /(z)  dz  -    j  /(z)dz  1  ...  +  J  /(z)  dz.  (30) 

r0  A  rn 

(See  1. 1.  Privalov  [2]  and  V.  I.  Smirnov  [1],  vol.  III.) 

9.37.  Integral  functions.  Liouville's  theorem 

If  the  integral  function  /(z)  i.e.  function  which  is  analytic  for  any  finite  value  of  z 
—  x+iy,  is  uniformly  bounded  throughout  the  whole  complex  plane,  then  /(z)  ^=  constant. 
If  the  integral  function  /(z)  possesses  the  property  that  |/(z)|  =  O  (  \  z  |fc),  then 

/(z)  =  Co+^z-j- ...  +  cflzn  , 
where  n  <  /:.  (See  1. 1.  Privalov  [2].) 

9.38.  The  order  and  type  of  an  integral  function 

Every  integral  function  /(z)  is  the  sum  of  a  power  series 

f(z)  -  f  ckzk  (31) 

k  =  0 

which  converges  for  any  z.  The  integral  function  9(31)  is  said  to  be  a  function  of  finite 
order  if 

In  n 


lim   In  ^T^^r-  -^  Q  <  co .  (32) 
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Here  the  number  Q  is  called  the  order  of  the  function  /(z). 

The  integral  function  f(z)  of  finite  order  Q  >  0  is  by  definition  a  function  of  finite 
type,  if 


cr<oo. 


The  number  a  is  called  the  type  of  the  function  f(z). 
If  M(r)  =  max|/(z)|,  then 

W-r 


(33) 


and 


—  lnlnM(r) 
Q  =  hm  -      ^  (34) 


—  InM(r) 
cr  =  hm  —-—-  (35) 


Conversely,  9(34)  and  9(35)  imply  9(32)  and  9(33). 

Integral  functions  of  order  Q  —  1  and  of  finite  type,  and  also  integral  functions 
of  order  Q  <  1,  are  frequently  called  integral  functions  of  exponential  type  or  of 
finite  degree. 

(See  E.  C.  Titchmarsh  [1].) 

9.39.  The  principle  of  the  maximum  modulus  and  the  Phragmen-Lindelof  theorem 

If  the  function /(z)  is  analytic  in  the  domain  G,  then  |/(z)|  does  not  attain  the  value 

sup  |/(z)|  anywhere  within  G  except  when  /(z)  z~  const.  In  particular,  if  |/(z)|  <^  M  at 

zeG 

all  points  z  on  the  boundary  of  G,  then  sup  |/(z)  |  <  M . 

zeG 
If  the  function  /(z),  analytic  in  the  region  G  between  two  straight  lines  making  an 

angle  —  at  the  origin,  and  on  the  lines  themselves,  possesses  the  property  that  for 
some  Q  <  a  we  have 


uniformly  for  all  zeG,  and  if  on  the  boundary  of  this  angular  region  |/(z)|  <  M, 

then  sup  |/(z)|  <  M.  (See  E.  C.  Titchmarsh  [1].) 
zeG 

9.40.  The  bilinear  function.  The  Riemann-Schwarz  principle  of  symmetry 

The  bilinear  function  w  = maps  every  circle  of  the  z-plane  into  a  circle 

cz-\-d 

or  straight  line  of  the  w-plane.  Here  any  two  points  symmetrical  (in  the  sense  of  inversion) 
with  respect  to  the  first  circle  are  mapped  into  two  points  symmetrical  with  respect  to 
its  image. 

The  bilinear  function  which  maps  the  unit  circle  of  the  z-plane  into  the  upper 

w-half-plane  is  of  the  form  z  =  el° — ,  where  Im  8>  0  and  0  is  a  real  number. 

w— B 


SOME    RESULTS    FROM    THE    THEORY    OF    FUNCTIONS          601 

The  mapping  produced  by  an  analytic  function  w  =  /(z)  possesses  the  property 
of  preservation  of  angles  at  all  points  where  the  derivative  f'(z)  is  different  from  zero. 

If  the  function  w  =  /(z)  is  analytic  on  one  side  of  some  arc  of  a  circle  C,  is 
continuous  up  to  this  arc  and  assumes  on  it  real  values,  then  /(z)  may  be  continued 
analytically  through  this  arc,  and  at  points  symmetrical  (in  the  sense  of  inversion)  with 
respect  to  the  circle  C  it  assumes  conjugate  values.  (See  1. 1.  Privalov  [2].) 
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of  conjugate  functions,  318 
of  functions  of  Lq,  31 
of  functions  with  singularities,  437 
of  order  «,  32 

Best  linear  approximation,  290 
Best  linear  polynomial  approximation,  500 
Best  mean  approximation  by  trigonometric 

polynomials,  79,  80 
of  functions  with  singularities,  437 
of  periodic  functions  with  discontinui- 
ties, 437 

Best  mean  power  approximation,  64 
Best  mean  square  approximations,  60 
Best  mean  uniform  approximations,  443 
Best  order  of  approximation,  571 
by  trigonometric  polynomials,  512,  557 
for  continuous  periodic  functions  of  two 

variables,  512 

Best  uniform  approximation,  547 
by  algebraic  polynomials,  75,  343,  379 
by  polynomials,  455 
by  integral  functions,  370 
by  trigonometric  polynomials,  318,  425, 

521,  552,  553 
of  a  continuous  function  by  algebraic 

polynomials,  343 

of  continuous  periodic  functions,  425 
of  functions  with  discontinuous  deViva- 

tives,  431 

of  functions  with  singularities,  415 
on  a  finite  segment,  66 
Best  uniform  mean  square  approximation, 

73 
Best  weighted  approximation  of  cont  iru 

ous  functions,  57 
Best   weighted    mean    approximation    by 

algebraic  polynomials,  418 
asymptotic  behaviour,  462 
Bicompact  topoiogical  space,   definition, 

598 

Bilinear  function,  600 
Binomial  series,  587 
BOAS,  187,  214,  251,  252 

BOCHNER,    157 

BOHR,  290 


BOHR,  13 

Bolzano- We ierstrass  principle,  27,  42,  44, 

46,  587 

Borel-Lebesgue  lemma,  3,  434,  588 
Borel  transform,  198 
Bounded  function,  approximation  of,  302, 

327 

Bounded  in  modulus  unit  function,  328 
Bounded  m-dimensional  domain,  364 
Bounded  matrices,  476 
Bounded  uniformly  continuous  function, 

conjugate  of,  320 
Bounded  variation,  589 
function  of,  126,  166 
Boundedness  of  Lebesgue  constants,  553 
BRUDNYI,   166,  204,  205,  219,   269,   350 
BRUDNYI  and  GOPENGAUZ,  55 
BRUDNYI  and  A.  F.  TIMAN,  323 
Bunyakovski-Schwarz  inequality,  229,  233, 
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C-property  of  measurable  functions,  589 

Cantor  set,  perfect,  97 

Cantor's   diagonal   process,   42,   46,    129 

definition,  587 
Capacity,  93 
CARLEMAN,  152,  379 
CARTAN,  151 
CARTWRIGHT,  186 
Cartwrighfs  theorem,  187,  194 
Cauchy 

integral  formula  of,  371 
theorem  of,  599 

Centrally  symmetrical  convex  body,  324 
CHEBYSHEV,  54,  66,  73 
Chebyshev,  142 

best  approximation,  xiii,  26,  290 
points,  196 
polynomials,  67,  87,  88,  131,  226,  469, 

470 

derivative  of,  71 
different ial  equation  of,  89 
recurrence  formula,  89 
zeros  of,  170,  172 
systems,  35,  36,  52,  54,  56,  57,  66 

examples,  37 
CIVIN,  214,  252 
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Classes  of  functions 

analytic  on  the  real  axis,  132 

analytic  on  a  finite  segment,  130 

constructive  characteristics,  331 

differentiate  a  finite  number  of  times, 
292 

harmonic  in  the  unit  circle,  136 
Closed  convex  set,  324 
Closed  spheres,  324 
Closed  system  of  elements,  323 
Complete  linear  normed  space,  466 
Compact  bounded  sets,  164 
Compact  classes  of  functions,  93,  502 

differentiate,  114 

of  many  variables,  110 
Compact  sets, 

closed  system  of  linearly  independent 

elements  in,  323 
e-entropy  of,  323 

in  Banach  spaces,  392 

in  metric  spaces,  588 
Compactness,  110,  114,  587,  588 

of  a  bounded  set  of  periodic  functions, 
111 

of  families  of  functions,  291 
Complete  set,  83 
Conjugate  classes  of  functions, 

defined   on   the   whole   real   axis,    154 

differential  properties,  389 

estimates  of  best  approximations,  315 
Conjugate  functions,  continuity,  318,  390 

integrability,  318 

properties,  391 
Conjugate  of  a  bounded  function,    162 

of   a    bounded    uniformly    continuous 
function,  320 

of  a  derivative  in  Wiener's  class,  320 

of  a  function  of  class  Lq,  328 

of  a  Denjoy  analytic  function,  318 

of  a  measurable  and  bounded  function, 
328 

of  a   periodic   analytic   function,    320 

of  a  periodic  function,  best  approxima- 
tion, 328 

Conjugate  series,  322 
Constructive  characteristics 

of  classes  of  functions,  331 

of  compact  sets  in  Banach  spaces,  392 


of  continuous  functions   on    a    finite 

segment,  343 
of   quasi-analytic  classes  of  functions, 

309 
Constructive  theory  of  functions,  331 

direct  theorems,  254 

Continuation  of  continuous  functions,  589 
Continuity,  of  function  and  conjugate,  318 

modulus  of,  93 

Continuous   and   bounded   function,   in- 
finite differentiability,  371 
Continuous  derivative,  existence,  347,  350 
Continuous  function 
approximation  of,  327 
defined  on  real  axis,  292 
of  many  variables,  327 
of  two  variables,  best  approximation,  512 
Convergence   of  linear  processes  of  ap- 
proximation, 465 
Convergent  sequence  of  functions  in  Lqt 

594 

Converse  theorems 

for  conjugate  classes  of  functions,  389 
for  functions  of  many  variables,   350 
Convex  functions,  164 
Convex  modulus  of  continuity,  503,  513, 

520 

Convex  set,  closed,  324 
Convexity  condition,  492 
CRAMER,  579 
Criteria  for  the  best  integral  approximation 

in  an  infinite  interval,  84 
Cyclically  monotonic  functions,  146 


DE  LA  VALL&  POUSSIN,  2,  72,  73,  577,  585 
De  la  Vallee  Poussin,  429 

theorem,  72 

DENJOY  and  CARLEMAN,  152 
Denjoy  condition,  313 

quasi-analytic  function,  315 

quasi-analytic    periodic    function,    318 

quasi-analyticity,  394 

necessary  and  sufficient  conditions  379 
Derivative 

of  an  algebraic  polynomial,  342 

of  best  approximation,  545 

of  fractional  order,  325,  545 
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Descartes'  theorem,  68,  587, 

Deviation,  26 

Diameter  of  a  set,  95 

Differentiable  functions,  estimates  for,  292 

Differential  properties  of  functions 
and  their  best  approximations,  260 
in  various  metrics,  364 
with  a  sequence  of  best  approxima- 
tions, 331 

Dini-Lipschitz  test,  397,  596 

Direct  theorems 

for  functions  of  many  variables,  273 
in  arbitrary  Banach  spaces,  323 

Dirichlefs  kernel,  173,  176,  178,  227,  229, 
247,  281,  326,  327,  486,  497,  524, 
577 

Dirichlet-Stieltjes  integral,  195 

Doubly  monotonic  function,  304,  306 

Doubly  monotonic  sequence,  92 

Du  Bois  REYMOND,  469 

DZHRBASHYAN,   23 

DZYADYK,  79,  219,  266,  288,  299,  344,  347, 
443 


EFIMOV,  108,  580,  582 

Entropy,  93 

Equation  of  elliptic  type,  399 

ERDOS,  247,  251 

Essentially  bounded  measurable  function, 
389 

Estimates, 

of  best  approximations,  72 
of  differentiable  functions,  292 
of  Akhiezer,  Krein,  Favard,  287 

Euclidean  space,  588-9 

EVGRAFOV  and  LEVIN,  179 

Exact  order  of  decrease  of  a  sequence  of 
best  approximations,  409-12,  460 

Extremal  problem  in  a  uniform  metric,  437 

Extremal  properties  of  algebraic  polyno- 
mials and  integral  functions,  206 

e-capacity,  95 

e-chain,  95 

e-entropy,  95,  323 

e-net,  95 


FABER,  469 
FATOU,  135 
Fatou's  lemma,  591 
FAVARD,  79,  290 

Favard's  estimate  for  differentiable  peri- 
odic functions,  287 
FEJI-R,  243,  248,  577,  578 
Fejer  kernel,  230,  232 
Fejer-Riesz  theorem,  243 
FEJES,  476 
FEKETE,  10,  88 

FIKHTENGOL'TS,  120,  537,  587 
Finite  difference  analogue  of  Taylor's  for- 
mula, 313 

Finite-dimensional  operators,  465 
Fisher-Riesz  theorem,  155,  336,  597 
Fourier  series,  approximation  by,  521 

arithmetic  means  of  partial  sums,  521 

convergence,  596 

integration  and  differentiation,  596 

inequalities  for,  414 
Fourier  transform,  158 
Fourier-Chebyshev  series,  281 
Fractional  derivatives,  120,  121,  325 

best  approximation,  436 
Fractional  integration,  117,  119 
FREUD,  545 
FUBINI,  33 

Fubim's  theorem,  117,  127,  591 
Function  spaces,  331 
Functions  analytic  in  a  strip,  138 

best  approximation,  304 
Functions 

infinitely  differentiable,  309 

quasi-analytic  in  Bernstein's  sense,  374 

with  an  absolutely  continuous  derivative, 
334,  337,  340 

with  derivatives  of  the  class  Lq,  325 

with  singularities,  best  uniform  approxi- 
mation, 415 
Functions  of  many  variables 

approximation  by  integral  functions,  361 

best  approximation,  366 

best  approximation  by  algebraic  polyno- 
mials, 363 
by  trigonometric  polynomials,  359 

best  uniform  approximation   by   alge- 
braic polynomials,  363 
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differential  properties  of,  363 

modulus  of  smoothness,  366 

partial  best  approximations,  350,  361, 
362 

partial  derivatives,  355,  364 

with  absolutely  continuous  partial  de- 
rivatives, 367 
Fundamental  characteristic  property,  40 


GANZBURG,  546,  558,  564,  578 

GARVAKI,  545 

GEL'FAND,  10,  179,  282 

GEL'FAND,  RAIKOV  and  SHILOV,  2 

GONCHAROV,  2,  88,  90,  578,  584 

GOPENGAUZ  and  A.  F.  TIMAN,  108,  166 

GORNY,  151 

Gramm's  determinant,  61 

GRONWALD,  579 

GUKEVICH,  443 

GUREVICH,  74 


HAAR,  35 
HAAR,  36 
Haar's  condition,  37,  38,  56,  59,  72,  452 

system,  56 

theorem,  35,  68 

generalisation,  87 
HADAMARD,  152 
Hahn-Banach  theorem,  29,  594 
HARDY,  169,  591 

HARDY  and  LITTLEWOOD,  121,  167 
HARDY,  LITTLEWOOD  and  POLYA,  164,  592 
Harmonic  approximation,  291 
Harmonic  functions,  132 
HAUSDORFF,  86 
Hausdorff,  111 

theorem  of,  44,  95,  588 
HELLY,  129 

Kelly's  theorem,  134,  146,  154 
Hermite's  interpolation  formula,  173 
Hilbert  space,  465,  593 
HILLE,  96,  97 
Holder's  inequality,  10,  228,  229,  305,  356 

definition,  591 

for  Lebesgue  integrals,  592 


IBRAGIMOV,  179,  233,  252,  416,  434,  443 

IBRAGIMOV  and  KELDYSH,  179 

Identical  matrix,  477 

Inclusion  theorems,  364,  368 

Infinite  differentiability,  conditions  for,  350 

Infinitely  differentiate  functions,  309,  313 

best  approximation  of,  463 

periodic,  318,  337 

quasi-analytic  in  Denjoy  sense,  315 
Integrability  of  function  and  conjugate,  318 
Integrable  periodic  functions,  approxima- 
tion of,  326 

Integral  and  interpolation  norms,  227 
Integral  approximation,  325 
Integral  functions,  connection  with  trigo- 
nometric polynomials,  237 

inequality  for  derivatives  of,  303 

integral  norm  of,  364 

of  exponential  type,  23,  350 

of  finite  degree,  600 

order  and  type,  599 

upper  bounds  of  best  approximations,292 
Integral  inequality,  Bernstein's,  304 
Integral  metric,  limiting  relation,  329 
Integral  modulus  of  continuity,  94,  97,  111 

restrictions  for  integrable  and  continu- 
ous functions,  319 

Integral  modulus  of  smoothness,  103,  112, 
325 

of  a  periodic  odd  function,  412 
integral  norm,  227 
Integral  representation,  317 

of  absolutely  continuous  function,  590 

of  algebraic  polynomials,  194 

of  integral  function  of  exponential  type, 
197 

of  periodic  functions,  325 

of  trigonometric  polynomials,  194 
Integral  weight  function,  384 
Interference,  in  behaviour  of  integral  func- 
tions, 187 
Interpolation   and  integral   identities  for 

derivatives,  201 
Interpolation  formula 

Abel-Goncharov,  179 

for  algebraic  polynomials,  170 

integral   functions  of  exponential  type, 
178 
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Lagrange,  179 
M.  Riesz,  177 
Newton,  179 

trigonometric  polynomials,  174,  179 
Interpolation  norm,  227 
of  trigonometric  polynomials,  230 


JACKSON,  38,  229,  254,  260,  261 
Jackson's  inequality,  254,  257,  261,  287 
Jackson's  theorem,  38,  257,  310,  319,  343, 
427,  435 

for  bounded  functions,  257 

for  continuous  functions,  257 

general  form,  261 

improvement  of,  287,  288 

strong  form,  261 
Jensen's  inequality,  592 
Jordan  test,  596 


KACZMARZ  and  STEINHAUS,  585 

KADETS,  393 

KANTOROVICH,  282,  584 

KARAMATE  and  TOMIC,  578 

KHAVTNSON,  38 

KHLODOVSKII,  584 

KOLMOGOROV,  38,  53,  95,  96,  152, 164,  291, 

395,  396,  525,  575 
Kolmogorov,  576 
inequality  of,  209 

KORENBLYUM,    144 

KOROVKIN,  584 
KRALIK,  398 

KREIN,  38,  214,  244,  301 
KREIN,  87 

KREIN,  MIL'MAN  and  RUTMAN,  24 
Krein's  estimate  for  differentiable  func- 
tions, 287 
KUROSH,  587 


Lacunary  trigonometric  series,  414 
Lagrange's  interpolation  formula,  170,  476 

for  trigonometric  polynomials,  175 
Lagrange's  interpolation  polynomials,  469 
Laplace's  formula,  91 
Laurent  series,  598 


LAVRENTIEV,  1 

LEBESGUE,  2,  326 

Lebesgue  constants,   195,  227,  476,  579 

boundedness,  553 

estimate,  492 
Lebesgue  functions,  197,  476,  499 

estimate,  479 

Lebesgue- integrable  function,  593 
Lebesgue  integral 

absolute  continuity,  590 

multiple,  591 

Lebesgue  interpolation  functions,  195,  494 
Lebesgue  measure,  10 

in  Euclidean  space,  324 
Lebesgue-Stieltjes,  31 

integral,  absolute  continuity,  590 

measure,  60 

Legendre  polynomials,  71,  91 
LEVITAN,  13,  237 
Levitan  polynomials,  240 
Limiting  relation  in  an  integral  metric,  329 
Linear  approximation,  by  polynomials,  547 

in  Hilbert  space,  500 

of  functions,  465 
Linear  functional,  594,  595 

weak  convergence,  471 
Linear  operators,  465,  594 

on  Banach  spaces,  595 
Linear  normed  Banach  space,  326 
Linear  normed  space,  86,  87,  392,  592,  593 
Linear  polynomial  operators,  466 
LIOUVILLE,  117 
Liouville,  185 

theorem  of,  181,  283,  599 
Lipschitz  condition,   121,   135,  293,  398, 

399,  590 

LOZINSKII,  228,  341 ,  402,  406,  466,  467,  578 
LOZINSKII  and  KHARSHILADZA,  467 
Luzin's  C-propcrty,  85 
Luzin's  theorem,  6,  589 
LYUSTERNIK  and  SOBOLEV,  24,  93,  94,  164, 

588,  594,  595,  596 
LYUSTERNIK,  101 


MANDELBROJT,  152,  153,  225 
Mapping  by  analytic  functions,  600 
MARCHOUD,  103,  105 
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MARCINKDEWICZ  and  ZYGMUND,  468,  578 
MARKOV,  A.  A.,  59,  218 
A.  A.  Markov 

criterion  of,  59 

inequality  of,  218,  225,  262 

theorem  of,  71 
MARKOV,  V.  A.,  68,  225 
V.  A.  Markov's  inequality,  225 
MARKUSHEVICH,  154,  374 
Matrix,  bounded,  476 

identical,  477 

triangular,  290,  474 
MATVEEV,  500 

Maximum  modulus  principle,  600 
Mean  approximation 

in  an  infinite  interval,  19 

of  integrable  functions  by  polynomials,  6 
Mean  square  approximation,  24 
MERGELYAN,  1,  19 
Metric  spaces,  588 
Minimum  of  best  uniform  approximation, 

429 

Minkowski's  inequality,  7,  35,  214,  228, 
332,  352 

for  integrals,  259,  275,  278,  292 

for  multiple  integrals,  232 

generalised,  592 

MlTYAGIN,   360 

Mixed  derivatives  of  functions  of  many 

variables,  360 

Mixed  modulus  of  smoothness,  166,  351 
Modulus  of  continuity,  93,  96,  344,  508 

convex,  564 

exact  order  of,  343 

of  a  continuous  function,  111,  319 

of  a  function   of  two   variables,   111 

of  an  r-th  derivative,  350 

relation  satisfied  by,  262 

simple,  112 
Modulus  of  smoothness,  402,  405 

and  best  approximations,  402-404,  409 
411 

estimate,  338 

in  metric  Lq,  340 

inequality  for,  365 

mixed,  166,  173 

of  derivatives,  340,  377 

of  function  of  many  variables,  366 


of  function  with  absolutely  continuous 
derivative,  337 

of  periodic  function,  334 

of  quasi-analytic  function,  377 

order  of  magnitude,  410 

partial,  113 

total,  113,  166 

various  orders  of,  102,  113 
MONTEL,  360 
Multi-dimensional  Euclidean   space,   324 

MtiNTZ,    8 


NAGY,  81,  92,  553,  571,  572,  574,  579,  594 

NATANSON,  2,  8,  88,  89,  91,  129,  288,  467, 
578,  579,  584,  585,  589,  590-4 

NEMYTSKII,  93 

Newton's  interpolation  formula,  167,  171, 
179 

NIKOL'SKII,  8,  58,  74,  97,  125,  169,  214, 
215-17,  228,  229,  231,  233,  248, 
253,  297,  303,  328-30,  355,  360, 
363,  366,  369,  432,  434,  443,  462, 
472,  478,  485,  492,  496,  526,  529, 
546,  563,  564,  582,  586 

NIKOL'SKII,  299 

Non-differentiable  continuous  functions, 
338 

Non-negative  polynomials,  240 

Non-negative  transcendental  functions,  240 

Norm,  35 
integral,  227 
interpolation,  230 
of  operator,  472,  594 
partial,  231 
total,  231 

Norms,  sequence  of,  471 

Null  point,  324 


Open  and  closed  sets  in  Euclidean  spac  e 

589 
Order  of  decrease  of  best  approximation, 

410,  411 
Orthogonal     expansions,     approximative 

properties,  571 

Orthogonal  systems,   61,   571,   572,   574 
examples,  62 
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ParsevaFs  equality,  597 

Partial  best  approximations,  362 

by  algebraic  polynomials,  32 

by  trigonometric  polynomials,  350 

in  an  ra-dimensional  space,  34 
Partial  derivatives  of  functions  of  many 
variables,  existence,  357,  360 

for  functions  of  two  variables,  356 
Partial  integral  modulus  of  smoothness, 

112,  165 

Partial  moduli  of  continuity,  112 
Partial  moduli  of  smoothness,  277 
Partial  norm,  231 

Periodic  analytic  function,  conjugate,  320 
Periodic  function,  best  approximation,  308 
328,  331 

upper  bound,  292 
Periodic  function,  conjugate  classes,  315 

infinitely  differentiable,  318,  338 

integrable,  326 

integral  representation,  325 

of  the  class  Lq,  325,  326,  331 

order  of  modulus  of  smoothness,  337 

quasi-analytic  in  Denjoy  sense,  318 

sequence  of  best  approximations,  337, 
402,  406 

with  absolutely  continuous  derivatives 
325,  329 

with  continuous  derivatives,  329 

with  discontinuous  derivative,  437 
Periodic  functions  of  many  variables, 

best  approximation,  369 

mixed  derivatives  of,  360 

partial  derivative  of,  361 

sequence  of  partial  best  approximations, 
355 

total  best  approximations,  359 
Periodic  integral  functions,  457 
Periodic  odd  functions,  order  of  decrease 

of  best  approximations,  412 
PETROVSKII,  101 

PHRAGM&M  and  LINDELOF,  13,  180,  185 
PINKEVICH,  524,  525 
PLANCHEREL,  157 
Plancherel's  theorem,  157,  161,  200,  305 

for  conjugate  functions,  322 
POGODICHEVA,  499,  579 
POGODICHEVA  and  A.  F.  TIMAN,  494 


Poisson's  formula,  166 

P6LYA,   66 

P6LYA  and  PLANCHEREL,  198 

P6LYA  and  SZEGO,  243,  247 

Polya,  69 

Polynomial  operators,  465 

Polynomials  deviating  least  from  zero,  66, 

71 
Polynomials  with  integral  coefficients,  8 

PONOMARENKO,   512 

PONTRYAGIN  and  SCHNIREL'MAN,  95 
PRINGSHEIM,  130 

PRIVALOV,  163,  391,  598,  599,  601 
PRIVALOV  and  LUZIN,  133 

QUADE,  333,  337 

Quantity  of  information,  95 

Quasi-analytic  and  continuous  functions, 

374 

Quasi-analytic  classes  of  functions,   149 
309,  374 

constructive  properties,  309,  372 
Quasi-analytic  functions,  152 

in  sense  of  Bernstein,  373,  399,  400 

in  sense  of  Denjoy,  315 

uniqueness  theorem,  373 
Quasi-analyticity,  conditions  of,  309 

from  the  constructive  point  of  view,  372 

in  Bernstein's  sense,  154 
and  infinite  differentiability,  374 

in  Denjoy's  sense,  153,  154 

in  the  sense  of  Denjoy  and  Carleman,  381 
Quasi-smooth  derivative,  261 
Quasi-smoothness,  121 

RABINOVICH,  546 

RAIKOV,  399 

Rapidity  of  convergence,  500,  502 

Regular  monotonicity,  148,  451 

Regularly  monotonic  functions,  141,  143, 

451 

REMEZ,  57,  75 

Representation,  integral,  317 
RIEMANN,  117 

Riemann-Lebesgue  theorem,  305 
Riemann-Schwarz  principle  of  symmetry, 

242,  600 
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RIESZ,  M.,  156,  177 
M.  Riesz 

identity  of,  202 

inequality  of,  392 

theorem  of,  94,  596 
Riesz-Fischer  theorem,  155,  336,  597 
Rodrigue's  formula,  71 
ROGOSINSKI,  208,  577 
Rolle's  theorem,  79 

finite  difference  analogue,  167 
RUBINSTEIN,  87 
RUDIN,  585 


SAKOVICH,  108 

SCHAUDER,  24 

SCHEFFER  and  DUFFIN,  225 

SCHUR,  218,  250 

Schwarz's  formula,  136,  599 

SELIVANOVA,  546 

Semi-additiveness,  96 

Sequence  of  analytic  functions,  598 

Sequence  of  best  approximations,  40,  331 

405 

by  algebraic  polynomials,  370 
by  integral  functions,  370 
of  periodic  functions,  333,  337,  402 
of  functions  of  many  variables,  355,  357, 
359 

Sequence  of  best  uniform  approximations 
of  analytic  function,  369 

Sequence   of  ordinary   polynomials,   344 

Sequence   of  trigonometric   polynomials, 
convergence,  472,  492,  493 

Set,  convex,  35 
closed,  324 

Set  of  functions  of  bounded  variation,  126 

SHCHERBINA,  543 

SHOHAT  and  TAMARKIN,  241 

Singularities  of  logarithmic  type,  443 

SMIRNOV,  31,  111,  589,  590,  593,  599 

SOBLE,  251 

STECHKIN,  214,  252,  260,  303,  319,  326, 
328,  331,  334,  397,  414,  461 

STEIN,  152 

STEKLOV,  23 

Steklov  functions,  163,  291,  302,  317 

STONE,  2,  5 


Strictly  normed  space,  594 

Strip  of  analyticity,  333 

Structural  characteristics  of  continuous 
functions,  342 

Structural  properties  and  best  approxima- 
tion, 402 

SUN  YUN-SHEN,  79,  288 

SZEGO,  89,  208 

SZIDON,  414 


Taylor's  formula,  310 
finite  difference  analogue,  313 

Taylor  series,  598 

TIKHOMIROV,  576 

TIMAN,  A.  F.,  12,  107,  108,  164,  169,  188, 
194,  247,  248,  261,  297,  326,  334, 
344,  347,  476,  478,  479,  484,  485, 
493,  499,  508,  513,  521,  529,  546, 
548,  555,  577,  580,  581,  583 

TIMAN,  A.  F.  and  GANZBURG,  577 

TIMAN,  A.  F.  and  DZYADYK,  261 

TIMAN,  A.  F.  and  M.  F.  TIMAN,  108,  260, 
331,  341 

TIMAN,  A.  F.  and  TUCHINSKII,  546 

TIMAN,  M.  F.,  34,  327,  338,  339,  350,  358 

TIMAN,  M.  F.,  110 

TITCHMARSH,  157,  598,  600 

Topological  space,  588 

Total  best  approximation  of  a  periodic 
function  of  many  variables,  354 

Total   modulus   of  continuity,    112,    124 

Total  modulus  of  smoothness,  166 

Total  norms,  231 

Total  variation,  589 

Transcendental  integral  functions,  best 
uniform  approximation,  455 

Transfmite  diameter  of  a  set,  88 

Triangular  matrix,  290,  474,  547 

TRICOMI,  89,  91 

Trigonometric  polynomial  approximation 
290,  331 

Trigonometric    polynomial,    interpolating 

continuous  functions,  326 
of  best  approximation,  318 
of  best  uniform  approximation,  318 
of  least  deviation,  47,  72 


INDEX 


631 


Trigonometric  series 

uniqueness  theorem,  597 

with  gaps,  414 

Trigonometrically  conjugate  functions,  1 55 
Trigub,  269 

Triply  monotonic  sequence,  81 
TSENG  v,  142 
TULAIKOV,  164 
TURAN,  252 
TURAN,  89 
TVERITIN,  586 

Uniform  approximation,  342 
by  integral  functions,  12 
by  partial  sums  of  Fourier  series,  asymp- 
totic behaviour,  449 
Uniformly  best  approximation,  339 
Uniformly  continuous  bounded  function, 

conjugate,  320 
Uniqueness   of  best  integral  polynomial 

approximation,  38 

Uniqueness  of  best  polynomial  approxima- 
tion, 35 

Uniqueness  theorem 
for  analytic  functions,  149,  598 
for  trigonometric  series,  597 
Unit  functions  bounded  in  modulus,  328 
Upper  bounds 
asymptotic  behaviour,  547 
of  best  approximation  by  trigonometric 

polynomials,  292 
order  of  decrease,  547 

VIDENSKII,  74,219,  225,  241 

Vitali's  theorem,  47,  48,  50,  182,  244,  598 

VITUSHKIN,  394 

VORONOVSKAYA,  584 

WANG,  225 

Weak  convergence  of  linear  functionals, 
471 


WEIERSTRASS,  2 

Weierstrass's  function,  definition,  590 
Weierstrass's  theorem,  xiii,  1,  254,  283, 
331,  415,  465,  470,  471,  598 

for  functions  of  many  variables,  5,  273 

particular  cases,  5 

proof,  2 

strong  forms,  8,  24 
Weight  functions,  17 

and  quasi-analyticity,  382,  384 

criteria  for,  18 
Weighted   approximation    on   the   whole 

real  axis,  52 

Weighted  mean  square  best  approxima- 
tion, 63 

Weighted  uniform  approximation,  16 
WEYL,  118 
WIDDER,  168 
WIENER,  62 

WIENER  and  PALEY,  197 
Wiener-Paley  theorem,  197,  200,  216,  233 
Wiener's  class,  161,  201,  203 

functions  with  derivatives  in,  320 


YAKOB,  584 
YOUNG,  168 

ZHIRNOVA,  9,  282 

Zhukovskii's  function,  132 

ZUKHOVITSKII,  53,  57,  75,  87 

ZUKHOVITSKII  and  KREIN,  53 

ZUKHOVITSKII  and  STECHKIN,  53 

ZINGER,  64 

ZOLOTAREV,  69 

ZYGMUND,  77,  80,  107,  108,  110,  121,  133, 
135,  155,  163,  168,  169,  204,  333, 
337,  391,  398,  414,  466,  582,  591, 
596,  597,  598 


